SYMBOLS
+ plus or minus
= is equal to
* is not equal to
=~  is approximately equal to
< is less than
< is less than or equal to
> is greater than
= is greater than or equal to
v positive square root
= implies that
: such that
therefore
[ is proportional to
|A| determinant of a matrix A
|a] modulus of a vector a
» the sum of
i,j,k unit vectors in direction of x -,y — and z — axes
a unit vector in direction of a
asb  scalar product of @ and b
- tends to
6 or A small change or small increment
g acceleration due to gravity (taken as
9-8ms 2 otherwise stated)
W angular velocity
Inx  the natural logarithm of x, log, x
U coefficient of friction
A angle of friction
x first derivative with respect to time
i& second derivative with respect to time
y

the derivative of y with respect to x
f ydx the indefinite integral of y with respect to x
f yax the definite integral of y with respect to x

o infinity

The Greek Alphabet

Letters [Name | Letters |Name Letters [Name
A | a |alpha I | ¢ |iota P | p |tho
B | B |beta K | k |kappa 2 | o [sigma
I' | y|gamma | A | A |lambda | T | T [tau
A | & |delta M | u |mu Y | v |upsilon
E | € lepsilon | N | v |nu ® | ¢ |phi
Z | { |zeta E | € |xi X | x |chi
H | n |eta O | o |omicron | ¥ | ¢ |psi
O | 0 |theta I | m |pi ] | w |omega
MECHANICS

Mechanics is the mathematical study of forces and
effects of forces. A force may be completely specified

by stating its magnitude, its direction and either its
point of application or its line of action. Thus force is a
vector quantity, associated with a particular point or
line in space. Hence vectors will also be considered.
The effect of a force is to set a body in motion or to
change the speed and direction of its motion. If forces
act on a stationary body, then the body is said to be in
equilibrium under the action of the forces.

Mechanics is divided into three branches:

1. Kinematics: This is the study of motion of a
particle or body without reference to the forces
involved. It is the study of displacement, velocity
and acceleration.

2. Statics: This is the study of forces that act on a
body at rest.

3. Dynamics: This is the study of forces that act on a
body in motion.

In mechanics a body is an object to which a force can
be applied.

A rigid body is a body whose shape is unaltered by
any force applied on it.

A particle is a body whose dimensions, except mass,
are negligible.

A lamina is a flat body having area but negligible
thickness.

A hollow body is a three-dimensional shell having
negligible thickness.

Drawing force diagrams

Drawing a clear force diagram is an essential first step
in the solution of any problem in mechanics which is
concerned with action of forces on a body.

The following important points should be

remembered when drawing force diagrams

1. Make the diagram large enough to show clearly all
the forces acting on the body to enable any
necessary geometry and trigonometry to be done.

2. Show only forces acting on the body being
considered. A common fault is including forces
which the body is applying on its
surroundings(including other bodies).

3. Weight always acts on a body unless the body is
described as light.

4. Contact with another object or surface gives rise to
a normal reaction and sometimes friction.
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5. Attachment to an object (by a string, spring, hinge 7. Check that no forces have been omitted or included
etc) gives rise to a force on the body at the point of more than once.
attachment.
6. Forces acting on a particle are concurrent. Forces
acting on other bodies may act at different
points.
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1. VECTORS

1.1 Introduction

Quantities which have both magnitude and a definite
direction in space are called vector quantities. In
general, a vector may be described as a number
associated with a particular direction in space.

// B
The arrow represents the direction.

The modulus or magnitude of the vector is |E?)|

We shall consider vectors in one, two or three
dimensions.
In two dimensions, a vector @ can be represented by:

0—A>=a,a=(;) or a = (xi + yj)

y — axis
A

> ;x—axis
0 x

In three dimensions, a vector 7 can be represented by:

X
T =(y)orr = (xi + yj + zk).

Z
A
y - axis
,', A y //, :
‘/ ___________________ 7 :
! o :
i X i /X —axis
L Sz e
Z—axis f------mmmmmmmmmmmme- v
1.1.1 Position vectors

Taking a fixed point O as the origin, the position of
any point P can be specified by giving the vector OP,
which is called the position vector of P.

If A and B are two points with position vectors @ and b
respectively, then:

B
M
A
a
Note that:
0 lal| =aand |bl=b
OB=b
0A =
AB =40 + OB
= -0A+O0B
= 0B-04
= b-a

Now consider M, the midpoint of AB

AM = MB

This implies that:
OM-0A = O0B-OM
20M =0A+ OB
. 1
OM = 5(a + b)

RN 1
Hence the position vector of the midpoint of AB is ;(
a + b)

1.2 Elementary Operations on
Vectors

1.2.1 Vector addition

When adding vectors, we add components of vectors in
the same direction to obtain the resultant component in
the same direction. Given the vectors a = a i + a,j

+ ask and b = byi + b,j + bsk.
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1.2.2 Vector subtraction

When subtracting vectors, we subtract components of
vectors in the same direction to obtain a component in
the same direction. Given the vectors: @ = aqi + a,j

+azk and b =bii+byj+bzk. Then; a-b =
(ay = by)i + (ay - by)j + (az - by)k.

1.2.3 Scalar multiplication

When multiplying a vector by a scalar, all components
of the vector are multiplied by the scalar. Given the

aq by
vectors @ = [a2| and b =|P2|and scalars A and
az b3

then:

a; Aaq
(i) a = A|az| =|4a,
as Aag

a, b, Aay + Bbq
(i) la + Bb = /l(az) + ﬂ(bz) = (Aaz +ﬁb2)
as b, Aasz + Bbs

1.24 Modulus or magnitude of a vector

This is the length of a vector. Given a vector @ = a4i
+ a,j + azk, the modulus of vector a is denoted by |a

| and given by |a| = ,/ai + a% + a%.
by 2, ;2
Ifb =(b2),|b| = b1+b2.

Hence the magnitude of a vector is always positive.

1.2.5 Unit Vectors

A unit vector is a vector of magnitude one unit. If a is
a vector, the unit vector in the direction of vector a is

denoted by a and given by a= %
Ifa = xi + yj then: |a| =q/xz+y2
~Aooa o~ xity)

Alternatively a and a are parallel vectors hence a=h

a, where h is a scalar
A 1
lal = hla|=1=hla| - h =1

a xi+yj

Hence a—m—m

Unit vectors are mainly applied when expressing
quantities in vector form.

If two vectors a and b are in the same direction then a
=b, if a=xi+yj and vector a is in the same
direction as an unknown vector b and |b| is known

then: b = |b|a = |b| x o2
x+y
1.2.6 Parallel Vectors

Two vectors a and b are said to be parallel if they are
in the same direction. Whenever two vectors are
parallel, one vector can be obtained by multiplying the
other by a scalar. Therefore b = ha, where is h a
scalar.

Example 1
A force of 5 N acts in the direction of the vector 3i + 4
J and a force of 13 N acts in the direction of the vector
5i-12j. Find the resultant of the forces.
|F\|=5N, F; =h,(3i+4))
|F,| = |h,(3i + 4j)|=5 = 5k,
h;=1
F,=1@i+4j)=F,=@Bi+4j)N
|F,| =13 N, F, = h,(5i-12j)
|F,| = |h,(5i-12j)|=13=13h, =~ h,
=1
F,=1(5i-12j)=(5i-12j) N
F=F;+F,=(3i+4j)+ (5i-12j)
=>F=(8i-8j)N

1.3 Scalar Product/Dot Product

The scalar or dot product of vectors @ and b is asb = |
a||b|cos 8, where 6 is the angle between vectors a and
b. If a and b are parallel, that is when 8 = 0° then as
b = |a||b|.

If a and b are perpendicular, that is when 8 = 90° then
asb=0.

Ifa=xi+y+zk and b = x,i + y,j + z,k
asb = (x,i +yj + z,k)s(x,i + y,j + z,k)
asb =x1x, +y,y, + 212,
Since iei = jej = kek = 1 and
isj = isk = kej =0
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The dot product can be used when finding the angle
between two vectors and finding the component of a

vector in a given direction.

Example 2
Two particles P and Q are moving with constant
velocities 8i + j-4k and 4i-2j-4k respectively. Find
the angle between the paths of the particles.
Solution
vp =8i+j-4k, vy = 4i-2j-4k
Vpev = (8i + j-4k)+(4i-2j-4k)
=32-2+16=146
Vpevo = |Vp| [Vvy| cos
46 = (8% + 12 + (- 4)2 X J4% + (- 2)> + (- 4)%c0s

46 =9 X 6¢c0s 0
6=31-6°
Example 3

(a) Find the values of a for which the vectors ai-2j
+ k and 2ai + aj-4k are perpendicular.

(b) Given that the vectors 6i + 4j + 4k + s(ai + bj
+ 3k), - 10i + 2j-3k + t(2j-ck),
- 8i+ 10j-10k + u( - 4i-4j + 4k) are
concurrent (pass through a common point), find
the values of a, b and c.

Solution:

(a) (ai-2j + k)+(2ai + aj-4k) =0

2a°-2a-4 =0

=

N| W

1
a—zi
) 1 3 1 3
eithera=5+;=2o0ra=5-5=-1

(b) 6i + 4j + 4k + s(ai + bj + 3k) =—-10i + 2j
-3k + t(2j-ck)
=-8i+ 10j-10k + u( - 4i-4j + 4k)
On simplifying:
(6 +sa)i+ (4+sb)j+ (4+3s)k =-10i
+ (2 +20)j-(3+ ct)k
= (-8-4uw)i+ (10-4w)j + (- 10 + 4u)k

Comparing coefficients:
Fori: 6 + sa=-10 =-8-4u

1
-4u-8 =-10>u=5

6 + sa=-10=>sa =- 16................ O]
Forj: 4 +sb=2+ 2t=10-4u

1
=>2+2t=10—4><§:>t=3

44+sb=2+2%X32sh=4 .......... (i)

Fork: 4+ 3s =—3-ct=—10 + 4u
1 5
=>-3-cXx3=-10+4 X ;=C=3

1
4+35s=-10+4Xx;>s=-4
From equation (i): —4a=-16=>a=4

From equation (ii): -4b=4=>b=-1
~a=4,b=-1and C—%.

1.3.1 Component of a vector in a

given direction:

Given two vectors b and ¢, the component of vector b
c

in the direction of vector c, is given by b-m or bec.

1.4  Vector product/Cross product
The cross product of vectors @ and b is given by @ X b
= |a||b|sin 6u, where 6 is the angle between vectors
a and b and u is the unit vector perpendicular to both
a and b. Hence the cross product of two vectors is a
vector perpendicular to both vectors, that is, if @ X b
= c then asc = bec = 0.

For vectors in i - j — k notation:

ixj= (|i||jlcos90)u;u=k

ixj=k o
j X k=(|jl|k|cos90)u;u=1i
jxXk=i o
k xi=(|k||i|cos90)u; u=j
kxi=j
Given the vectors @ = aqi + a,j + azk and b = bqi +
b,j + bsk.
i j k
Thenax b=|% 92 43
by by, b3
] I L S a4 4
= k
Ub, by| T by by|T%b, b,

= (azbs - azh,)i + (azhy - a;b3)j +
(a1b - azby)k
Note that:
ixXj=k;jxk=1i;k xi=j
jJxi= -k;k xj= -i;i Xk =-j

Note that if ¢ = a X b, then c is a vector perpendicular

to both a and b.

Page 5



~ c
The unit vector perpendicular to both @ and b is ¢ =

~ axb
=C = laxb|
Example 4

Find the unit vector which is perpendicular to the
vectors 2i-3j + 6k and - 6i + 2j + 3k.
Solution:

i j k

-6 2
=i(-9-12) +j(-36-6) + k(4-18)
= -21i-42j-14k
Unit vector perpendicular to the two vectors
-21i-42j-14k

=J(—21)2+(-42)2+(—14)2

=—=(3i + 6§ + 2k)

Example 5
The vectors p, q and 1 are defined as
p=i+2j-k,q=-3i+ 4k, r =4k

(1) Calculatep X qand q X 1.
(ii) Verify that pe(q X 1) = (p X q)*r butp X (q X
r+=({Pxq)Xr.
(iii) Determine the value of A if Ap + 1 is
perpendicular to q.
Solution:
p=i+2j-k,q=-3i+4k,r =4k

i j k
i xg=|1 2 -1
) pXxq 30 4‘
=i(2x4-0x-1)-j
(I1x4--3x-1)+k
(1x0--3%x2)
= 8i-j + 6k
i j k
q)(r: —3 0 4“
0 0 4
=i(0x4-0x4)-j(-3%x4-0x4)+k(-3%x0-0x0)
=12j
(i)  pe(gxr)=(+2j-k)(12))
=2x12=24
(p X q@)er = (8i-j + 6k)+(4k)
=6X4=24

Hence pe(q@ X 1) =(p X q)sr =24

lel

-3 6|, |6 2 2 -
2 3 g‘=’|2 3|+1|3 —6|+k|—6 2

’

i j k
X xr)=I[1 2 -1
px(gXxr) 0 12 0‘

= i(2x0-12x-1)-j
(1x0-0x-1)+k
(1x12-0 x 12)

=12i+ 12k
i j k
X xr=8 -1 6
»xq 0 o 4’

= i(-1X4-0x%X6)-j(8x4-0Xx6)
+ k(8 X 0-0 x-1)
=—4i-32j
Hencep X (@ X1) # (pXq)XT
(iii)  If Ap + r is perpendicular to q;
then (Ap +1)eq =0
[A(i + 2j-k) + 4k]e[-3i+ 4k] =0
[Ai + 24 + (4-Dk]s(-3i+4k) =0

~31+4(4-2) =0

~31+16-41=0
16

A==

Exercise: 1A

1. Express the following in vector form:

(a) A force of magnitude 70 N acting in the
direction of the vector 12i-4j + 6k.

(b) The velocity of a body moving with a speed
of 81 m's ™~ ! parallel to the vector 4i-j + 8k.

2. Given that the vectors —i + 2j + k + t(i-2j + 3k

)and - 3i+pj+ 7k + s(i-j + 2k) are
concurrent, find the values of ¢, s and p.

3. A particle acted upon by a force of 15 N in the

direction 4i-3j causes it to move with constant
speed 26 m s~ 1in the direction 5i + 12 j. Find
the:

(a) force vector.
(b) velocity vector.
(¢) power developed by the force.

4. Given that the force F = 8i + aj has a magnitude

of 17 units. Find two possible values of a.

5. (a) (i) Find a unit vector in the direction of the

vector i + 4j + 8k.
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9.

10.

11.

(i) A boat is rowed with a speed of 28 ms™ 1

in the direction of the vector 2i + 3j-6k.
Find the velocity of the boat.
(b)Given the vectors a = 2i + 3j-3k, b =4i+ 4
k and ¢ = 5i + 7j + k. Determine:
(i) the resultant of the vectors

(i) 3c-2b
(iii) |2a + b|
(iv) (asb)c - (asc)b

The magnitude of the resultant of three forces 3i
+ 6j, 3i-2j and 4j is 10 N. Find two possible
values of 4.

The resultant of forces F; = 3i + (a-c)j, F, =
(2a+3c)i+5j,F3=4i+ 6j actingon a
particle is 10i + 12j. Find the:

(a) values of a and c.

(b) magnitude of force F,.
Ifa=i-3j+2k,b=5i+4jandc=3i+j+4
k, find:

(a) the resultant of @ and b.

(b) the resultant of @, b and c.

(c) |a|

(d) |b]

(e) |

) |a+ b+

(g) a vector parallel to a and has a magnitude
of 28 units.

(h) a vector that is parallel to (a + b + ¢) and
has a magnitude of 55 units.

2 6 0
Ifa=|7|,b=|-3| and ¢ =| — 4], find:
7 2 -3

(a) the resultant of @ and b.

(b) the resultant of a and c.

(c) |a

(d) |bl

© Il

(f) la+b+c]

(g) avector that is parallel to (a + b + ¢) and
has magnitude 50 units.

If a = 2i-4j + 2k and b = 3i + 4j-5k, find;
(a) the magnitudes of @, b and 5a + 2b,
(b) the unit vector in the direction of a + 2b.
Find the scalar product of each of the following
pairs of vectors.

(a) 3i+4jand 5i - 12j

(b) 2i+3j—-6kand 2i +j + 2k

@ )mi(=y)
o ()

12. Find the angle between each of the following pairs
of vectors:
(a) 2i-3j and 6i + 4j
(b) i+ 2j-kand-i+ 2j-k

@ (1)ma(2)

0 -1
o (31

Exercise: 1B

1. Find the component of force F in the direction of
the vector d if:

(a) F =3i-4j + 4k, d = 6i-2j-3k.
(b) F=1i+5j-3k,d = 2i-j + 2k.
(© F =7i-j-4k, d = 3i-5j + 4k.
(d) F =3i+5j-k,d = 4i-4j + 7k.

2. A force of magnitude 9 N acts in the direction i-2
J + 2k. Find the component of the force in the
direction 2i + j + 2k.

3. [Ifthe resultant of 3i + 4j and ai + bj is 7i—j,
find the values of a and b.

4. If P and Q are points with position vectors P =— i

+ 3j + 2k and Q = i-7j + 4k respectively. Find
the:

(a) distance PQ.

(b) unit vector in the direction of PQ.

(c) position vector of the midpoint of PQ.

5. Show that the vectors @ = 4i-2j-4k, b = 8i + 10
j+ 3k, c=-17i + 22j-28k are mutually
perpendicular.

6. (a) Find the angle between the vectors i + 5j-6k
and - 3i + 4k.

(b)Given p = 2i-2j + k, q = 2i + j + k obtain a
unit vector perpendicular top and q.

7. Given that a = 6i + (p-10)j + (3p-5)k and |a
| = 11, find the possible values of p.

8. Giventhata=3i-2j+ k,b=2i+j+ 3k:

(a) finda X b.
(b) calculate the angle between a and b.
(c) show that |a-b| =|a|.
9. (a) Find the angle between the vectors ry =i + 3j
+ 2k and 1, =5i + k.
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2b
(b) The resolved part of the force (— be)N, in

1
the direction of the vector (—2) is 12 N.

Find the constant b.

(¢) Find the value of « if the angle between the
vectors i + 2j + 2k and i + ak is g

10. The angle between the vectors r; and 1, is
cos ™ (%)-Ifr1 = 6i + 3j-2k and
T, =- 2i-Aj-4k. Find the values of A.

11. Given that vy = 4i + 5j-2k and v, =-i + 2j +
k, determine a unit vector perpendicular to v; and
v,.

12. Find the value of A if Ai + 2j-k and 5i-4j + k
are perpendicular vectors.

Answers to exercises
Exercise: 1A

1. (a) (60i — 20j + 30k) N (b)

(36i-9j+72k)ms~ ! 2. t=10;5=12;
p=-06
3. (a) (12i - 9j) N (b)
(10i +24))ms™ ' (¢) -96W 4.
+15
5. (a () o(i+4j+8k) (ii)
(8i+12j-24k)ms~1 (b) (i) 11i+ 10j
+ 2k

()  7i+21j-5k (i) 2426 (iv)
- 132i-28j - 116k

6. 4 ; -12 7. (a a=
\34 8. (a) 6i+j+2k
(b) 9i+2j+6k (c) 14 (d) +/41
(e) 26 (H 11
(@ 2V14(i-3j+2k) (b
+ 30k

45i + 10j

8 2
9. (a) (g’) (b) (Z) (¢) /102 units (d)

7 units (e) 5 units

40
() 10units (g) (300) 10. (a) 24/6 ;

52 ; 20 (b) i+3j-sk
1. (@ -33 (b -5 (@ 1 d 3 12
(a) 90° (b) 48-2°

(©) 60-3° (d) 120°

Exercise: 1B

“3 @ 2 (@) -2 2. 4
N 3. 4; -5

. @ 2 (b)

4. (a) 633 (b) ?(i—5j+k) (c) -2i+3k
5. a*b=aec=bec=0
V5
6. (a) 133-3° (b) S(-i+2k)
7. 1;4 8 (@ 7(-i-j+k)
(b)  60° (c) la-b|=]|a|=+/14
9. (a) 68:5° () 9 (¢) -

44 1 1
10. -4 ; & 1L \/Tﬂ(gi—Zj-l-l:gk) 12. 3
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2 LINEAR MOTION

Displacement is the position of a point relative to
an origin O. It is a vector.

> Distance is the magnitude of displacement. It is a
scalar.

» Velocity is the rate of change of displacement with
respect to time. It is a vector.

» Speed is the magnitude of velocity. It is a scalar.

Y

Acceleration is the rate of change of velocity with
respect to time. It is a vector.

» Negative acceleration is also called retardation.

» Uniform acceleration is constant acceleration in a
fixed direction.

When a particle moves in one dimension (along a
straight line) it has two possible directions in which to
move. Positive and negative signs are used to identify
the two directions.

+ -
up down
+ +
- +
- right + +
+ left + _

Whenever the direction is a positive, the opposite
direction is negative.
Motion with constant acceleration:

2.1 Equations for uniformly

accelerated motion
Consider a particle with initial velocity u and constant
acceleration a. let its displacement from its initial
position be s and its velocity be v at time ¢.

dv

7t = @, where a is a constant called the acceleration.
Jav = [adt

v=at+c

Whent=0,v=u=>c=1u
Hence v = u + at covvveveece e )

Andv = ﬁ
dt

d
Therefore d% =u+at
Jds = f(u + at)dt
1 2

s=ut+zat”+c
Whent=0,s=0=c=0

1
Hence s = ut + Eat2 .............................. (iD)

Alternatively, the above equations can be obtained
from a velocity-time graph for the motion.
A

Velocity(ms ™)

»
»

0% Z 4

time(s)
. Change in velocit
Acceleration, a = g i
Time taken
v-u .
a= SUV=U+ Al ()

The displacement s is equal to the area under the graph

1 1
s=5t(u+v)=5u+u+at)

1
Hence s = ut + Eat2 .............................. (i)

v-u
From equation (i): v=u+at=>t=——

Substituting in equation (if)

c= u(va—u) n %a(v;u)z

2as = (v-w)Cu+v-u)

2as = (v-u)(v+u)

. . th
Distance covered in the n™" second, (s ,)
n
S th=Sn~Sn-1
n
1 .2
From s = ut +;at

1
Whent=n: snzun+5an2
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1
Whent=n-1: sn_1=u(n—1)+§01(n—1)2
12
S th=Sp,~Sp_1=un+an” -
n

{u(n -1+ %a(n - 1)2}

1
snth=u+an—5a

Example 1

A particle traveling in a straight line with uniform
acceleration covers distances x and y in the third and
fourth seconds of its motion respectively. Show that

its initial velocity is given by u = %(7x -5y).
Solution:
From S th=Sn~Sn-1 and s = ut + %at2
Sgrd=s3—sz=xands4th=s4—s3=y
52:2u+%><a><22:2u+2a
s3=3u+%xax32=3u+ga
54:4u+%xax42=4u+8a

x = (3u+;a) - (2u+ 2a)

Subtracting equation (i) from equation (ii)
a=y-x

5
From equation (i) : u + 5(y -x) = x

1
u=5(7x-5y)
Example 2

A driver of a car traveling at 7Z2Zkmh ™ ! notices a tree
which has fallen across the road, 800 m ahead, and
suddenly reduces speed to 36 kmh ™ 1 by applying the
brakes. For how long did the driver apply the brakes?
Solution:

-1 1000 -1
u=72kmh =72xm:20ms

-1 1000 _1
v=36kmh =36xm=10ms

s = 800m
From v2=u2+2as
2 2 3
10° =20 +2xa><800:a=—g
ms 2

Fromv=u+ at
3 1
10:20_T6t=>t=5355

Example 3

An over loaded taxi traveling at a constant speed of
90 kmh ™! overtakes a stationary traffic police car.
Two seconds later the police car sets off in pursuit of
the taxi accelerating at 6ms” % How far does the
traffic car travel before catching up with the taxi?
Solution:

Taxi Police car
Initial speed 90kmh '=25ms™' Oms~!
Time (t+2)s ts
Acceleration 0 ms ™2 6ms 2
Distance St Sp

1
From s = ut + Eat2

Sp=25(t 4 2) e O]
_1! 2 _ a2 »
Sp=53X6Xt" =3t (i)
When the police car catches up with the taxi
3t* = 25(t + 2)
3t>-25t-50 = 0

3t2-30t + 5¢-50 =0
3t(t-10) + 5(t-10) = 0
(3t + 5)(t-10) = 0
Either 3t +5=0 = t=-25 Or t-10=0
= t=10s
Hence t=10s and s =3 x 102 =300 m

Example 4
A,B and C are points on a straight road such that
AB=BC=20m. A cyclist moving with uniform
acceleration passes A and then notices that it takes him
10 s and 15 s to travel between A and B, and A and C
respectively. Find:
(1) his acceleration.
(i1) the velocity with which he passes A.
Solution:

Uy Vg

f4 20 m B 20 m C

I

Consider motion between A and B:
u=7v,,s=20m,t=10s

1
From s = ut + Eat2
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1
20=UAX10+E><a><102

20=10v, + 50a

Consider motion between A and C:
u=vys=40m, t=15s

12
From s = ut + at

40 =v, x 15+ X a x 157
=40 =15v, + 112 - 5a......... (i)
From equation (i): v4 = 2-5a
Substituting in equation (ii)

(i) 40=15(2-5a)+112-5a=>10=37"-5a
4 -

a=ﬁms

. 4 2 _
(i) vy=2-5X{>v,=3ms !

Note: When motion takes place and acceleration changes
after given time intervals but is constant during each
interval, solutions to such problems can be obtained
with aid of a velocity-time graph.

Example 5
A train starts from station A with uniform acceleration
of 0-2ms~ 2 for 2 minutes and attains a maximum

speed and moves uniformly for 15 minutes. It is then
5 -

brought to rest at a constant retardation of zm's 2 at

station B. Find the distance between stations A and B.

Solution:

A

Velocity(m s | 1)

v T

S
S1 2

120~ >¢——9(( > t3 < Time(s)

Fromv=u+at=v=0+0-2X120
= 24ms !
AlsoO=24—§t3 >t;=14-4s
s=51+5,+ 53
2% 120 X 24 + 900 X 24 +5 X 14 - 4 X 24
s=23212-8m

Example 6

A train starting from rest is uniformly accelerated
during the first minute of its journey when it covers
600 m. It then runs at a constant speed until it is

brought to rest in a distance of 1 km from the instant

the brakes were applied causing a constant retardation.

(a) Given that the total journey time is 5 minutes,
calculate the distance covered during the constant
speed.

(b) If the magnitude of the retardation instead of
being constant is directly proportional to the speed
and the train comes to rest from the constant
speed in a distance of 500 m, find the magnitude

of the retardation when the train’s speed is 10
1

ms .
Solution:
@,
£,
b 1
B3] |
- :
o 1
> |
| Sy
Si 1
0 60 t
s;=600m

1
From s; =5 X 60 X v=30v
» 30v=600=>v=20ms
1
10t; =1000=>t; =100s
From equation
():t, + 100 = 240=>t, =140
S, =20 x 140 = 2800 m
Distance covered during constant speed = 2800 m

dv

dv .
(b) 4 xv =4 =kqv, kibeing a constant.

dv dv dx dv
But - =—-X--=v

dt — dx 7 dt T Ydx
dv
Thus: o = k; = Jdv = [k,dx
. v=kyx + k,, where k, is a constant.

When x =0, v=20

When x =500, v=20
0=>500k; + 20> k;=-
dv v

dt 25
1

25

Whenv=10ms"~
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dv 10 2

R p—— - 2
dt = 25 5°°
2
Hence magnitude of deceleration/retardation is ¢
ms™?
Example 7

Two stations A and B are a distance of 6x m apart
along a straight track. A train starts from rest at A and
accelerates uniformly to a speed vms ™ Y covering a
distance x m. The train maintains this speed until it has
traveled a further 3x m, it then retards uniformly to
rest at B. Sketch a velocity-time graph for the motion
and show that if T is the time taken for the train to

9
travel from A to B, then T = % seconds.

Solution
= A
w
E
b 1
R3] |
=2 :
o 1
> !
X i 3x
0 t t
1 2x
—vt, = x=>t; = —
271 17y
3 3x
vt, = 3x=>t, = —
2 2=,
1 ) 4x
—Vt, = 2X>t, = —
2773 37y
T=t +t,+1t5
2x  3x 4x
T=—+4—+—
v v v
9x
=— seconds
v
Example 8

A car travels along a straight horizontal road, passing
two points A and B. The car passes A at ums "~ ! and
maintains this speed for 60 s, during which it travels
900 m. Approaching a junction, the car then slows at a
uniform rate of am's ™% over the next 125 m to reach
a speed of 10 ms"~ 1, at which instant, with the road
clear, the car accelerates uniformly at 0-75ms" 2,
This acceleration is maintained for 20 s by which time

the car has reached a speed of vms™ ! which is then

maintained. The car passes B, 45 seconds after its

speed reaches vm s~ !
(i) Calculate the values of u, a and v.

(i1) Sketch a velocity-time graph for the motion of the
car between A and B.

(ii1) Find the distance between points A and B and the
time taken by the car to travel this distance.

Solution

(i) Froms=ut+%at2;a= 0
900 = 60u=>u=15ms !
From v =u? + 2as
10°=15°+2Xax 1252a = -05ms °
Fromv=u+at
10 =15-0-5t=t=10s
Also v=10+0-75%X20=v=25ms '
(i)

A

N
Ul

Velocity (ms™)
Uy
vl

=
o

»
»

Time (s)

0 60 10 20 45

(iii) distance between A and B:
1
s =900+ 125 + 5 X 20(10 + 25)

+ 25 %X 45 =2500m
Total time =60 + 10 4+ 20 + 45
= 135 seconds

Example 9
(a) A particle moves in a straight line with uniform
acceleration, a and has initial velocity, u. Show

1
that the distance, s, traveled is given by s = ut + 5

at’, t being the  time taken.

(b) A particle is uniformly accelerated along a
straight line PQRS. If it covers successive
distances PQ=p,QR=q,RS=71, in equal
intervals of time. Prove that r = 2q-p, and that
the ratio of the speed at S to that at P is
(59-3p) : Bp-q).

Solution
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. 3
(a) / =q =vpt + Eftz(vl)

<

Subtracting Ean (i) from Ean (vi)

f tt= QD oo (vii)

Dividing equation (vii) by equation (iv)

ft 2(q-p) 2vp(q - p)

— = =>ft =

vp  3p-q 3p-q
3X2vp(q-p) vs 5q-3p

3p-a  vp 3p-q
Vs vp = (5q-3p) : 3p-9)

Velocity (ms™)
s

S Vg=Vp+

Oe— ¢ —> Time'(s)

If the particle attains a velocity v after time t. The
distance, s covered during this time is equal to the area

under the velocity-time graph. Example 10
s =5t(u+ v), but from v =u + at A lift ascends with constant acceleration a then with
1, constant velocity and then brought to rest under
s = Et(u +utat)=s=ut+ 5 at constant retardation a. If the total distance covered is s
and the total time taken is t, show that the time taken
4 —
(b) when the lift moves with constant velocity is (tz - ;S)Z
Up Vs Solution
Pt Q t R t N A
—p—r—(q——r——> 2
SEvrT
1 |
From s = ut + Eatz, a=f ‘? :
Between P and Q = i
1 2 > !
P=Vpt+ 5t i ) :
S S
Between P and R Lo ?
1 1
2 1
p+q=vp><2t+z><f><(2t) 0 1 5
:>p+q=2v,3t+2ft2 ............ (iD) s=s5;+5,+53
Between P and S t=t;+t,+1t3

(lFi{S)m v=u+at
v = aty also 0 = v-atz= v = at;

Eqn (ii) - 4 X Eqn (i) Thus at, = at;=t, = t,
q-3p =- 2vpt

1 9
p+q+r=vp><3t+z><f><(3t)2=3vpt+§ft2 ............

From equation (ii) t = 2ty + ¢,

1 .
SUpt = 53D = @) v (iv) p o op o = 1 e
Equation (iii) - 9 X equation (i) 2= e 2( 2)
q +7r-8p =— 6vpt 1 1 1 1 1
F 51 =5Vt = Eatf =sax(t- t,)* = ga(t —t,)*
Svpt = g(8p—q—r) ............... v) 1
. . . S, =vty = atit, =a x5(t-t))t,
Dividing equation (iv) by equation (v) 1
3(3p - —_ _
_3Grp Q):W 24 = Saty(t-t,)
8p-q-r 1 1 2
Fromv=u+at,a= f=2vs=vp + 3ft 1 1 , 1 5
From equation(iii): = 4% 4(t ~t)"= 8a(t - ty)

9 But fi tion (i)
N 2.2 ut from equation (i
p+q+ (2q-p) 3vpt+2ft

1 1 1
§a(t —t,)% + aty(t =ty + ga(t —t,)=s
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4s , , 4s
- = — - = —
(t tz)(t + tz) a t"-t; 4

1
4s\5
Hence t, = (tz - ;)2

Example 11

Two trains P and Q travel by the same route from rest
at station A to rest at station B. Train P has a constant
acceleration f for the first third of the time, constant
speed for the second third and constant retardation f
for the last third of the time.

Train Q has constant acceleration f for the first third
of the distance, constant speed for the second third and
constant retardation f for the last third of the distance.
Show that the times taken by the two trains are in the
ratio 3\5 : 5.

Solution

-
=
=8
=
>

=

Velocity (ms™)

S )

0 1 1 T (’)
— — — me (S
3¢ 3¢ 3t

1
From v =u + at=v, = ;ft

_1 1 _1 1 4
S—Evl(gt-i-t)—Engtht

2 2 3 S
s=—ft=>t=3 |—
9f 2f
Train Q
~ A
évz_ I
2 |
g !
2 i
[} 1
> !
; %
0 T, T

Fromv=u+atandT =T+ T, + T3

vy =fT1,0=v,- fT3=v,=fT;
fT, = fT4=T, = T,=T = 2T, + T,

2s

11 1 1,9
§S=EXT1XfT1=>§S=EfT13T1=T3= 3f

2s 2s
T=2[35+T,=T,=T-2;
1 1 2s 2s
Also 35 =v,T)=>3s = f §(T -2 ﬁ)
1 2s 4 2s 5
gSZfT [g —§S:>fT [§=§S

. N
- T= 55

Ratio of time:

t s s 33
Y GOy Y
t:T=343:5

Example 12

Two points P and Q are x metres apart. A particle
starts from rest at P and moves directly towards Q with
an acceleration of ams™ % until it acquires a speed
vms~ ! It maintains this speed for T seconds and is

then brought to rest at  under a retardation of a

- X v
ms~ 2. Prove that T = T
Solution

A

Velocity (ms™)
<

S S>

0 t T

Fromv=u+ at
v

A1s00=v—at3:>t3:g
s=x=51+5s,+ 53
1 1 v’
x=§><tlxv+vxT+§xt3><v=;+vxT
2

x=—+4+vT =T =
a

QIR
Q<

Example 13

A car starts from rest and moves with uniform
acceleration a. The driver notices that a tree has fallen
ahead when the car is moving at speed v. If he takes T
seconds to react from the instant the speed was v and
retards uniformly at retardation f to come to rest in a
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distance x from the instant the speed was v, prove that

20x = Ve + T(a+ B)(2v + aT).

Solution
A
Vvt F-mmmmmm - .
1
= |
'Tw :
E | ______ i
> v ! |
R~ ! 1
Q ! 1
= | !
§ S1 ' A ! S3
| |
1 | [
0 t T 3 Time (s)

Fromv=u+at

Example 14
A particle is projected vertically upwards from the

ground with speed ums"~ 1 and clears the top of a
vertical pole of height H in t s and returns to the top of

the pole %t s later, show that:
(i) 12u* = 25gH.

.. .u
(i1) the speed at the top of the pole is <.
Solution

. 1.2
(1) Froms=ut-3gt

v =aty 0=+ al)-ft;
v v+ aT 1 2
t1=¢ t3:( B ) H=ut—§gt .......................... O]
1 1
s, =5T(w+v+al)=5T(2v + aT) B E 1 E 5
1 (w+al) 1, 5 5 H=ux3t-59|5t
s3=§xTx(v+aT =ﬁ(v + 2vaT + a"T") 3 9
_ - Y L
X=5,+5; >H= 2ut - 8gt ..................... (it)
20T + aT*  v* + 2vaT + a°T* From equation (i) and equation (if)
=>x= + 2 ) 4u
2 2p ut—zgt =§ut—§gt :t=5—
2Px =2PvT + a',[i'T2 + v* + 2vaT + a*T? R _ 9
2px = v+ T(a + B)(2v + aT) Substituting in eqzlatl(in ) .
H=uxg-3%9(5)
12u° 2 e
>H = 254 =12u” = 25gH

2.2 Motion under gravity

The equations of linear motion can be modified as
follows for motion under gravity:

1. Upward motion under gravity

For upward motion under gravity,a = - g
V=U-GL e ()
1 5
s=ut- Egt .................................... (i)
VP =u =208 e (iii)

2. Downward motion under gravity
For downward motion under gravity a = g

V=USF Gt oo ()
1

s=ut+ Egt2 ..................................... (i)

v =ut + 205 i (iii)

3. For a particle released from rest

u=0,a=g

.. 4u u
(i) Fromv=u-gt=v=u-g X V=3

Example 15

A particle is projected vertically upwards with velocity
ums~! and after tseconds another particle is
projected vertically upwards from the same point with
the same initial velocity. Prove that they will meet at a

. a0l - g??
height of —5 g
Solution
1% Particle 2" Particle
Displacement s s,
Initial speed u u
Time T+t T

1
From s = ut + Eat2

1
sp=u(T +1t) -39(T +t)°
1
S, =uT—§gT2

When the particles meet, s; = s,
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1 2 1 2
=su(T +1t) —Eg(T +t)° = uT—EgT

T u t
- _(g_Z)
1
From s, = uT - 39T
u ty 1 (u t\,
52‘5‘”(9‘2)’29(g‘2)
2u-gt\ (2u+ gt
:>S—( 29 )( 4 )
4—u2—g2t2
89

2

Hence s =

Example 16

(a) A particle is projected vertically upwards and at
the same instant another is left to fall to meet it.
Show that if the particles have the same speed
when they collide, one of them has traveled thrice
the distance traveled by the other.

(b) A particle starts from rest and travels 20 m with
uniform acceleration. It then maintains this speed
for a time after which it is uniformly retarded to
rest, the magnitude of retardation being twice that
of the acceleration. If the total distance traveled is
90 m and the total time taken is 65, find the
greatest speed and the distance covered at this
speed.

Solution

(a) . %

S1 I

Fromv=u+at
For 1% particle v = u-gt
For 2" particle; v = gt= gt = u-gt .

u

> t=—

29

For 1° particle:

1
Sy =ut-5gt

u2 1 u\y 3u
_Zg‘zgx(Zg) =89
uZ

and s, =g/
S1 3
—=->5,=3s
S, 1 1 2

(b)

—_
i) A
v
.1
z :
Q 1
o 1
© :
> |
|
1
1
ZOIII: S2
1
|
0 ¢ b

s=90m,t=6s
Fromv=u+ at

Also 0 =v-2at; > v =2at; ..coeeervrens (i)

From equation (i) and equation (i)
at, = 2at; > t; = 2t,
But t;+t,+t3=6>t,+3t3=06 ........ (iii)
1
2 t;2 2
12 + 2t, =96 + t, = Vg (iv)

Subtracting equation (iv) from equation (iii)

40 _
Greatest speed, v=-=20ms 1

Distance covered at this speed =20 X 3 =60 m

2.3 Linear motion: -jor
i-j-k) Spaces

Consider a particle which has initial velocity u from a
point A with position vector 7(0) and moves with
constant acceleration a. If after time t, it passes

through a point B then we have:
A

A
> B
r(0
r(t)
O »
r(t) =r(0) + AB
1
rt)=r0)+s, s=ut+ Eat2
Examplel7
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A particle initially passes through the point (3, - 2)
with velocity —-4i+2jms”~ 1" while acceleratin
uniformly and in 4 seconds it covers a distance of 81/5
m in the direction

i + 2j. Find the:

(1) acceleration.

(i) position vector after the 4 s.
Solution

r(0) = 3i-2j), v=(-4i+2j)ms~’
t=4s;|s|=8/5m

O
s—8\f><\5(l+2])—(81+16])

. 1 2
(1) From s = ut + ;at

(8i+16) = (- 4i +2j) x 4+ x ax 4>
::»a=(3i+j)ms'2
Gy @) =r0)+s

= (3i-2j) + (8i + 16§ = 11i + 14j

Example 18

A particle with position vector (10i+ 3j + 5k) m
moves with constant speed of 6 m s~ 1in the direction
i+ 2j + 2k. Find its distance from the origin after 5
seconds.

Solution

r(0) = (10i+ 3j + 5k) m
(i+2j+ 2k)

J12+22 422
=g(i+2j+2k)=(2i+4j+4k)ms_1

r(t)=r0)+s,s= ut:+%at2

r(t) = (10i + 3j + 5k) + (2i + 5j + 4k)t
= (10 4+ 2)i + (3 + 4b)j + (5 + 4Dk

Whent=5s
r(5)=(10+2x5)i+B3+4x5)j+(5+4x5)k
r(5) = 20i + 23j + 25k

Distance from origin after 5 seconds = |r(5)]

r(5)| = \/20% + 23% + 252 = 39.4208 m

v=6X

Example 19

A particle P leaves the origin and moves with constant
velocity (2i + 6j) ms"~ 1 while particle Q starts from
the origin with initial velocity (4i- 8j) m s™! and
moves with acceleration (i + j) ms~ % Find the:
(a) position vectors of P and Q after 2 seconds.

(b) time at which the velocities of the two particles
are perpendicular to each other.

(c) time at which the point R with position vector 17i
+ 25j lies on the line joining the positions

of the particles P and Q.
Solution
Particle P Particle Q
Initial velocity 2i + 6j 4i-8j
Acceleration 0 i+j
Position vectors Tp L

(a) rp(t) =1p(0) +5p
> rp(t) = (2i + 6j)t = (2ti + 6t))
Whent=2=>1p(2) = (2% 2)i+ (6 X 2)j
= 4i + 12j
ro(t) =1y(0) + 5,

= 1,(t) = (4i-8))t + %(i +j)t?

1.). 1, ]
ro(t) = (4t + ot )z + (Et - 8t)]
Whent =2

1.2 1.2
=>rQ(2)=(4x2+§x2)i+(§x2 —8><2)j

Hence rQ(Z) = 10i-14j

(b) Fromv=u+ at
vp=2i+ 6]
v = (4i-8j) + (i + )t
=4+ t)i+ (t-8)j
When the velocities of the two particles are
perpendicular:
vpevy= 0
= (2i+6j)e[(4+ )i+ (t-8)j]=0
24+t)+6(t-8)=0
=8+2t+6t-48=0=>t=5s
(¢) If R lies on P—Q), then P—Q) = hR—Q), h being a
constant
PG =1y()-1p(0)
125, 12 . . ,
= [(4t +5tD)i + (562 - 8t)j~(2ti + 6t))]
1o, (1o .
= 2t +5t)i + (3t - 14¢)j
RG = r,-0F

= [(4t + %tz)i + (%t2 - 8t)]’]—[17i +25j]

12 12
= (Et +4t—17)i+(§t —8t—25)j

Fromﬁj = h@)
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(2¢ +%t2)i + Gtz - 14¢)j
1 2 1 2
= h|(=t2 + 4t - 17]i + (=62 - 8t - 25
2 2
Fori: 2t + yt? = h(Gt? + 4t-17)....o.... 0

Forj: 3t>-14t = h(5t*-8-25).......... (i)

Dividing Eqn (i) by Eqn (ii) and simplifying:
t? + 18t-144 = 0= (t + 9)* = 225

=>t=-9+15
Eithert =6 ort =- 24
Hencet=6+s
Example 20

The acceleration of a particle is — 10j. If the particle
starts at (0, 80) with a velocity 15i.

(i) Find the velocity at time t = 5.

(i) Given that at time T, the particle is at (x,0).
Calculate the values of x and T
Solution:
a=-10j,r(0) =80j, u=15i
(i) Fromv=u-+at
When t =5, v=15i + (- 10j) X 5
=v = (15i - 50j)
(ii) r(t)=r0)+s
1
=7(t) =80j + (150t + - x (- 10j)¢?

r(t) = 15ti + (80-5t%)j
When t =T, 7(T) = xi + 0j
r(T) = 15Ti + (80-5T%)j = xi + 0j
= 80-5T* =0T = 4s
x=5T=x=5%Xx4=20m

Exercises

Exercise: 2A

1. A motor cyclist decelerated uniformly from 20
kmh™! to 8kmh™! covering 896 m. Find the
deceleration in ms %,

2. A boy and a man start to run from the same point at
the same instant and in the same direction. The man

runs with a constant speed of 10 ms ™ 1, the boy’s
initial speed is 2ms"~ ! and accelerates uniformly
at 2ms~ 2. Calculate the:

(i) greatest distance by which the man gets

ahead of the boy.

(i1) speed with which the boy overtakes the man.

3. A car moves from Kampala to Jinja and back. Its
average speed on the return journey is 4 km h™!
greater than that of the outward journey and it takes
12 minutes less. Given that Kampala and Jinja are
80 km apart, find the average speed on the outward
journey.

4. A particle P starts from a point A with an initial
velocity of 2m s~ ! and travels along a straight line
with a constant acceleration of 2ms~ 2. Two
seconds later a second particle Q starts from rest at
A and travels along the same line with an
acceleration of 6 ms ™2 Find how far from A, Q
overtakes P.

5. A particle moving in a straight line with constant
acceleration passes in succession through A, B, C.
The time taken from A to B is t; and from B to C is
t,, AB=a, BC = b. Prove that the acceleration of

2(bt, - at,)

the particle is XA CETHL

6. A particle traveling in a straight line with constant
acceleration covers 4 * 5 m and 6 m in the third and
fourth seconds of its motion respectively. Find its
acceleration and initial velocity.

7. P,Q and R are points on a straight road such that
PQ =20 m and QR =55 m. A cyclist moving with
uniform acceleration passes P and then notices that
it takes him 10 s and 15 s to travel between (P and
Q) and (Q and R) respectively. Find his uniform
acceleration.

8. After passing a police car at 60 km h™!, a sports
car retarded immediately until its speed was 40
kmh ™! and it maintained this speed until it was
caught by the police car 1 km from the check point.
Given that the police car started immediately from
rest at the instant it was passed by the sports car
with a constant acceleration and that the time taken
by the sports car in slowing from 60 km h ™ L0 40
kmh™! was equal to the time it traveled at a
constant speed until it was caught by the police car,
find the:

(i) time taken by the police car to reach the
sports car.

(i1) speed of the police car at the instant it caught
the sports car.

(ii1) time when the speeds of the cars were equal
measured from the check point.

9. A stone is dropped from the top of a tower. After
one second another stone is thrown vertically
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downwards from the same point at a speed of 15

ms~ . If the stones reach the ground
simultaneously, find the height of the tower.

10.In a motor rally, car A is 1 km from the finishing
point and has an initial speed of 35m s~ Y moving

with an acceleration of 0-4ms~ 2. At the same
instant a second car B is 200 m behind A and is

traveling at 44 ms~ 1 and accelerates uniformly at

0-5ms” 2. Find the distance car B passes car A
from the finishing point.

11.A sports car moving with a uniform speed of 80

kmh™! passes a police patrol car at rest. After 5
seconds, the police patrol car takes off in pursuit

accelerating uniformly at 10 m s~ 2. Find:

(a) when the police patrol car catches up with the
sports car.

(b)where the catch up takes place from the original
police car station.

12.A train was timed between three points 4, B and C.
It took 100 seconds to move from A4 to B and 150
seconds to move from B to C. Given that 4B = BC
= 2 km, find how far beyond C the train stops.

13.4, B and C are three points which lie in that order
on a straight road with AB =95 m and BC = 80 m.
A car travels along the road in the direction ABC
with constant acceleration am's ™. The car passes

through A with speed um s™2, reaches B
five seconds later and C two seconds after that.
Find the values of u and a.

14.A stone is projected vertically upwards from ground
level at a speed of 24-5 m s~ ', Find how long
after projection the stone is at a height of 196 m
above the ground:

(a) for the first time.

(b) for the second time.

(¢) For how long is the stone at least 196 m
above ground level.

15.A particle moving in a straight line with uniform
acceleration is found to cover 25-4 m in its first

two seconds. During the 5™ second it covers a
distance of 289 m, find the initial speed and the
acceleration.

Exercise: 2B
1. (a) A train starts from rest and accelerates
uniformly at 0-5m s for 5 minutes, it moves

uniformly for the next 20 minutes and is retarded

uniformly at 2 ms~ % to rest. Find the total distance

covered by the train and its average speed.

(b) Points P, Q and R lie in that order on a straight
road such that PO = QR = 40m. A cyclist
moving with uniform acceleration passes P and
then notices that it takes him 10 seconds and
15 seconds to travel between P and Q, and P
and R respectively. Find:

(1) his acceleration.

(ii) the velocity with which he passes P.

. A train is traveling at 108 km h ™ ! When the brakes

are applied, producing a retardation 3f ms~ 2

When the speed has been reduced to 54 kmh™ Y
the train is uniformly accelerated at f m s~ % until a
speed of 108 km h™1is again reached. From the
instant the brakes are applied to the instant when
the speed again reaches 108 km h™ 1, the time
taken is 6 minutes and in this time the train travels
8 km.
(a) Sketch a velocity-time graph for the motion.
(b) Find the:

(i) valueof f

(i) distance traveled at 54 kmh ™!

. A train stops at two stations which are 24 km apart.

It takes 3 minutes to accelerate uniformly to a
speed of 40 m s~ ! then maintains this speed until it
comes to rest with uniform retardation in a distance
of 1200 m. Find the time taken for the journey.

. The cage of a pit performs the first part of its

descent with uniform acceleration f and the
remainder with uniform retardation 2f. Prove that if
h is the depth of the shaft and t is the time of

1.2
descent, h = 3ft".

. A train travels between stations A and B in time T.

It accelerates uniformly from rest for a time aT and
retards uniformly to rest at the end of the journey
for a time ST. During the intermediate time, it
travels with speed v. Prove that the average speed

for the whole journey is yv(2-a-f).

. A motor cyclist passes a point A with a speed, v.

Ten seconds later he brakes and the motor cycle
decelerates uniformly for 5 s reducing its speed to
30 m s~ L. If he covers 600 m in the 15 s, find the:
(1) value of v.
(i) deceleration of the motor cycle.

. A vehicle traveling on a straight horizontal track

joining two points A and B accelerates at a constant
rate of 0-25ms~ 2 and decelerates at a constant
rate of 1 m s ~ % It covers a distance of 2 km from A
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velocity of (ai + bj) ms™ 1 and after 3 seconds
has a position vector of (10i-j) m. Find the
values of a and b.

to B by accelerating from rest to a speed of vm s~ !
and traveling at that speed until it starts to
decelerate to rest. Express in terms of v the time
taken for the acceleration and deceleration. Given
that the total time for the journey is 2 - 5 minutes,
find a quadratic equation for v and determine v,
explaining clearly the reason for your choice of the
value of v.

9. A particle has an initial position vector of
(4i+3j+9k) m. The particle moves with
constant velocity of (3i-2j-5k) m s~ ! Find the:
(a) position vector of the particle at time t.

Exercise: 2C

(b) position vector of the particle after 5 seconds.
How far is the particle from the origin after 5
seconds.

1. A particle with position vector 40i + 10j + 20k
moves with constant speed 5ms~ Uin the 10. A particle has an initial position vector of
direction of the vector 4i+ 7j + 4k. Find its (ai + bj+ ck) m. The particle moves with
distance from the origin after 9 seconds. constant velocity of (3i+j+4k)ms" 1 and
2. The forces 4i-7j, 6i-11j, - 20+ and 4i +13] ?gfi] -Zl-slelcl(c);l(rjrf. has a position  vector
start to act on a particle of mass 5 kg, initially at (a) Find the values of a,b and c.
(2,-4) and moving with velocity (3i-4j) ms™ ", (b) How far is the particle from the origin after 3
Find: seconds.
(i) the acceleration and hence velocity after 4
seconds. 11. Attime ¢t = 0 two particles A and B have position
(ii) its displacement after 4 seconds. vectors  (2i+3j-4k)m and (8i+ 6k)m
(iii) the work done by the force in 4 seconds. respectively. A moves1 with a constant velocity
3. A particle starts from a point with position vector (-1 + 3+ 5k_)1m S. and B Wlih constant
(i+7j)m with initial velocity of (4i+ 3j) velocity vms ~. Given .that when t = 5 seconds
-1 . , , B passes through the point that A passed through
ms and accelerates uniformly at (i+ 2j) -
22 . one second earlier, find v.
ms  “. Find its:
(1) velocity at any time t. 12. The initial velocity of a particle moving with
(i) position vector at any time t. constant acceleration is (3i-5j) ms~ 1 After 2
) ) ) , , _1 seconds the velocity of the particle is of
4. A particle starts with velocity —4i+5jms . No -1 Lo o
d lerates at 6i-10j m s~ 2 Find after how magnitude 6+/2 m s~ ~ parallel to (i + j). Find the
and accelera ] oo _1 acceleration of the particle.
long the speed of the particleis 17 ms .
o ) 13. A particle starts from the origin with initial
5. A force of 4i-2j + 6k newtons acts on a particle velocity 4i — 8j and moves with an acceleration
of mass 2.kg resting at a pomt whose position of i + j. Show that the particle will pass through
vector is 4i + 3j-10k. Find the position vector of the point (24, - 24) and find the time
the particle after 5 seconds. when it passes through this point.
6. An object of mass 5 kg is initially at rest at a point
whose position vector is — 2i + j. If it is acted on Answers to exercises
by a force, F = 2i + 3j-4k, find its: ]
(i) acceleration. Exercise: 2A
(ii) velocity after 3s. 1. 0-0145ms™2 2. () 16m  (ii)
(iii) distance from the origin after 3 s.
o 18ms~! 3. 38-05kmh™! 4. 48m
7. Two forces F;=(3i-j+k)N and F,= 5 5 ,
(2i + 5j-5k) N act on a particle of mass 2 kg 5. 6. Ems_2 ; st_l 7 Ems_2
initially at rest. Calculate the magnitude of the . 5
particle’s acceleration. 8. (i) 80s (ii) 90kmh™" (iii) 19z hours
8. A particle has an initial position vector of 9.18-4855m 10.220m 11.(a) 7-4338s

(7i + 5j) m. The particle moves with constant
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(b) 276-3069m 12. 8l6:m 13. 4; 6
14. (@) 1s (b) 4s (c) 3s
15. 8-0714ms ';4-6286ms *

Exercise: 2B
1. (a) 208125m ; 132.143ms " ! (b)() %ms_z
(i) sms”!
2. (a) (b) (1)532 (ii) 200m 3. 12 min. 4. 5.
6. () 42 (i) 24ms 2 7. t;=4v; ty=v; v*
-60v+800=0; v=20

Since v =40 gives negative value of time for

constant speed.

Exercise: 2C

1. 85m 2. (i) (24i-8j)ms 2(99i-36j)ms !
(ii) (204i-80j) m (i) 2768]

3.(0) [(A+bDi+B+2t))j]ms? (ii)
[(1 + 4t + %tz)i +(7+3t+ tz)j]m

4, 2s 5.29i-9-5j 4275k

6. (i) ¢(2i+3j-4k)ms >

(i) s(6i+9j-12k)ms™' (i) 5-1662m 7.

3:-775ms™% 8. 1;-2

9. (@) (4+30)i+@B-20)j+(9-5D)k  (b)
(19i - 7j - 16k) m ; 3:/74

10. (@ 1;-1;3 (b) 4/329m

11 (-2i+3j+2k) 12. ;G3i+11)ms >

13.  t=4
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3. FORCE AND NEWTON’S LAWS

3.1 Force

A force is necessary to cause a body to
accelerate. More than one force may act on a
body. If forces on a body are in equilibrium,
then the body may be at rest or moving in a
straight line at constant speed. A resultant
force on a body causes it to accelerate.

3.2 Newton’s Laws of Motion

Newton’s three laws of motion are the fundamental
basis of study of A-level mechanics.

15t Law: Every body will remain at rest or continue to
move in a straight line at constant speed
unless an external force acts on it.
Consequences:

(i) Ifabody has an acceleration, then there must be a

force acting on it.

(i1)) If a body has no acceleration, then the forces

acting on it must be in equilibrium.

2" Law: The rate of change of momentum of a
moving body is proportional to the resultant
force acting on it and takes place in the
direction of the force.

So when an external force acts on a body of constant
mass, the force produces an acceleration which is
directly proportional to the force.

Consequences:
(1) The basic equation of motion for a constant mass is:
Force = Mass X Acceleration
F=ma
(il)) The force and acceleration of a body are both in
the same direction.
(ii1) A constant force acting on a constant mass gives it
a constant acceleration.

3" Law: Ifa body A exerts a force on a body B, then

B exerts an equal and opposite force on A.

Consequence:

These forces between bodies are often called reactions.
In a rigid body the internal forces occur as equal and
opposite pairs and the net effect is zero. So only
external forces need to be considered.

Problem Solving:
The following are important points to remember when
solving problems using Newton’s laws of motion:

1. Draw a clear force diagram.
If there is no acceleration, that is, when the body
is either at rest or moving with uniform velocity,
then the forces balance in each direction.
3. [Ifthere is an acceleration:
(i) Mark it on the diagram using ——
(i1) Write down, if possible, an expression for the
resultant force.
(ii1) Use Newton’s 2nd law, that is, write down an
equation of motion:
Force = mass X acceleration
F=ma

Some common cases:

1. A body at rest on a rough inclined plane.

Since there is no acceleration the forces balance:
Resolving along plane:

F =mgsin 0
Resolving normal to plane:
R =mgcos 8

2. A body sliding down a rough plane at constant
speed.

mg
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Since there is no acceleration the forces balance:
Resolving along plane:

F =mgsin
Resolving normal to plane:
R =mgcos 6

3. A body sliding down a rough plane with
acceleration.

/ E

m
9 g
Resolving normal to the plane:

R =mgcos 0
Applying Newton’s 2" law to motion down the
plane:

mgsin 6-F = ma

3.3 Connected particles

Two particles connected by a light inextensible string
which passes over a frictionless pulley are called
connected particles. The tension in the string is the
same throughout its length, so each particle is acted
upon by the same tension.

Problems concerned with connected particles usually
involve finding acceleration of the system and the
tension in the string.

To solve problems of this kind:

1. Draw a clear diagram showing the forces on each
particle and the common acceleration.

2. Write the equation of motion for each particle using
F=ma.

3. Solve the two equations to find the common
acceleration a and tensing T in the string.

Example 1
Two particles of mass m; and m,, with m, > m, are

connected by a light inextensible string which passes
over a fixed smooth pulley. Find the common
acceleration a and the tension T in the string when the
system is moving freely.

T
a a

myg 2
Formq;: T-m;g =ma .............. )
Formy: myg-T =m,a ... (I0)

Adding equation (i) and equation (ii)

my,g-m;g =mya+m,a
my-m
a= (ml n mz)g

From equation (i):

my;-my

T=my(a+g)= mlg(iml T, + 1)

2mymyg

- (ml + mz)

Common situations:

There are other situations involving motion of
connected particles, the above case being the simplest.
1. One particle on a smooth horizontal table.

R a
f T
my >
T
myg m, l a
For my: m,g

Resolving vertically: R =m,g
Equation of motion: T =m,a
For m,:

Equation of motion: m,g-T = m,a

2. One particle on a rough horizontal table.
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_’m
B
A !

my m, l a
v
myg

For my:

Resolving vertically: R =m,g
Equation of motion: T - F = mya
For my:

Equation of motion: m,g-T = m,a

3. One particle on a smooth inclined plane:

R Pl

T
T
m, la
9 mqg ¢
mzg
Formy:

Resolving perpendicular to plane:
R =m gcos 6

Equation of motion: T-m;gsin 8 = ma
For m,:

Equation of motion: m,g - T =m,a

4. One particle on a rough inclined plane:

R =

T
N\ r
mq\,
F 2 la
v
6 ™Y myg

Formy:

Resolving perpendicular to plane: R = m;gcos 6
Equation of motion: T-F-m,gsin 6 = m,a

For m,:

Equation of motion: m,g-T = m,a

Example 2

To one end of a light inextensible string is attached a
mass of 1kg which rests on a smooth wedge of
inclination 30°. The string passes over a smooth fixed
pulley at the edge of the wedge, under a second smooth
movable pulley of mass 2 kg and over a third smooth
fixed pulley and has a mass of 2 kg attached to the
other end. Find the accelerations of the masses and the
movable pulley and the tension in the string.

(Assume the  portions of the string lie in the vertical
plane.)

Solution:

For 1 kg mass:
T-gsin30=1 X a4

For movable pulley:
1

)=2g9-2T = a1-ay covererne. (i)
For 2 kg mass: 2g9-T = 20, .cccovvvrvrernrnnnn. (iii)
Adding equation (i) and equation (iif)

3

29 =01+ 20y v (iv)
Adding 2 X equation (i) and equation (ii)

g =300y crvererirrrrnene, (v)

2 X equation (v) + equation (iv)

7

29 ="7a4

1 1 -2
a,=59=5%X9:-8=4-9ms

3 1
From equation (iv) ;9 =5 X g + 2a,

—1 —1 9:8=4-9 -2
=-g=-X9-8=4-

>a, Zg > ms
Accelerations:
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1kgmass:4-9ms'2

Movable pulley: %(4 ‘9-4:-9)=0ms" z

Zkf_}rmass:4-9ms'2

From (i):
T-29=59 ~ T=g=T=9-8N
Example 3

The diagram shows a particle A of mass 0-5kg
attached to the end of a light inextensible string
passing over a fixed light pulley and under a light
movable pulley B. The other end of the string is fixed
as showP below.

0-5kg

Ll Y
\_

(i) What mass should be attached to B for the system
to be in equilibrium?

(i) If B is 0 -8 kg, what are the accelerations of
particle A and pulley B?
Solution:

(i) e

m

0-5gN mgN

ForA: T=0-59=0-5Xx9-8=4-9N
ForB: 2T=mg=2%x4-9=mx9-8
=>m=1kg

(ii)

0-5gN
ForA: 0:59-T=0"50.ccccsusirrunrns (iii)

1
ForB: 2T-0-8g=0-8Xx3a
=2T-0-49g=0"2a............. (iv)
Adding equation (iif) and equation (iv)
1 1
0-1g=0-7a:>a=§g=§><9-8=1-4ms_2
Accelerations: A:1-4ms_2;B: 0-7ms 2

Example 4

The diagram shows a fixed pulley carrying a string
which has a mass of 4 kg attached at one end and a
light pulley, P attached at the other end. Another string
passes over pulley P and carries a mass of 3 kg at one
end and a mass ofé’}&(&ga at the other end.

” 4 kg

|1 kg| 3 kg

Find the:
(a) acceleration of pulley P.

(b) acceleration of the 1 kg, 3 kg and 4 kg masses.
(c) tensions in the strings.

Solution:
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T,=2T,=33-6=2T,»T,=16-8N

Example 5

One end of a light inextensible string is attached to a
block A of mass 5 kg. The block A is held at rest on a
smooth fixed plane which is inclined at an angle a to

3
the horizontal, where sin a = ¢. The string is parallel to

the line of greatest slope of the plane and passes over a
smooth light pulley which is fixed at the top of the
plane. The other end of the string is attached to a light
scale pan which carries two blocks B and C, with block

4gN B on top of block C as shown in the diagram below.
a;+a, # |1kg| 3kg *az_al
gN 3gN
For the 4 kg mass:
4‘g - Tl == 4611 ............ (i)
For pulley P:
T,=2T,
The mass of B is 5 kg and the mass of C is 10 kg. The
Substituting in equation (i) - scale pan hangs at rest and the system is released from
49 -2T,=4a,>29-T, =20 .cccu...... (i) rest. Find the:
(a) (i) acceleration of the system.
For the 1 kg mass: (i1) tension in the string.
T2=g=a1+ Qg (iid) (b) (i) magnitude of the force exerted on block B by
For the 3 kg mass: block C
3g-T,=3(a,-ap) . (iv)

(i) magnitude of the force exerted on block C by

Adding equation (ii) and equation (iii) the scale pan.

3a;+a,=g=a,=g-3a ... (v) (c) magnitude of the force exerted on the pulley by
the string.

Adding equation (iif) and equation (iv) Solution

2g=4a,-2a,>9 =20, - Qq.cuvunee. (vi)

From equation (v) and equation (vi)
g=2(g-3a)-a;>7a,=g=>a;=1-4ms"?
From equation (v)

a2=9-8—3><1-4=>az=5~6ms_2

(a) acceleration of pulley Pis1-4ms~ 2 (upwards).
(b) accelerations:

1kg mass: 7 m s~ “(upwards); 3 kg mass: (a) For scale pan:
4-2ms" 2(downwards); 15g. -T=15a ()

4kgmass:1-4ms" 2(downwards). For block A:
(c) Tensions:

From equation (i): T{ =4(9-8-1-4)=>T,
=33-6N

T—Sgsina=5a:T—5gx§=5a

(i) Adding equation (i) and equation (ii)
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3
129 =20a=>a=:%X9-8

=a=5-88ms 2

(i1)) From equation ()
T=15(9-8-5-88)=T=58-8N

(b) (i) Let P be the magnitude of the reaction between
B and C:
For B:
5g-P=5x%x5-88
5xX9-8-P=29-4
P=19:-6N

5-88ms 2

P
B
5g N
(i1) Let Q be the magnitude of the reaction

between @ and the scale pan:

For C:
10g+P-Q=10x5-88
10x9-8+19-6-Q=58-8

Q=58-8N
Q
B 5.88ms 2
v l
P 59N

(© Let F be the magnitude of the force exerted on
the pulley by the string

B

<
<«

F

Where f =90° - a
3
sina=¢=>a=36-9°
90 - «
F=2Tcos( 2 )

F=2x58-8cos26-565
F=105-2N

Exercises

Exercise: 3A

A car of mass M kg is towing a trailer of mass
AM kg along a straight horizontal road. The tow-
bar connecting the car and the trailer is of
negligible mass and horizontal. The resistive
forces acting on the car and trailer are constant
and of magnitude 300 N and 200 N respectively.
At the instant when the car has an acceleration of
magnitude 0-3ms 2, the tractive force has
magnitude 2000 N.

Show that M(4A+ 1) =5000. Given that the
tension in the tow-bar is 500 N at this same
instant, find the value of M and the value of A.

A car of mass 800 kg tows a trailer of mass 400
kg. The resistance to motion for both car and
trailer is 0-2 N per kg. Find the tractive force
exerted by the car engine and the tension in the
tow bar when they are traveling with:

(a) uniform velocity.

(b) an acceleration of 2m's ™ 2.

A light inextensible string attached to the ceiling
passes under a smooth movable pulley of mass 6
kg and then over a smooth fixed pulley. A particle
of mass 1kg hangs freely from the end of the
string. If the system is released from rest, find the
acceleration of the particle and the tension in the
string.

A body of mass 16 kg is released from rest on an
inclined plane of inclination 1in40, the

1
resistance to the motion being gN perkg.
Calculate the:

(1) acceleration of the body.
(i1) speed of the body 6 seconds after release.

A vehicle of mass 2500 kg is drawn up a slope of
1in 10 from rest with an acceleration of 1 -2

ms”? against a constant frictional resistance of
1

100 ©f the weight of the vehicle, using a cable.
Find the tension in the cable.

When a man of mass m uses a lift to go up and
down in a building at a uniform acceleration, the
reactions on the floor of the lift are 1185 N and
285 N respectively. Find the uniform acceleration
and the mass of the man.

Two particles of mass 0-5kg and 0-7 kg are
connected by a light inextensible string passing
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10.

over a smooth fixed pulley. Initially both parts of
the string are taut and vertical, and the 0 -5Kkg
mass is moving vertically downwards with a
speed of 12 6kmh™!. Find the distance it
covers before coming to instantaneous rest. (Use
g=10ms" 2)

The engine of a train exerts a force of 35000 N
on a train of mass 240 tonnes and draw it up a
slope of 1in 120 against resistance totaling 60 N
per tonne. Find the acceleration of the train.

A car of mass 2000 kg tows a truck of mass
1000kg up a hill of 1in20 by a rope. The
resistance due to friction on each vehicle is
proportional to the mass of the vehicle. The
engine of the car exerts a tractive force of 3600 N
when traveling up the hill at a steady speed of 18
kmh™?,
(i) Show that the tension in the rope is 1200 N.
(i1) If the rope breaks and the two wvehicles
continue to move up the hill, calculate how
far the truck travels before coming
momentarily to rest.

A body of mass 5 kg initially resting on a smooth
horizontal surface is acted upon by two forces 42
N at 30° below the horizontal and a horizontal
force of 8 - 2 N as shown.

8-2N «— 5kg %60
N
42 N
Calculate the:
(1) normal reaction on the body.

11.

12.

(i1) acceleration of the body along the
surface.

A train of mass 6 tonnes is traveling at 40 m s~ !

when the brakes are applied. If the resultant
braking force is 40 kN, find the distance the train
travels before coming to rest.

The diagram shows a body of mass 5 kg hanging
at rest at the end of a light vertical string. The
other end of the string is attached to a mass of 2
kg which in turn hangs at the end of another light
vertical string. Find the tension in each string.

o

5 kg

Exercise: 3B

1.

4.

A mass of 3 kg is at rest on a smooth horizontal
table. It is attached by a light inextensible string
passing over a smooth fixed pulley at the edge of
the table to another mass of 2 kg which is hanging
freely. The system is released from rest.
Determine the resulting acceleration and the
tension in the string.

A particle of mass 2 kg moves under the action of

a constant force (2i + 4j) N. At time t =0 the

particle is at rest at a point with position vector

(2i 4+ 5j) m. Find the position vector of the

particle at t = 3 s.

Forces (i-2j) N and (3i + 4j) N are applied to a

body of mass 2 kg.

(a) Find in vector form the:

(i) resultant force acting on the body.
(i) acceleration of the body.

(b)Initially the position vector of the body is
(2i-j) m and its initial velocity is
(4i+3j)ms™ L
(i) Show that after t seconds, the position

vector of the body is

[(t2 +4t+2)i+ Gtz + 3t—1)j]metres.

(i) Find the value of t when the body’s
position vector is in the same direction as
its acceleration.

A lift of mass 950 kg is carrying a boy of mass

50 kg.

(a) The lift is ascending at a uniform speed.
Calculate the:

(1) tension in the lift cable.

(i) reaction of the boy on the floor of the
lift.
(b) If the lift ascends with retardation of 2 m s~
, calculate the:
(1) tension in the lift cable.

2
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(i1) reaction of the boy on the floor of the
lift.

Two particles A and B of masses 4 kg and 5 kg
respectively, are connected by a light inextensible
string passing over a smooth fixed pulley. Initially
B is 1-5m above the ground. If the system is
released from rest, find the:

(1) acceleration of the masses.

(i1) speed of each mass when the 5 kg

mass hits the ground.

(i)  further time and distance during which
the 4 kg mass continues to rise,
assuming it does not reach the pulley.

Find in vector form the acceleration produced in a
body of mass 2kg subjected to forces of
(2i-3j + 4k) N and (i + 5j + 2k) N.

A mass of 10 kg resting on a smooth horizontal
table is connected by a light string passing over a
smooth pulley at the edge of the table, to a mass
of 7kg hanging freely. Find the common
acceleration, the tension in the string and force on
the pulley.

A particle of mass m; is drawn up a smooth

inclined plane of height h and length d by a string
passing over the top of the plane, and supporting
at the other end a mass m,. If m starts from rest

at the bottom of the plane and m, is detached after

m, has moved a distance x show that m, will just

. (my +my)
reach the top of the plane if x = ) h.

The diagram shows a light inextensible string
passing over a smooth fixed pulley, and carrying a
particle A at one end and particles B and C at the
other. The masses of 4, B and C are 2m, m and
2m respectively.

10.

Find the acceleration of the system when released
from rest. After C has traveled 0 - 5 m it falls off
and the system continues without it. Find:

(a) the velocity of B at the instant C falls.

(b) how much further B travels down before it
starts to rise.

Three coplanar forces (9i — 2j) N, (- 3i + 10j)

N and (ai - bj) N act on a mass of 5 kg causing it

to accelerate at (3i +j) ms 2 Find the values of
aandb.

Exercise: 3C

1.

2.

3.

In the pulley system shown in the diagram, A is a
heavy pulley which is free to move. Find the mass

of pulley A if it does not move upwards or

downwards when the system is released from rest.
b )

3 kg

6 kg

In the pulley system shown in the diagram, the
pulley A is free to move. Find the mass of the load
B if when the system is from rest, pulley A does
not move upwards or downwards.

e e

3kg B

A light inextensible string which passes over a
smooth fixed pulley P carries at one end a particle
of mass 2 kg and at the other end a smooth light
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pulley Q. Particles A and B of masses 4 kg and 5
kg respectively are connected by a light
inextensible string passing over pulley Q. Find the
accelerations of particles A and B and the 2 kg
mass when the system is moving freely. Find also
the tensions in the two strings.

The figure shows a light inextensible string which
passes over a smooth fixed pulley A and carries at
one end a mass of 5kg and at the other end a
smooth light pulley B. A light inextensible string
passes over pulley B and carries masses 3 kg and
2 kg at its ends. When the system is released from
rest, find the acceleration of pulley B, and the
masses. Find also the tension in each string.

o

5kg

2kg 3 kg

A light string passes over one fixed pulley, under
a movable pulley of mass M and over a second
fixed pulley. A mass my is attached to one end of

the string, a mass m, to the other end. Assuming

the parts of the string not in contact with the

pulley to be vertical, prove that the tension in the
dmm,Mg

string is M(m1 + mz) +4mym,’

A mass of 2 kg resting on a smooth incline of 45°
is connected by a light inextensible string passing
over a smooth fixed pulley at the top of the incline
to a smooth movable pulley of mass 0-5kg. A
second light inextensible string passing over the
second smooth movable pulley has masses of
0 - 5 kg and 1 kg hanging at its free ends. Find the
acceleration of the 1kg,2kg masses and the
tension in each string when the system is released
from rest.

7. A particle of mass 6 kg is connected by a light
inextensible string passing over a smooth fixed
pulley to a light smooth movable pulley A. Two
particles of masses 2 kg and 1 kg are connected
by a light inextensible string passing over pulley
A. When the system is moving freely, find the:

(i) acceleration of each mass and the movable
pulley.

(i1) tension in each string. (Leave g in your
answers)

8. The diagram shows particles A and B of masses 3
kg and 5kg connected by a light inextensible
string passing over two smooth fixed pulleys and
under a smooth movable ulle C of mass 6 k

0

If the system is released from rest find the:
(a) accelerations of 4, B and C.

(b) tension in the string.

9. The figure shows a light inextensible string
passing over a smooth fixed pulley 4, to one end
of which is attached a mass of 8 kg and to the
other end is attached pulley B of mass 2 kg. Over
B passes a second light inextensible string which
carrles masses of 3 kg and 4 kg at its free ends.

3k 4 kg
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10.

11.

12.

The system is released from rest. Determine
the:

(a) acceleration of the movable pulley, 3
kg mass and 4 kg mass.
(b) tensions in the strings.

At one end of an inelastic string is attached a mass
of 4kg. The string then passes over a smooth
fixed pulley and then under a smooth movable
pulley of mass M. The other end of the string is
fixed to a ceiling. Given that the 4 kg mass

1 _9 .
accelerates downwards at ;g ms “, where g is

the acceleration due to gravity, find the:
@A) value of M.

(ii) tension in the string.

To the end of a light inextensible string is attached
a mass A of 4kg which rests on a smooth
horizontal table. The string passes over a smooth
fixed pulley P, at the edge of the table and the
other end carries a smooth movable light pulley Q.
A light inextensible string passes over pulley @
and carries at its ends masses B of 2Zkgand C  of
1 kg. Find the acceleration of the masses and the
movable pulley and tensions in the strings.

The diagram below shows two pulleys of masses
8 kg and 12 kg connected by a light
inextensible string hanging over a fixed pulley.

/Y

The accelerations of the 4 kg and 12 kg masses are g

g
upwards and 5 downwards

respectively. The

. g
accelerations of the 3kg and mkg masses are 3

upwards and% downwards respectively. The hanging

portions of the strings are vertical. Given that  the
string of the fixed pulley remains stationary, find the:

(a) tensions in the strings.
(b) value of m.

Answers to exercises

10.

—_—

Exercise: 3A
1
4000 ; ; 2. (a) 240N (b) 2640N 3.
7-84ms “(upwards); 17 - 64 N
() 0-12ms™% (i)
5695 N

0-72ms~ ! 5.

6ms * ; 75kg 7. 3-675m 8.
0-0042ms 2 o. (1 (i) 10-4167m
(i) 70N (i) 5-6346ms % 11. 120m
12.  Upper string: 686 N ;

Lower string: 49 N

Exercise: 3B
3-92ms'2;11-76N 2. (6-5i+14j)m
3. (a) (i) (4i+2j)N (i) (2i+j)ms_2

(b) i @Gi) 2 4. (a (i) 9800N
(i1)) 490 N (upwards)
(b) (i) 7800N (ii)) 390N (upwards)

5. (i) 1-0889ms 2
(i) 1-8074ms~? (i) 0-1667m 6.
(1-5i+j+3k)ms™*
4-0353ms 2 ; 40-353N ; 57-0678 N at

45° to horizontal 8. 9. 1-96ms 2
(@ 1:-4ms™' () 0:3m 10
a=9 ;b=3

Exercise: 3C
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1.8kg 2. 1kg 3. A:5-8ms” % (downwards);
B:6-6ms 2 (downwards); 2 kg mass: 6-2 ms 2
(upwards); upper string: 32 N ; lower string: 16 N

4.B:0-2ms”? (upwards); 2 kg mass : 22 ms™?
(upwards); 3 kg mass: 1-8ms" 2 (downwards); 5 kg
mass: 0 2ms 2 (downwards); upper string: 48 N

Lower string: 24 N 5. 6. 1kg mass:
3-981ms 2 (downwards); 2kg mass:
1-0715ms 2 (up the plane); upper string: 16 - 002
N ; lower string: 5-819N 7. (i) 6 kg mass: %g

_ 1 _
ms”? (downwards); 2kg mass: {3gms 2

11
(downwards); 1kg mass: 3gms 2 (upwards);

movable pulley: %g ms” 2 (upwards) (i)  upper
string: %g N ; lower string: %g N 8. (a) A:
1-0889ms™%  (upwards); B:3-2667ms °
(downwards); C:1-089ms" 2 (upwards) (b)
32-667N
9. (a) 0.4938 ms? (downwards); 0.8305ms~? (upwards);
1.8271 ms? (downwards) (b) Upper string: 82.3864N;
lower string: 31-8915N
10. () S5;kg (i) 29-4N 11. 4kg mass:
3-92ms” 2 ;0:3-92 ms ™2 (downwards)
1kg mass: 1-96ms~ z (downwards); 2 kg mass:
5-88m s_z(downwards) ;15-68N ;7-84N 12.

(a) String over 8 kg pulley: 58 - 8 N ; String
over fixed pulley: 196 N ; String over 12 kg pulley:
39-2N (b) 6kg
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4. RESULTANTS & COMPONENTS OF

FORCES

4.1 Resultant of two forces

The resultant of two forces can be obtained by using a
parallelogram of forces. Consider two forces of
magnitudes P and @ acting at an angle 6 to each other
as shown below.

Q

»
>

P

Their resultant can be obtained from the parallelogram
of forces shown.

The magnitude of the resultant is found using the
cosine rule.

R?* = P* + Q®-2PQcos (180-6)

R®*=P? + Q% + 2PQcos 6
The direction « is obtained using the sine rule:

0 R
sina ~ sin (180 - 6)
Q R

sina sin 6

-1 Qsin 6
= Sin ( R )

R

Example 1
Find the resultant of the forces shown below and the
angle it makes with the 20 N force.

16 N

60°

»20 N

Solution

b

20N

R®=20%+16%-2 x 20 x 16cos 120

R=31:24N
R 16 31-24 16
sin120 ~ sin a:>sin 120 © sina

=>a=26-3°

4.2 Components of Forces

Any given force can be expressed in terms of
components in two perpendicular directions. These are
called the resolved components of the force.

Forces and their resolved components

Psin 6

»-

Pcos 6

Qsina

Qcos a
-

More generally consider four forces of magnitudes P,
@, R, S acting as shown below:
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.>

The following are components of each of the forces:
p— Pcos 6 _ (- Qcosa
- (Psin 9)’ Q= ( Qsin )’

R=(2Re0sE) 5o (Seozd)

4.3 Resultant of any given number

of forces
Given forces Fq, F,, F3, their resultant F is the vector

However, if the forces are given in terms of magnitude
and directions are given in form of angles. We first
express the forces in terms of components in two
perpendicular directions and find the vector sum. From
this we obtain the magnitude and direction of the
resultant.

Consider forces of magnitudes P, Q,R,S acting as
shown below:

R EERREEETE 2

Pcos 6 —Qcosa
P= (Psin 9)’ Q= ( Qsin a )’
_(—RcosB\ . _( Scos@
R= (—Rcosﬁ)’s_ (—Ssinﬂ)
The resultant F=P + Q + R + S.

Fe X\ _ (Pcos 6 - Qcos a — Rcos B + Scos @
~—\Y) 7 \ Psin 6 + Qsin a - Rsin § - Ssin @

The magnitude of the resultant is obtained from:

|F| =.X%+Y?

The direction of the resultant y can be obtained from:
1 /(Y
y =tan (})

Example 2
A particle of mass 2 kg moves under the action of
forces Fq, F, and F3. At time t;

Fy=(3t-1)i+ @3N,
Fyp= (3¢ +2)i+ (5t - 4)j N and
1 3
Fy=(;t-4)i+ (Gt+1)jN.
Find the acceleration of the particle whent = 2s.

Solution:
Whent=2s;

1 . . 1,
Fi=(;x2-1)i+(2-3)j=3i-j N

1 1
F2=(§x2+2)i+(§x2—4)j=3i—3jN

F ! 2-4|i 3 2+1)j 7 4j
=|-X2- =X ==
3 (4 )l+(2 + )] 21+ j N

1 7
=(—El—])+(3l—3])+(—§l+4-])
=F= -1iN

From F = ma

. 1, -2
—l=2a=>a=—51ms

Example 3

The figure below shows a system of forces acting on a
particle of mass 5 kg.
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45°
-------------- »12 N
N 60°
60°!
10N 8N
Find the resultant force on the particle and hence its
acceleration.
Solution:

po (124 0- 3+/2sin 45 — 10sin 60 + 8cos 60
~{0 + 5+ 3./2cos 45 —10cos 60 - 8sin 60

_( 4-3397
=>F—(-3-9282)

|F| =4 -3397% + (- 3 - 9282)?
=|F|=5-8535N
Alternatively, the forces can be resolved separately;
Resolving horizontally:
(=) : X = 12 - 34/2sin 45 - 10sin 60 + 8cos 60
=>X=4-3397N
Resolving vertically:
(1) :Y =5 + 3+/2cos 45 - 10cos 60 - 8
sin 60=Y =-3-9282N
The magnitude and direction of the resultant is

obtained from the following triangle of forces:

4-3397

a

3-9282

|F| =4 -3397% + (- 3 - 9282)?

=|F| =5 8535 N
3-9282 o
tana=m=>a=42 -2
|F| = m|a|=5|al = 5 - 8535

>lal=1-1707ms ™2

Example 4

Two forces P and @ act in the directions of the vectors
4i + 3j and i-2j respectively and the magnitude of P
is 25 N. Given that the magnitude of the resultant of P
and @ is also 25 N, find the magnitude of Q.

Solution:

o A 4i+3j A 4i+3j
P=|P|P; |P|=25N; P = 77—mP =

(4i + 3j)

P=25x—-—">P=(20i+15j)N
. _ (i-2)) _lel. z2lel.
Similarly; Q@ = |Q| % Jim:Q NN Y
|Ql 2[Q|

P+Q= (20 +f)i+ (15 —f)j
but |P + Q| = 25
(20 +15)7 + (15 - 22)? = 25
IQl(lQl _4\/5) = 0 Either |Q| =0 or |Q| = 4\/5
Hence |Q| = 4y/5N

Exercises

Exercise: 4A

1. Find the magnitudes of the vertical and horizontal
components of:
(a) aforce of 20 N acting at 40° to the horizontal.
(b) a force of 14 N acting at 78° to the horizontal.

(c) aforce of 24 N acting at 36° to the vertical.

2. A set of horizontal forces of magnitude 20 N, 12 N
and 30 N act on a particle in the directions due
south, due east and N40°E respectively. Find the
magnitude and direction of the fourth force which
holds the particle in equilibrium.

3. Two forces of magnitude 12N and 9N act on a

particle producing an acceleration of 3-65m s~ 2,

The forces act at an angle of 60° to each other. Find
the mass of the particle.

4. ABCD is a square. Forces of magnitude 2N, 1N, \/E
N and 4N act along AB,BC,AC and DA
respectively. The directions of the forces being
indicated by the order of the letters. Find the
magnitude of the resultant and the angle it makes
with AB.

5. Two forces have magnitudes Pand Q and the angle
between them is 6. If the resultant of these two
forces is R and makes an angle a with P. Show that:

(@) R®*=P%*+ Q%+ 2PQcos 6

Qsin 6
(b) tana = P+ Qcos 6

6. Forces of 3N and 2N act along OA and OB
respectively, the directions of the forces being
indicated by the order of the letters. [f AOB = 150°,
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find the magnitude of the resultant and the angle it
makes with OA.

The angle between a force of 6 N and a force of P N
is 90°. If the resultant of the two forces has
magnitude 8 N, find the value of P.

Obtain the magnitude and direction of the resultant
of the forces below.

3N 4N

30°

L2

Forces 3,2,1,4N act at a point along lines
0OA, OB, O0C,0D respectively. AO
B=60° BOC=90°COD=120°. Find the
magnitude of the resultant and its inclination to
OA.

10.Two forces, (4i—5j) N and (pi+ qj) N, act on a

particle P of mass m kg. The resultant  of
the two forces is R. Given that R acts in a direction
which is parallel to the vector (i — 2j):

(a) find the angle between R and the vector j.

(b) show that 2p +q + 3 =0.

Given that g = 1 and that P moves with an

acceleration of magnitude 8\/§ ms- 2,

(c) find the value of m.

Exercise: 4B

1.

Forces 3N,5N,7N and 2N act along sides
DA, AB,BC and CD respectively of a square.
Calculate the magnitude of their resultant and the
angle it makes with AD.

. Find the angle between the lines of action of two

forces of magnitude 7N and 11N, given their
resultant is of magnitude 8 N.

PORS is a square. Forces of magnitude 60 N, 40 N
, 180N and 40 N act along the lines PQ, QR, RP
and SQ respectively, in each case the direction of
the force being given by the order of the letters.
Given that SR is horizontal. Determine the:

(a) magnitude of the resultant force.

(b) inclination of the resultant to SR.

. Each of the following diagrams shows a number of

forces. Find the magnitude of their resultant and
angle it makes with the x — axis.

(@)

SRS

4N 10N

30°

- X
6N

2N 2N

5. Three forces are applied to a point as shown below.

6N

120°

» 40 N
100°

15N

Calculate the resultant of the forces.

. When two vectors of magnitude P and Q are

inclined at an angle 6, the magnitude of their
resultant is 2P. When the inclination is changed to
(180-0) the magnitude of their resultant is halved.
Find the ratio of P to Q.

7. Express the force shown below in the form ai + bj.
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y

3J2 N

45°

> x

(b) Forces of magnitudes 4N, 8N, 12N, 2 N, Zﬁ
N and 2N act along the lines
AD, DC, CB, BA, AC and BD of a square ABCD
in the directions indicated by the order of the
letters. Calculate the magnitude and direction
of the resultant force.

. Four forces:

F, =843 N due N60°E

F,= S\B N due North west

F3 = 2+/3 N due south

F, =52 N due S72°E
act at a point. Determine the magnitude and
direction of the resultant of the forces.

9. Find the resultant of each of the following sets of

forces:

(@) (2i+3j+2k)N, (2i +4j-8k) N

(b) (7i-4j +3k) N, (5i-2j+8k) N, (i-k) N
(c) (2i+3j-7k)N, (2i+5k)N, (3j+4k)N

10.Find the magnitude of the resultant of each of the

following sets of forces and determine the angle
this resultant makes with the direction of i.

(@ (2i+3j)N, (5i-2j) N, (-3i+3))
N

)  (=2i+5)N, (i+2j)N
(€  (4i+3)N, (-i-5)N
d)  Qi+4)N, (-6i-5)N, 2i+j)N

Exercise: 4C
1. A particle of mass 2 kg moves from rest at the

origin under the action of two forces P and Q. P
has magnitude 22 N and acts in the direction of the
vector 2i — 6j + 9k while Q has magnitude 30 N
and acts in the direction of the vector 4j — 3k. Find
the:

(i) resultant force on the particle.

(i) acceleration of the particle.

. Two forces F{ = 4j-5k and F, = 2i-5j-k act on a
particle. Find the magnitude of the resultant force

acting on the particle and the angle it makes with F

. Four forces ai + (a-1)j, 3i + 2aj, 5i-6j and -i-2j

act on a particle. The resultant of the forces makes
an angle of 45° with the horizontal. Find the value
of a. Hence determine the magnitude of the
resultant.

. Find the magnitude of the resultant of two forces of

magnitudes 15 N and 42N acting in the directions
of the vectors 3i-4j and i + j respectively.

A force of magnitude 10 N parallel to the vector 4i

+3j is the resultant of two forces parallel
respectively to the vectors 2i+ j, i+ j. Find the
magnitudes of the two forces.

The diagram shows forces acting along sides of an
equilateral triangle.

C

A > B
9N

Find the magnitude and direction of the resultant force.

7.

8.

The resultant of the forces ai+ 2j, 3i + (4-a)j
and 4i-5j acts in the direction i+ j. Find the
magnitude of the resultant force.

P
|P| 4 P+ Q|

60°

A particle is freely moved on a horizontal table. It is
acted on by constant forces P and Q. The force P
has magnitude 5 N and acts due north. The resultant
P + Q has magnitude 9 N and acts in the direction
060°. Calculate the magnitude and direction of Q.

A force F has magnitude 50 N and acts in the
direction of the vector 24i + 7j. Show that F =
(48i + 14j)N. Two forces F; and F, have

magnitudes @ N and B N and act in the directions i
—-2j and 4i+ 3j respectively. Given that the
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resultant of F, and F, is F, show that @ = 8/5 and
find 5.

10.A force of 7 N and another of 4 N have a resultant
of magnitude 9 N when the angle between them is 6
. Calculate the:
(a) wvalue of 6.
(b) angle between the resultant force and 7N force.

Answers to Exercises
Exercise: 4A

1. (a) 12-856N;15-321N (b) 13-694N
;2-911N (¢) 19-416N;14-107N

2. 31-425N ; §84-6°W 3. 5-0kg 4.
V13N;33-7°below AB 5. (a) (b)

6. 1-6148N ;38-3° 7. 5-2915N 8.
7 - 433 N at 20 - 5° above the 5 N force

9. 3-598N ;29-4° 10. (a)
153-4° () (0) kg

Exercise: 4B
1. 5N ; 36:-9° 2. 46 - 5° 3. (a)
121-965N (b) 71-4°

4. (@ 17-2N ;31-6° (b) 3-8N;
172-5° (c) 4-1N ;52-4°
5. 35-7035N at 15 - 6° below horizontal 6.
P:Q=+/6:3 7. (a) (-3i+3j)N
(b) /74N at 35-5° below AB 8.
15-845N; N71 - 8°E
9. (a) (4i+7j - 6k) N (b)

(13i-6j + 10k) N (c) (4i+6j+2k)N
10. (@) 4J2N;45° (b) 5v2N;98-1° (¢
VI3N;33-7° (d) 2N;180°

Exercise: 4C
1. ) (4i+12))N (i) (2i+6j)ms >
2. V41N ;50-6° 3. a=8;15\2N
8. 15-264N 5. 205N;4J2N 6. 27N;60°
toAB 7. 42N 8.+/61Nat093-7°
9. B=50 10. (a) 73-4° (b) 25-2°
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5. EQUILIBRIUM & ACCELERATION

UNDER CONCURRENT FORCES

5.1 Three force problems

A body is said to be in equilibrium when two or more
forces act upon it (particle or rigid body) and motion
does not take place. When a body is in equilibrium
under the action of three forces, Lami’s theorem can
be applied. Consider forces P, Qand R holding a
particle or rigid body in equilibrium as shown below.

P

R Q
Lami’s theorem can be used to solve the problem and

P

is stated as : G0 = 5.5 = sing

Example 1

(a) A particle of mass 3 kg is attached to the lower end
B of an inextensible string. The upper end A of
the string is fixed to a point on the ceiling of a roof.
A horizontal force of 22 N and an upward vertical
force of 4 - 9 N act upon the particle making it to
be in equilibrium, with the string making an angle «
with the vertical. Find the value of a and the
tension in the string.

(b) A non-uniform rod of mass 9 kg rests horizontally
in equilibrium supported by two light inextensible
strings tied to the ends of the rod. The strings
make angles of 50° and 60° with the rod.
Calculate the tensions in the strings.

Solution

(@)

Resolving horizontally:
Tsina =22
Resolving vertically:

From equation (i);

(b)

Tcosa+4-9=3g
Tcosa=3%Xx9-8-4-9

Tcosa=24-5
Dividing equation (i) by equation (ii)
22

22N

tana=m:a=41-9°

Tsin41-9=22=T=32-928N

50°

\
\

’
,
.
Ne
S
\

,

60°

v
9g N
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70°

150° 140°

9g N

Using Lami’s theorm;
Ty 9g T,
sin150 ~ sin70 ~ sin 140

9gsin150 9 x9-8 xsin150
1~ sin70 sin 70
T:=46-9302N
9gsin140 9 x9-8xsin150
Ty="sn70 = sin 70
T,=60-3324N

5.2 Equilibrium under any number
of forces

When several forces act on a particle, they are said to
be concurrent. When a particle is acted upon by any
given number of forces and is kept in equilibrium, we
can apply the general method below to find the
solution to the problem.

Consider forces P, Q, R, S acting at a point O as shown
below.

y
4

Resolving horizontally:

Pcos a-Qcos f-Rcos 8 =0

Pcosa=Qcos f + RCOS O ....ccovuvrurecrenenne ()
Resolving vertically:

Psin a + Qsin f-Rsinf8 -5 =10

Psina+ Qsinf=Rsin@ + S ....ccccoveene. (i)
From the above two equations two unknowns can be
found.

The same procedure can be applied to each particle
when dealing with systems involving equilibrium of
more than one particle or connected particles.

Example 2

A particle of mass 5 kg is placed on a smooth plane
inclined at tan ™’ (%) to the horizontal. Find the
magnitude of the force acting horizontally required to
keep the particle in equilibrium and the normal
reaction to the plane.

Solution

0

NE

Resolving along plane:
Pcos 8 = 5gsin =P = 5gtan 0

3
P=5x9-8X 5= =28y
Resolving normal to plane:
R = Psin 6 + 5gcos 6
3 3 3
R="Cx1y5x9.8x Psr = 20N
Example 3
Find P and 6 if the forces below are in equilibrium.
8N
S Noe——m8M8M8M8M ¢ .. _._._._.
6N
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Solution:
Resolving horizontally:
8cos 6 + 6cos 60 = 5=cos 6 =
6=75-5°
Resolving vertically:
P + 6sin 60 = 8sin =P =8
sin 75 - 5-6sin 60
P=2-5498N

[uny

Example 4

A thin copper wire ABCD is supported at A and D
which are on the same horizontal level. At B hangs a
mass of 10 kg and at C hangs a mass of M kg. The
portion of the string AB is at 45° to the vertical and BC
slopes upwards at 45° to the horizontal while CD is at
30° to the vertical as shown below.

A D
%

10 kg

(a) Determine the tension in the portion AB, BC and
CD in terms of g.

(b) Show that the value of M is 5(+/3 - 1) kg.

Solution

For 10 kg mass;

Resolving horizontally:
T sin 45 = T,cos 45

Resolving vertically:
Ticos 45+ T,sin45=10g; butT; =T,
T, T

1
ﬁ-i_ﬁ: 10g

T,=5V2g Nand T, = 5\2g N
For M:
Resolving horizontally:
T,cos 45 =T3sin 30
2T,

2
=T, =529 X —
T3="7=Ts 5v/2g x 7

Hence T3;=10g N

(b) Resolving vertically:
Mg + T,sin 45 = T3cos 30
| 3
Mg+ 5V2g x —==10g X —
g+ 529 x 5 =109 %7

M+5=5/3M=5(/3-1)kg

Example 5
The diagram below shows a uniform rod, 3 m long of
mass 20 kg placed on two smooth planes inclined at
30° and 60° to the horizontal. The rod is resting in
equilibrium.

(@ (@) Show that R = S+/3.
(ii) Calculate the reactions S and R.
(b) By taking moments about 4, find the angle of
inclination of the rod to the horizontal.
Solution

(@
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(1) Resolving horizontally:
Rsin 30 = Scos 30
Rtan30=S

1
RX—== S=R =53
NE V3
(i1)) Resolving vertically:
Rcos 30 + Ssin 30 = 20g
N
Rx7+§S=20g=>R\E+S= 40g

But R = Sv/32(5\/3)\/3 + S = 40g
4S = 40g=S = 10g =98N
Also R =983 N

(b) Taking moments about A:

S % 3sin (6 +30) =20g X 1 - 5cos 6
98 X 3sin (0 +30)=20%x9-8x1-5
cos 6

sin (6 + 30) = cos =>tan 6 = %
6 =tan ! (%):9 = 30°

Example 6
The diagram shows masses A and B each lying on
smooth planes of inclination 30°.

Light inextensible strings attached to A and B pass
along lines of greatest slope, over smooth pulleys and
are connected to a third mass C hanging freely. The
strings make angles of a and B with the upward
vertical as shown. If A, B and C have masses 2m, m
and m respectively and the system rests in equilibrium,
show that sinf =2sina and cosf + 2cosa = 2.
Hence find « and £.

Solution:

For A:

Resolving along plane:
T{=2mgsin30=T, =mg

For C:

Resolving horizontally:
Tisina =T,sin fueiicciinnnn )

Resolving vertically:
Ticosa+ T,cos f=mg....un... (i)

For B:
Resolving along plane:

1
T, =mgsin 30=T, =;mg

1
From equation (i):mgsin a = ;mgsin f8

SIN L = 2SIN Qe (iii)

From equation (ii):mgcos a + ;mgcos f =mg
COS B+ 2C0SA=2 covvveereereenenn (iv)

From equation (iv):cos f = 2(1-cos @) ....... (v)

Squaring equation (iii) and equation (v) and adding
sin ,8 + cos ,B 4sin’a + 4(1-2cos a + cos a)
1= 4(sm a + cos a) + 4-8cos a=cos a = §

a = CoS 1§=>a=29-0°

7
From equation (iv):cos f + 2 X g =2

1
:>,B=cos_11:ﬂ=75-5°

5.3 Acceleration under any number
of forces

If a body accelerates under the action of any given
number of forces:

» Resolve forces perpendicular to the direction
of motion. In this direction the forces are in
equilibrium,

»> Resolve forces parallel to the direction of
motion. Using Newton’s second law, obtain
the equation for the motion.

Example 7

The body 4 lies on a smooth slope and body B is freely
suspended. The pulley is smooth and the string is light
and inextensible.

(a) If the mass of A is 4 kg and the mass of B is 3 kg,
with 8 = 30°, body A will accelerate up the slope.
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If y=3m and x =2 - 8 m, find the velocity with
which 4 hits the pulley.

(b) If the mass of A is 2m and the mass of B is m,
show that A will accelerate up the slope provided

1

sin 6 <.
With this condition fulfilled and y > x, show that

if the system is released from rest, mass B hits the
2gx(1 - 2sin )

ground with velocity 3 and that A
. 3ysin 8
reaches the pulley provided x = 1 5.5
Solution:
(a)

4gsin 30%
For A:
T-4gsin 30 = 4a
T-29 =4Quuiiiiciiii )
For B:
3g-T=3Q cooeeoiivererirenne (i)

Adding equation (i) and equation (ii)
1 1

g=7a>a =§g=;x9-8
a=1-4ms ?
From equation (ii):T = 3(g-a) =3(9-8-1-4)
T=25-2N
From v* = u® 4 2as
Velocity of A as B hits the ground

u;=2x1-4x2-82u,=2-8ms"

2

1

For A:
0-4gsin 30 = 4a'
L ! 9.8=—4-9ms 2
a——2 ——2>< -8=—4-9ms

From v’ =u®+2as; s=3-2-8=0-2m
v2=ufl+2a's

v =2-82-2x4-9%0-2
1JA=2-425ms_1

(b)

For A to accelerate up and B to move down:

2mgsin 0 < T <mg

1

~2mgsin 6 <mg=sin 6 <
With this condition fulfilled
For A: T-2mgsin 8 = 2ma................. ()
For B:mg-T =ma ....ccoceevvvrinnrnn, (i1)
Adding equation (i) and equation (ii):

mg(1-2sin 8) = 3ma

1
a =39(1-2sin 0)

2

From v =u2+2as,u=0

1
vE=2x3g(1-2sin 6) x x

Vg = égx(l - 2sin )

After B hits the ground
For A: 0-2mgsin 8 = 2ma'=a’' =- gsin 6

2 2

From v = u® + 2as=>v)y = ufl + 2a's;

2
vi = §gx(1—25in 0)-2gsin 6 X (y-x)

A reaches the pulley if v, = O:Ui =0
%g x(1-2sin 8)-2g(y-x)sin6 = 0

On simplifying;
3ysin 8

. > . N
x(1 4+ sin @) = 3ysin =x > 1+sno

Exercises

Exercise: 5A

1. A particle of weight 8N is attached to a point B of
a light inextensible string AB. It hangs in
equilibrium with point A fixed and AB at 30° to
the downward vertical. A force F at B acting at
right angles to AB keeps the particle in
equilibrium. Find the magnitude of F and the
tension in the string.

2. Each of the following diagrams shows a particle in
equilibrium under the forces shown.
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(b) 30 tension in the first rope is 20 N, find the tension in
the other and the value of W.

7. A string AB has end A fixed and end B carrying a
w particle of mass 5 kg. Another string BC connects
B to another particle of mass 10 kg at end C. A
0° horizontal force of 40 N acts at C and the system is
in equilibrium with C lower than B. Find the:
(i) angles that AB and BC make with the vertical.

(ii) tensions in the strings.

Prove that P = W(3 =~/3) 8. A small object of weight 4 N is suspended from a
fixed point by a string. The object is held in
equilibrium with the string at an angle of 25° to the
vertical by a horizontal force. Find the magnitude
of this force and the tension in the string.

Prove that Ptan 8 = W
(c)

9. A particle P of weight 50N is hanging in
equilibrium supported by two strings inclined at
20° and 40° to the vertical. Find the tensions in the
strings.

10. A particle of weight 10W is supported by two light

Prove that tan 6 = 2 -3 inextensible strings attached to fixed points X and

3. The figure shows two light inextensible strings AC Y which lie in the same horizontal plane. Given
and AB attached to the ceiling DC and wall DB at that PX =36 cm, PY =48 cm and XY = 60 cm,
C and B respectively. A weight W is suspended find the tension in each string.
from 4.

Exercise: 5B

1. A particle P of weight 10W is hanging in
equilibrium from two strings PA and PB. If AP
B =90° and the tensions in the strings are T and
2T respectively, find T in terms of W.

2. A particle P of weight 50 N is supported by two
light inextensible strings attached to fixed points A

If the strings AB and AC make angles a and 8 with the and B. Given that A and B lie 2m apart in the
e . Ti _cosp same horizontal plane and that AP =2 m, PB =1
wall and ceiling respectively, show that T,= sna and m, find the tension in each string.

find 7y and 7, in terms of @, f# and W. 3. A particle P of mass 2 kg is attached to one end of

4. If the following forces are in equilibrium, find the a light string, the other end of which is

value of @ and b in each case. attached to a fixed point O. The particle is held in

. , ey T ; equilibrium with OP at 30° to the downward

%{;3 Egi i 2;.) _I_N;()(le’ (?J]i)—g]"—gc) lzll +hi)N vertical by a force of magnitude F newtons. The

force acts in the same vertical plane as the string

5. One end of a light inextensible string of length 75 and acts at an angle of 30° to the horizontal as
cm is fixed to a point on a vertical pole. A particle shown in the figure below.

of weight 12 N is attached to the end of the string.
The particle is held 21 cm away from the pole by a
horizontal force. Find the magnitude of this force
and the tension in the string.

6. A weight W is suspended by two ropes which
make 20° and 70° with the horizontal. If the
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Find the:
6] value of F.

(ii))  tension in the string.

4. A particle of mass 5kg is placed on a smooth
1
horizontal plane inclined at tan " (ﬁ) to the

horizontal. Find the magnitude of the force acting
horizontally required to keep the particle in
equilibrium and the normal reaction to the plane.

5. A particle of mass mkg is attached at C to two
light inextensible strings AC and BC. The
other ends of the strings are attached to fixed
points A and B on a ceiling. The  particle hangs
in equilibrium with AC and BC inclined to the

horizontal at 30° and 60° respectively as
shown in the figure below.
A B
30° 60°
C

Given that the tension in AC is 20 N, find the:

(a)  tension in BC.

2

(b) value of m. [Useg=10ms “].

6. The diagram shows a body of mass 5 kg supported
by two light inextensible strings, the other ends of
which are attached to points A and B on the same
horizontal level and 7 m apart.

A B

The body rests in equilibrium at C, 3 m vertically
below AB. If CBA=45° find T; and T,, the

tensions in the strings.
7. ABC is aright angled triangle in which forces of 8
N, 6 N and P N act. Given that the forces are in

equilibrium, find the values of P and 6.
C

@)

8 NA

B

A 6N

8. A body of mass m is released from rest at the top
of a rough plane inclined at an angle 6 to the
horizontal. After time t, the mass has traveled a
distance d down the slope. Show that the
resistance to motion experienced by the body is
given by

2d
m(gsin 0- ?2)‘

9. Each of the following diagrams shows a mass or

masses accelerating in the directions indicated.

(b)

(@) 2

I\\ A 2P

mg

Prove: 3R =m(3g - atan )
(b)
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Prove: PA/3=m(2a+ g) 1.245W 2. AP:12-912N ; PB:45-183

(c) /a/ ; N 3. (i) 9-8N (i) %BN
a
T #

4,28-29N ; 56-58N 5. (a) 203N (b) 4
kg 6. 35N ; 28y2N 7. 10N ; 53-1°
8.9. (a) (b) (c) (d)10. 40J3N; 80

(2m2 - ml)g
2(my +my)

(d) T

Prove:a =

mym,g(1 + sin 6)

Prove: T = my

10. A weight W is suspended by two ropes which
make 30° and 60° with the horizontal. If the
tension in the first rope is 40 N, find the tension in
the other rope and the value of W.

Answers to exercises
Exercise: 5A

1. 4N;4BN 2. (a) (b) (c)

Wecos B . _ Wsin
3. T1=cos(a—ﬁ) ’ TZ_cos(a—B)

6. (@) a=5 ; b=2 (b) a=6 ; b=-5
5.3-5N ;12-5N 6.54-95N ; 58-48

7. (i) 15-2°;22-2° (i) AB:152-366N;
BC:105-865N 8. 1-87N; 4-41N

9. 37-11N ;19-75N 10. XP:8W
PY: 6W

/

Exercise: 5B
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6. FRICTION

When one body slides or attempts to slide over
another, friction force usually exists between the two
surfaces in contact. Friction force acts between rough
surfaces in contact. Smooth surfaces in contact are
frictionless.

6.1 Laws of friction
The experimental laws below describe the behavior
of friction force:

(1) Friction force only exists when one body slides or
attempts to slide over another.

(2) Friction force always opposes the tendency of one
body to slide over another.

(3) The magnitude of friction force may vary, always
being just sufficient to prevent motion until it
reaches a maximum value called limiting value.

(4) The limiting value of friction force is 4R, where u
is the coefficient of friction and R is the normal
reaction for the surfaces in contact. p is the
measure of roughness of two surfaces in contact
and differs for different pairs of surfaces.

(5) When a body slides over another, the frictional
force between them equals the limiting value uR.
A consequence of laws (3) and (4) is that the
frictional force F obeys the relation F < uR.
Consider a body of mass M, resting on a rough
horizontal surface and being pulled by a horizontal
force P.

R
A

\
Mg

As the magnitude of P is increased gradually from
zero, the magnitude of frictional force F will also
increase from zero in an attempt to prevent
motion.

When motion begins F has reached its maximum,
called limiting value uR, and cannot increase any
more to prevent motion. So frictional force
remains constant, that is, F = uR, whatever the
increase in P.

Fa
Y :
0 ’ >
Py P

For: 0 < P < P, the body remains at rest and F < uR,
in addition F = P.
P = P the body is in limiting equilibrium and F=zR

P > P, the body accelerates and F = uR.

6.2 Angle of friction
The resultant Q of friction F and normal reaction R is
called the total or resultant reaction. It makes an angle
F
6 with the normal reaction, where tan6 =y. The

normal reaction R is constant, but the frictional force F
may vary.

F=0 2

As the frictional force increases from zero to its
maximum value F;, the limiting value uR, the angle 6

increases from zero to a maximum value A, called the
angle of friction.

UR F L= I’LR
tand =4
tan/1=,u=>/1=tan_1u

When the frictional force has reached its limiting value

F;, the direction of the resultant reaction @, is at an

angle A to the normal reaction R. The magnitude of the
resultant reaction @Q; is

Q=R + (uR)?
=RJ1+4
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= Rsec 4 Pin=mgsin (6-1), when cos(a-A4)
=l1l=a-1=0=a=41

(b) Least force to move the particle up the plane. (Least

force required to make a particle be at the point of

The following points are important when solving sliding up the plane.)

problems involving a friction force F.

1. Draw a clear diagram. Show the friction force F, do
not use 4R. Remember F tendsto  oppose
motion.

2. In general F < puR, if F has reached its limiting
value, then F=pR may be used in the

Problem Solving:

solution.
3. Limiting equilibrium indicates that the body is at
rest but on the point of moving and then
F = UuR.

4. If the body is in equilibrium, then the equations for
equilibrium and F < R are used.

5. If A is given not p, then it is often easier to solve the
problem by considering the resultant reaction, Resolving normal to the plane:
rather than F and R separately. This case is R = mgcos 8-Psin a
common in three force problems.

Resolving along the plane:
F = Pcos a-mgsin 8
But F = uR
6.3 Least force problems Pcos a-mgsin 6 = u(mgcos 8-Psin a)
(a) Least force to keep a particle on a plane (least ) sin A
force required to just prevent the particle from Pcos a-mgsin 6 = cos A
sliding down the plane). P(cos acos A + sin asin 1) = mg(cos fsin A
F + sin Ocos 4)

(mgcos 6 - Psin @)

mgsin (6 + 1)
cos (a—-4)
P_., =mgsin (6 + 1), when cos (a-1) = 1.

Pcos (a-4) = mgsin (6 + A)=>P =

“wmgcos 6 >a-A=0=>a=41

Example 1
A body of mass mkg is just prevented from sliding
Resolving normal to plane: down a rough inclined plane by a horizontal force of %
R = Psin a + mgcos 6 mg N. The coefficient of friction between the body and
Resolving along the plane: the plane is u.
F =mgsin 8-Pcos « Prove that the angle of inclination of the plane to the
But F = uR horizontal is tan ™! [1;_1”].
~ mgsin 8-Pcos a = u(Psin a + mgcos 9) ) 1 )
sin A (a) Given that u =3, show that the magnitude of the
mgsin 6-Pcos a = oS A(P sin & + mgcos 6) least force parallel to the1 1plane that will just move
P(sin asin A + cos acos 1) = mg(sin Ocos A-cos Osin 1) the body up the plane is ;ymg newtons.
Pcos (a - 1) = mgsin (8 - 1) Solution:
3 mgsin (6 - 1) (a)
cos(a-A)
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1
Normal to plane: R =;mgsin 8 + mgcos 6

Along plane:
1

mgsin 0 = 5Mygceos 0 + uR
1 1
mgsin 6 = 5mgcos 0+ u(zmgsin 6 + mgcos 9)

2tan 6 =1+ utan 6 + 2uX
sa-A=0=a=1

1
(a) Ifu=sy:
1+2x%
9:tan_1( T )
a1t
6 =tan (3)

3

Normal plane: R =mgcos 6
Along plane: P ;, =mgsin 6 + uR
=mgsin 8 + umgcos 6
4 1 3
=mgXz+;XmgXg

11
=1omyg N

Example 2

A particle of mass 2m rests on a rough plane inclined

to the horizontal at an angle of tan 1 (3p), where p is

the coefficient of friction between the particle and the

plane. The particle is acted upon by a force of P

newtons.

(a) Given that the force acts along a line of greatest
slope and the particle is on the point of sliding up,

show that the maximum force possible to maintain
. . [T . 8umg
the particle in equilibrium is P, = o

(b) Given that the force acts horizontally in a vertical
plane through a line of greatest slope and the
particle is on the point of sliding down the plane,

show that the minimum force required to maintain
4umg
min 7 9 4 3,2

the particle in equilibrium is P

Solution:

(@)

2macos 6

R =2mgcos 6

Resolving normal to plane:

Resolving along plane:
Pax=2mgsin6 + F, F = uR
P .x = 2mgsin 6 + 2umgcos 0

3u 1
=2mg|—F—=tuXxX——
J1+9p? J1 4942

8umg

(b)

mg ﬁmgcos 0

Resolving normal to plane:
R'=2mgcos 0 + P
Resolving along the plane:
P incos 0 + F'=2mgsin @ ; F' = uR'

SiNG e ()

min

Page 49



P inc0s 8 + u(2mgcos 0 + P, ;,sin 8) = 2mgsin 0
Pin(1 + ptan ) = 2mg(tan 6-u)
Poin(1 4+ X 31) = 2mg(3u-p)
=>Pmm(1 + Suz) =4umg
4umg

_1+3u2

min

Example 3

A particle of mass m is placed on a rough plane
inclined at 30° to the horizontal, if the angle of friction
between the mass and the plane is A, show that the
minimum force required to move the particle up the

1
plane is given by Emg(cos A ++/3sin ).
Solution

Resolving normal to plane:

R =Psina +mgcos 30.......ccceeuern.n. ()
Resolving parallel to plane:
Pcos a = F + mgsin 30............. (i)
But F = uR

From equation (i) and equation (ii):
Pcos a = u(Psin a + mgcos 30) + mgsin 30
sin A

Pcosa = (Psin ¢ + mgcos 30) + mgsin 30

cos A

P(cos acos A-sin asin 4) = mg(sin 30cos A + cos 30cos 1)

Pcos (a + 1) = mgsin (30 + 1)
mgsin (30 + 1)

cos (a + 1)
P yin = mgsin (30 + 2), when cos (¢ + 1) = 1
=mg(sin 30cos 4 + cos 30sin 1)
Poin= %mg(cos A ++/3sin 1)

Example 4

A force F acting parallel to and up a rough inclined
plane of inclination 6 is just sufficient to prevent a
body of mass m from sliding down the plane. A force
4F acting parallel to and up the same rough plane
causes the mass to be at a point of moving up the
plane. If p is the coefficient of friction between the
body and the plane, show that 5u = 3tan 6.

Solution:

Resolving normal to plane:
R =mgcos 6
Resolving parallel to plane:
F=mgsin0-Fp, Fp=puR
F =mgsin 6-umgcos 6
=>F =mg(sin 8-4c0S 6) occevrenieeeennne. )

Resolving normal to plane:
R =mgcos 6
Resolving parallel to plane:
4F =mgsin 0 + Fp, Fp = uR
4F =mgsin 0 + pmgcos 0
=4F =mg(sin 6 + pucos 0) ............... (i)
From equation (i) and equation (ii):
4mg(sin O-ucos 8) =mg(sin 0 + u
cos 8)=4(tan 6-u) = (tan 6 + p)
~ 5u=3tanf
Example 5
A horizontal force X is just sufficient to prevent a body
of mass m from sliding down a rough plane of
inclination 8. A horizontal force 4X applied to same
mass on the same rough plane, causes the mass to be
on the point moving up the plane. If u is the coefficient
of friction between the mass and the plane, show that
5,utam2¢9—3(u2 + Dtan 6 + 54 =0.
Solution
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Resolving normal to plane:

R = Xsin 8 + mgcos 6
Resolving parallel to plane:

XcosO + F=mgsin6, F = uR

Thus
Xcos 0 + pu(Xsin 8 + mgcos 8) = mgtan 8
mg(tan 8 - u) |
= (L4 ptan §) )
Case II;

‘mgcos 0

Resolving normal to plane:
R'=4Xsin 8 + mgcos 6

Resolving parallel to plane:
4Xcos@ =F'+mgsin 0, F' = uR'
4Xcos 8 = u(4Xsin 8 + mgcos 6

) + mgsin 6
mg(tan 6 + ) .
X = (L ptan g) reereeeeeeeses s (ll)

From equation (i) and equation (ii):
mg(tan6 +p) mg(tané - u)
4(1-ptan@) — (1 + ptan 6)
(tan 8 + u)(1 + utan 0) = 4[(tan O-p) (1-u
tan 0)

Sutan?6-3(u? + 1)tan 6 + 5u =0

Example 6

The least force which will move a mass up an inclined
plane is P. Show that the least force acting parallel to
the plane which will move the mass upwards is P
1+ ,uz, where u is the co-efficient of friction.
Solution

Case I;

Resolving normal to the plane:
R=Xsina + Wcos 8
Resolving parallel to plane:
Xcosa=F+ Wsin 6, F = uR
Xcos a = p(Xsina + Wcos 6) + Wsin 0

in

Xcosa = sosl(Xsin a+ Wcos 8) + Wsin 6

Xcos (¢ + A1) =Wsin (6 + 1)

Wsin (6 + 4)

2=—""—""-

cos (a + 4)
Xin =P =Wsin (6 + 1), whencos (a + 1) =1
Case II;

Resolving normal to plane: R =Wcos 6
Resolving parallel to plane:
Q=F+ Wsin; but F' = uR'
~ Q=uWcos 8+ Wsin 8

1+u2

A

1
sin A X
Q=X Wcos@ + Wsin6

w
= os715in Acos 6 + sin Ocos 1]

Wsin (6 + 1)

cos A
P

Q = cos

1

=P- _
1+u
Q=PJ1+ 12

Example 7
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Masses of 3 kg, 5 kg and 2 kg are connected as shown
below.

5kg

A |

3kg 2kg

The table is rough and when the system is released
from rest, it moves with an acceleration of 028
m s~ 2. Find the co-efficient of friction between the 5
kg mass and the table.

Solution
O.28ms‘2_<_
R
Ty
. Skg T
| >
T, | | > |
2
Tz 0.28ms
3kg grg N 2kg
0.28ms™? l
2g N
3gN

For 3 kg mass:
3g-T;=3x0-28
T,=3(9-8-0-28)
T,=28-56N

For 2 kg mass:
T,-2g=2x0-28
T,=2(9-8+0-28)
T,=20-16N

For 5 kg mass:

Resolving horizontally:
T,-(T,+F)=5x0-28
28:-56-20-16-F=1-4
F=7N

Resolving vertically:
R=59g=5%x9-8=49N
F=uR
7 =49u=p =

Example 8

Two particles A and B of mass m and 2m respectively
are connected by a light inextensible string which
passes over a smooth pulley attached to the edge of a
rough horizontal table. The particle 4 is held at rest on
the table at a distance 2a from the pulley with the
string taut and B hangs vertically below the pulley. The
system is released from rest. The coefficient of friction

3
between A and the table is . When A4 is released, find
the magnitude of the acceleration of each particle and

the magnitude of the tension in the string. After B has
fallen a distance a, it hits a horizontal floor and does

) 2
not rebound. Show that A comes to rest at a distance ga

from the pulley.
Solution

r A
T '#}l
M,

J
[ Bl ] T
v
mg N
5] *f
2mg N
For B:
2mg-T =2mf oo ()
For A:

Adding equation (i) and equation (ii):
g'mg =3mf=f =19 ms?
From equation (i): T = 2m(g-f) = Zm(g - T759)
T =1mg N
From v* = u® + 2 fs, f — acceleration
vé =2 X gg Xa

14
Vp =199
14
Note that for the next part of the motion: u, = |zag
. f
A T'=0
Fl
| < [
v T=0

mg N

For A:
0-F=mf',F=puR

3 o 3 _
-gmg=mf=f =—cgms

From v* = u® + 2 's, f'- acceleration
4\, 3
0=( Eag) -2XggXs

7
§=3a
7 2
Distance of A from pulley =a -ga =35a
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Example 9

Blocks A and B of masses 2 kg and 3 kg respectively
are connected by a light inextensible string passing
over a smooth fixed pulley as shown below.

Block A is resting on a rough plane inclined at 30° to
the horizontal while block B hangs freely. When the
system is released from rest, block B travels a distance

of 0.75m before it attains a speed of 2-25 ms” 1.

Calculate the:
(1) acceleration of the blocks.

(i) coefficient of friction between block A and the
plane.

(iii) reaction of the pulley on the string.

Solution

() u=0,v=2-25ms 5, s=0-75m
From vz =u2+2as
2:252=2x0-75a
a=3-375ms 2
(i1) For B:
3g-T =3 x3-375
=T =3(9-8-3-375)

T=19-275N
For A:
Along plane:

T-(2gsin30+ F)=2x3-375
1
19-275—2><9-8><§—F=6-75

F=2-725N
Normal to the plane:
R =2gcos 30
R=2X9-8Xcos30
=>R=16-974N
From F = uR

2:725=ux16-974
u=0-1605
(iii)) Note: The reaction of the pulley on the string is
equal but opposite the resultant tension on the
pulley.

R3=T?%+ T?-2T x Tcos 120=R% = 3T*
Rp=T~3=R =19-275x+/3

=>R=33-385N
T Rp

sina _ sin 120

. _q(Tsin120y 4 7 o1
a = sin (Tﬁ)—51n 5)=sin 73
a=30°
Example 10

A fixed hollow hemisphere has centre O and is fixed so
that the plane of the rim is horizontal. A particle A of
weight 30+/2 N can move on the inside surface of the
hemisphere. The particle is acted upon by a horizontal
force P, whose line of action is in a vertical plane
through O and A. OA makes an angle of 45° with the
horizontal. If the coefficient of friction between the
particle and the hemisphere is 0 - 5 and the particle is
about to slip downwards, find the:

(a) normal reaction.
(b) value of P.
Solution

Resolving along AO:
R = Pcos 45 + 30ﬁcos 45
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P
>R =—=+4+30...cc.c....
7z + @
(a) Resolving normal to AO:
P
F + Psin 45 = 30y/2sin 455F +
=30
From equation (i) and F =0 - 5R,
0- 5(%+30) +%= 30=P = 1042
N
(b) From equation (i):

_ 102 _
R—?+30:>R—40N

Example 11

A smooth plane and a rough plane, both inclined at 45°
to the horizontal, intersect at a fixed horizontal ridge.
A particle P of mass 1 kg is held on a smooth plane by
a light inextensible string which passes over a smooth
frictionless pulley A and is attached to a particle Q of
mass 3 kg which rests on a rough plane. The plane
containing P, Q and A is perpendicular to the ridge.
The system is released from rest with the string taut.
Given that the acceleration of each particle is of
magnitude ﬁ ms 2, find the:

(a) tension in the string.

(b) coefficient of friction between @ and the rough
plane.

(c) magnitude and direction of the force exerted by
the string on the pulley. [Take g =10ms" 2]

Solution

V2ms~3 R,
/ Q

Rough

(a) Let T be the tension in the string and F the friction
force on Q.
Let R, and R, be the normal reactions on P and Q
respectively.
For P:
Equation of motion:
T-gsin45 =1 x N2

T-10 x@:ﬁ
T=6V2N
(b) For Q:

Resolving perpendicular to slope

R, =3gcos 45
2
=3x10x§

R,=15\2N

Equation of motion:
3gsin 45-T-F = 3 x /2

F=30x§—3ﬁ-6ﬁ
F=642N
FromF=uR2:6ﬁ:Mx15ﬁ:M:§

(©) Forces on the pulley have the same magnitude
as the tension in the strings.

45° 45°

62 62 N

T

The resultant force on the pulley is
Ry = 6+/2c0s 45 + 6+/2c0s 45

R =12 N vertically downwards

Exercises

Exercise: 6A

1. A box of mass 4-9kg rests on a rough plane
inclined at 60° to the horizontal. If the coefficient
of friction between the box and the plane is 0 - 35,
determine the force acting parallel to the plane
which will move the box up the plane.

2. A box of mass 2 kg is at rest on a plane inclined at
25° to the horizontal. The coefficient of fiction
between the box and the plane is 0-4. What
minimum force applied parallel to the plane
would move the box up the plane?

3. A body of mass 8kg rests on a rough plane
inclined at an angle 8 to the horizontal. If the
coefficient of friction is y, find the least horizontal
force in terms of 8, yu and g which will hold the
body in equilibrium on the plane.

4. A mass of 5 kg lies on a horizontal rough surface.
If the coefficient of friction between the mass and
the surface is 0-4, find the force required to
move the mass horizontally if it is applied at 45°
above the horizontal.

5. A small ring of mass 0-25Kkg is threaded on a
fixed rough horizontal rod. The ring is pulled
upwards by a light string which makes an angle of
40° with the horizontal as shown in the diagram.
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10.

1-2N

)\ 40°
If the tension in the string is 1-2 N and the
coefficient of friction between the ring and the rod
is w. Find the:
(a) normal reaction between the ring and the rod.

(b) value of u given that the ring is in limiting
equilibrium.

The figure shows a body of mass 1 kg on a rough

horizontal surface, coefficient of friction O - 5.

P

Z
A force P acting at an angle of 30° to the

horizontal is used to move the body at constant
speed.

(i) Indicate all forces acting on the body.

(i1) Find the value of P.

A carton of mass 3 kg rests on a rough plane
inclined at 30° to the horizontal. The coefficient

L o1
of friction between the carton and the plane is 3.

Find a horizontal force that should be applied to
make the carton just about to move up the plane.

A particle of mass m, is placed on a rough plane
inclined at 30° to the horizontal. Given that the
angle of friction is A, show that the minimum
force required to move the particle up the plane is

%mg(cos A+ +/3sin 2).

If the force is three times the least force that
would keep the particle on the plane, show that

—an-1 L
A =tan 25

A particle of mass m rests on a rough plane
inclined at an angle 6 above the horizontal. A
force applied parallel and up the line of greatest
slope will just prevent motion down the slope. If
this force is doubled, motion is about to take place
up the slope, show that if u is the coefficient of
friction, then 3y =tan 6.

A particle of mass m is at the point of being
pulled along a horizontal rough floor by a string
inclined at an angle 6 to the floor. The coefficient
of friction between the particle and the floor is p.

Prove that if tan 8 = p, the least tension in the
umg

string is —.
g8 2

11.

12.

13.

14.

15.

A particle is at rest on a rough plane inclined at an
angle a to the horizontal. The coefficient of
friction is O - 25. Given that the particle is on the
point of sliding down the plane, find a.

3
A particle of mass 5 Kg rests on a rough plane

inclined at 45° to the horizontal. It is maintained
in equilibrium by a horizontal force Q. Given that
the coefficient of friction between the particle and

the plane is %, calculate the value of Q when the

particle is on the point of moving:

(a) down the plane.

(b) up the plane.
A particle of weight W is at rest on an inclined
plane under the action of a force P acting parallel
to the line of greatest slope in an upward
direction. If A is the angle of friction and the angle
of inclination of the plane is 2. Show that:

P .x = Wtan A(4cos*A-1) and P, ;, = uW.
A particle of mass mkg is kept at rest on an
inclined plane of angle 34 to the horizontal by a
force P acting parallel to the line of greatest slope
of the plane, where A is the angle of friction.
Prove that P_ .. = 2mgsin A.

A box of mass 1kg rests on a rough plane
inclined at 30° to the horizontal. If the coefficient
of friction between the box and the surface is
0 - 5, find the horizontal force required to move
the box up the plane.

min

min

Exercise: 6B

1.

A particle of mass 0-8kg is on a rough plane
inclined at an angle a to the horizontal, where

5
tan @ = ;. The particle is acted upon by an

upward force of 4 N parallel to a line of greatest
slope of the plane. Given that the particle is about
to move up the plane, calculate the coefficient of
friction between the particle and the plane. Given
that the force of 4 N is then removed, find the
acceleration of the particle down the plane. (Use
g=10ms" 2)

A particle of mass 4 kg resting on a rough plane
of inclination 3in5 is connected to another of
mass 6 kg by a light inextensible string passing
over a smooth fixed pulley at the top of the plane.
Given that the 6 kg mass particle is hanging freely
and descends with an acceleration of 2ms ™2
when the system is released.

(1) Find the coefficient of friction.
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(ii) If the 6 kg mass particle hits the ground with
aspeed of 4ms~ 1, find the further distance
moved by the 4 kg mass before coming to
instantaneous rest.

A block of mass 12 kg is placed on a rough plane,
u=0-5, inclined at 30° to the horizontal. If the
block is kept in equilibrium by a horizontal force
of magnitude P newtons. Find the minimum
value of P.

A particle of mass 4 kg rests on a rough horizontal
surface. The particle is acted on by a force PN
acting at 30° to the surface and is in limiting
equilibrium. Given that the normal reaction
between the particle and the surface is 54 N, find
the:

(1) value of P.

(ii) coefficient of friction between the

particle and the surface.

A particle of weight W lies on a rough plane
inclined at an angle a to the horizontal where

5 . .
sin @ = 13 and the coefficient of friction between

1
the particle and the plane is 5. A horizontal force
F acts on the body. Prove that if the particle is to
3 27
stay on the plane then ;W <F <;W.

A force P inclined at 56° to the horizontal pushes
a body of mass 2 kg resting on a rough horizontal
surface. The coefficient of friction between the

1
body and the surface is ;. Given that the force

causes the body to accelerate at 2-1m s~ 2, find
the value of P.

A particle is projected from the bottom of a rough

inclined plane of angle 30° with a speed of /209

m S_l, to move up a line of greatest slope. The

coefficient of friction between the particle and the
1

plane is NeR

(a) Find the distance the particle covers up the
plane before coming to instantaneous rest.

(b) What distance will the particle cover if the
speed is halved?

8. A particle P, of mass 2-5kg rests in
equilibrium on a rough inclined plane inclined at
20° to the horizontal. A force X N acts up a line of
greatest slope. If the coefficient of friction
between P and the plane is 0 - 4 and the particle is
on the point of moving up the plane.

(i) Calculate the value of X.

(i) Given that X is now removed, show that P

remains at rest on the plane.

10.

11.

12.

6k

13.

Blocks A and B of masses 0-5kg and 0 -8kg

respectively are connected by a light inextensible

string passing over a smooth fixed pulley. Block A

is resting on a rough horizontal table while block

B hangs freely. When the system is released from

rest, block B travels a distance of 0-4min0-5s

. Calculate the:

(a) acceleration of the blocks.

(b) coefficient of friction between block A and
the table.

(c) reaction of the pulley on the string.

A particle of mass 2 kg lies on a rough horizontal
2
table (coefficient of friction 3) and is connected to

a light inextensible string which passes over a
smooth fixed pulley at the edge of the table, then
under a smooth movable pulley of mass 3 kg and
over a smooth fixed pulley and a mass of 7 kg
hangs freely at its end. If the system is released
from rest, find the acceleration of the two masses
and the movable pulley. Find also the force that
the string exerts on the pulley at the edge of the
table.

A particle of mass 50 kg is pulled across a rough
horizontal floor by an inextensible rope inclined at
40° to the horizontal. If the tension in the rope is
400 N and the coefficient of friction between the
particle and the floor is O - 3. Find the acceleration
of the particle.

The diagram below shows a 12 kg mass on a
horizontal rough plane. The 6 kg and 4 kg
masses are on rough planes inclined at angles of
60° and 30° respectively. The masses are
connected by light inextensible strings passing
over smooth fixed pulleys 4 and B.

12 kg

AO) /] [O

4kg

0° 30

The planes are equally rough with coefficient of

friction 3. If the system is released from rest, find:

(a) acceleration of the system.
(b) tensions in the strings.

A fixed hollow hemisphere has centre O and the
plane of the rim is horizontal. A particle A of
weight W can move on the inside surface of the
hemisphere. The particle is acted on by a
horizontal force of magnitude P, whose line of
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14.

15.

16.

action is in a vertical plane through O and A. The
diagram below shows the situation when 4 is in
equilibrium, the line 0A makes an angle 8 with
the downward vertical.

(a) Given that the inside surface of the
hemisphere is smooth, find tan 8 in terms of
Pand W.

(b) Given that the inside surface of the
hemisphere is rough, with coefficient of
friction u between the surface and A, and that
the particle is about to slip downwards, show

_ P+ uWw
that tan 8 = W - b+
A particle of mass 3 kg rests on a rough horizontal
table, the coefficient of friction between the

1
particle and the table being 3. The particle is

connected by a light inextensible string passing
over a smooth fixed pulley at the edge of the table
to a second particle of mass 4 kg which hangs
freely. If the system is released from rest, find the
acceleration of the particles and the tension in the
string.

A mass of 4 kg rests on a horizontal rough table

1
coefficient of friction 3 and is connected by a light

inextensible string passing over a smooth fixed
pulley at the edge of the table to a smooth pulley
of mass 5 kg hanging freely. Over this hanging
pulley passes another light inextensible string to
the ends of which are connected particles of mass
2 kg and 3 kg. If the system is released from rest,
calculate the:

6)] accelerations of the masses.

(i1) tension in each string.

A mass of 4 kg rests on a rough horizontal table

1
with coefficient of friction 3. It is connected by a

light inextensible string passing over a smooth
fixed pulley at the edge of the table to a smooth

1
pulley of mass ;Kkg hanging freely, over the

hanging pulley passes a light inextensible string to
the ends of which are connected masses of 2 kg
and 3 kg. If the system is released from rest, find
the:

(a) accelerations of the movable pulley, 2 kg and
3 kg masses.
(b) tensions in the strings.

Answers to Exercises

Exercise: 6A

I. 49-99N 2. 15-3888N 3. ot
4. P>19-8N 5. (a) 1-68N (b)
0-548 6. (i) (i) 4-39N 7.
22-453N 8. 9. 10. 11. 14-0°

12 (@ 8-82N (b
15. 14-84N

24-5N 13. 14

Exercise: 6B

1 35 -2 . ..
l. g;ams™2 2. (i) 0-4872 (i) 0-825m 3.

7-06N 4. (i) 29-6 (i) 0-475

5.6, 11-873N 7. (2 10m (b) .m
8 () 17-5885N (i)
9. (@ 3-2ms 2 (b) 0-751 (c) 7-467

N at 45° to the horizontal
10. Zkgmass:Z-558ms_2;7kgmass:
7-2024ms" 2(downwards) ; Movable pulley :
2-3222ms “(upwards) ; 25- 715 N at 45° below
the horizontal

11. 4-731ms 2 12. (a)
(b)  44-04N;25-38N

13.(a)% (b)14.4-2ms % ; 22-4N

15. (1) 4 kg mass: 5-5391ms" 2 ;2 kg mass:
4-6869ms* (downwards);3 kg mass: 6.3913ms?
(downwards) (ii) Upper string: 41.7564N; Lower
string: 10 - 2262 N

0-738ms 2

16. (a)3-4775ms" 2(downwards) ; 2.213ms?
(downwards) ; 4-742ms" 2(downwards)

(b) Upper string: 33.61N; Lower string: 15.174N
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7. MOMENTS

7.1 Moment of a force

Moment of a force about a point is obtained by
multiplying the magnitude of the force by the
perpendicular distance from the point to the line of
action of the force. The moment of a force F about
point Ais F X d.

] > F

If the line of action of the of the force passes through a
certain point, the moment of the force about that point
is zero.

Since moment of a force about a point causes a turning
effect which may be clockwise or anticlockwise, by
convention clockwise moments are negative and
anticlockwise moments are positive.

7.2 Couples

A couple is formed by two parallel unlike forces of
equal magnitude whose lines of action do not coincide.

7.21 Moment of a Couple
Consider two forces each of magnitude F as shown
below.

ﬁ'

Taking moments about:

A:G=F xX AC
B:G=FxAB+FXxBC=F x AC
C:G=Fx AC

Where G is the sum of moments.

Hence the moment of a couple is the same about all
points in the plane of the forces forming the couple.
Note that forces forming a couple yield no resultant
force but there is a resultant moment.

A given system of forces is said to reduce to a couple if
the resultant of the forces is zero yet they produce a
resultant moment.

Thatis: X =0,Y=0but G # 0.

X- algebraic sum of forces in horizontal direction.

Y- algebraic sum of forces in vertical direction.
G-sum of moments of all forces about a point or axis.

7.2.2 Forces in Equilibrium

A given system of forces is said to be in equilibrium if
the resultant of the forces is zero and the sum of
moments of the forces about a given point or axis is
also zero.

7.3 Equation of line of action of the
Resultant

If a given system of forces is not in equilibrium, the
single force which can represent all the forces is called
their resultant. The resultant force causes the same
translation effect as that which could be caused by the
individual forces and has a net turning effect as that
which would be caused by all the individual forces. If

X
F= (y) is the resultant of any given number of forces

and G is the sum of moments of the individual forces
about a point (we shall call the origin). The equation of
the line of action of the resultant is obtained by using
the fact that the moment of the resultant force about a
point or axis is equal to the sum of moments of the
individual forces about the same point or axis.

y —axis

y |
0 X : pX — axis
Taking moments about O:
G=xY-yX

Hence G = xY — yX is the equation of the line of action
of the resultant. It can also be obtained from G =

Xy
X Y|

Example 1

In a square PQRS of side 2 m, forces of magnitude 5, 8
,3 and 5v/2 newtons act along PQ, RQ, PS and QS
respectively. Show that the system is equivalent to a
couple and find the moment of the couple. If a fifth
force of magnitude 6+/2 newtons acts along PR, find
the equation of the line of action of the resultant of the
enlarged system.

Solution
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V2N
3 N4 y8 N2 m

R
5N

¢+— Zm —P
R_G)_G+O+O—aﬁmyw)
—\Y)7\0-8+ 3+ 5+2sin 45

_(5-5Y)_/0
=("5+8)=(0)
Taking moments about P:

Sum of moments, G =- (8 X 2) + (5+/2 x 2sin 45)
=—6Nm

P

Hence the system reduces to a couple since the
resultant force is zero but the sum of moments is not
Z€ro.

S R
Enlarged system:
8N
3N, 6\E N 5 \E NY
45° 45
P PN Q

—— 2m—pj
R_(X)_ 0 + 6+/2cos 45 _(6)
—\Y)~\o+6y2sin45) ~ \6

Taking moments about P:
G =- (8 x 2) + (5+/2 x 2sin 45)

G=-6Nm
X Y
G—|X Y
G=xY-yX
-6 =6x-6y
y=x+1

Example 2

Forces of 1N,3N,5N,7N and 9ﬁ N act along the
sides AB, BC, CD, DA and diagonal BD of a square of
side a, their directions being given by the order of the
letters. Taking A as the origin and AB, AD as x and y-
axes respectively. Find the resultant force and show
that its line of action has equation 5x + 13y = 17a.
Solution:

45°
A N B
—a —>
F_(X)_ 1—5—9ﬁcos45)_(—13)
—\Y)7\3-7+9y2sin45) "\ 5

|F|

7Ny A3NI

< i
13

IFI=(~13)" + (5)*
=+/194
=13-9284 N

Taking moments about A:

G=3xa+5xa+9\ﬁ><asin45
=17a

From G = |))§ ¥|

G=xY-yX=17a=5x+ 13y
5x +13y=17a

Example 3

The forces 2i + j, 3i + 2j, 5i-2j and i N act at points
with position vectors i, 2i + 4j, —i-j and 2i-2jm
respectively. Find the equation of the line of action of
the resultant force.

Solution
F=QRi+j)+ @i+2))+ Gi-2j)+i
=11i+j
y — axis
2 N
x N
B3
P
TN
< L2 3 4
—3=Z4 7 12N
2NB N 1N
-3
v

Taking moments about the origin:
G=2%x2)-Bx4)+(1Ax1)+(2x0)+
GXxD+2x1D)+(1x2)

G=2Nm
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From G = ‘; ¥| =xY-yX
2=x-11ly=>x-11y =2

7.4 Moment as a Vector
Let a force F pass through a point with position vector
r, where F = Xi + Yj and r = xi + yj.

The moment of F about O is of magnitude = |F|d =
|F||r|sin 8
From the cross product of vectors:

r x F = |r||F|sin 6u

|r X F| = |r||F|sin 6, since |u| = 1

Hence the moment in vector form, G=rXF.

_ i j k
This implies that; G =r x F=|x y 0
XY o

= .y 0,6 .0 x Xy
G=ily 0|+1|0 X|+k|X Y
Hence5=(xY—yX)k

Example 4

If a line AB represents the force P both in magnitude
and direction, show that the moment of P about a point
O is represented in magnitude by twice the area of
triangle AOB.

Solution

Area of triangle
0AB =5 x |OA| X |OB|Sin @ ......o..... )
Taking moments about O:
|G| = [P| xd

— |0A| _ |4B|
= |P||OB|sin a, but -— =

sina — sinf

—_— 0A —_— ——
|G| = |AB|[0B| x %sin 6 = |0A4||0B|sin 6
.................. (i)

From equation (i) and equation (i)

|G| = 2 X area of triangle OAB

Example 5

The diagram shows a square ABCD of side 1 m with
forces of magnitude 3 N, 6 N, 5 N and 4 N acting along
the sides AB, BC, DC and AD.

D >N c
4Na A6N
A § N B

Find the:

(i) magnitude of the resultant of the forces.

(i1) total moment of the forces about A.

(iii) perpendicular distance from A to the line of action
of the resultant.

Solution:

@ F= (fi i 2) = (180)

|F| =/8% + 102 = 24/41N

(ii) Taking moments about A:
G=(6x1)-(5%x1)=1Nm
=1 N m Anticlockwise

(iii)

From G = |§ ¥| =xY-yX

1=10x-8y
Along AB,y =0
1=10x=>x=0-1m
Along BC,x =1

1=10x1-8y>y=1m
D c

Example 6
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A 6w B

The diagram shows a regular plane hexagon with sides
of length a. Forces having magnitudes
6w, 10w, 3w, 6w and 5w act along five of the sides of
the hexagon as shown. Prove that the resultant of this
system of forces intersects AB produced at a point P

1
distant ga from B. The magnitude of the resultant is R

and it makes an angle 6 with AB. Find R and 6.
Solution

E 6w D

- 6w + 10wcos 60 - 3wcos 60 + 6w - 5wcos 60
0 + 10wsin 60 + 3wsin 60 4+ 0 — 5wsin 60

k= (M%w)

R =W’ + (43w)* = 7w 7w A4SBw

0 w
cosf = ‘;
6=281-8°

about 4:
u= 1UWXQSiI’l60+3WXCl\/§

—6wxa\B+5wxasin60
93

G= Taw

From G = |§ ¥| =xY-yX

93 9,3
4ﬁwx—wy = \TFaw:>y = 4\Bx - \TFa
Along AB,y =0

ENE 9
& 0=4+3x - \Tfa:»c =3ga

) 9 1
Distance from B = ga-a=ga

Example 7

ABCD is a rectangle in which AB=5m, BC =3 m

forces of 2N,4N,3N and 11 N act along AB,BC,CD

and DA respectively, their directions being given by
the order of the letters.

(a) Taking AB as the x — axis and AD as the y — axis,
find the resultant force and the equation of its line
of action.

(b) If the forces are replaced by a single force at the
origin and a couple, determine the moment and
direction of the couple.

Solution:
(@)
Yy —axis A
D 3N ¢
3mll Ny 4N
A 5 N x — axis

B

5m
(#):X=2-3=-1N
(M:Y=4-11=-7N
1N
7]

7NY R

R=.1*+7*=5{2N
7
tan9:1:>9=tan_17:>9=81-9°
Taking moments about A:
G=2Xx04+4%x5+3x3+11x0

G=29Nm
Equation of line of action:
G=xY-yX

29 =- 7x + y=y = 7x + 29

(b) Along AB,y=0

7

0=7x+29=>x=
F(=°0)
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Yy — axis
A
R
DL_4 CT
E, 3m
< 1~6 o l-,l’—axis
7 - 5m—
R

Let us introduce two equal and opposite forces at
origin A, parallel to the resultant R = S\f N. Then one
of the forces and the resultant forms a couple and the
other is the single force at A.
The moment of the couple about A4, G'= 5+/2
X AE, AE = AFsin 0

G =52 x AFsin81-9

G = Sﬁ X ? X ’

G =29Nm
Hence the moment of the couple is 29Nm
anticlockwise.

Example 8

Six forces 9N,5N,7N,3 N, 1N and 4 N act along the

sides PQ, QR, RS, ST, TU and UP of a regular hexagon

of side 2 m, their directions being indicated by the

order of the letters. Taking PQ as the reference axis,

express each of the forces in vector form. Hence find

the:

(i) magnitude and direction of the resultant of the
forces.

(i1) distance from P where the line of action of the
resultant cuts PQ.

Solution:

_ (9 + 5c0s 60 — 7cos 60 — 3 — 1cos 60 + 4cos 60
0 + 5sin 60 + 7sin 60 + 0 — 1sin 60 — 4sin 60

6-5
=(7\/§)
2

Ri= o-5%+ (3 =79

J79 7\3

2

6-5
j— 6 ) 5 J— [e]
cose—ﬁ:9—43-0
(ii) Taking moments about P:

G=2x%5sin60+7%x2/3+3x2
A3 +1 % 2sin 60

G=263Nm
FromG=‘§ ¥|
G =xY- yX

26( fx— 2y

7~/3
Along PQ,y = 0=26+/3 = %fx=>x =7-4286m

Hence the line of action of the resultant cuts PQ -
produced at a distance of 7 - 4286 m from P.

Example 9

The centre of a regular hexagon ABCDEF of side 2a

metres is 0. Forces of magnitude 4 N,sN,t N, 1N, 7

N and 3 N act along the sides AB, BC, CD, DE, EF and

FA respectively. Their directions are in the order of the

letters.

(a) Given that the resultant of the six forces is of
magnitude 24/3N acting in a direction
perpendicular to BC, determine the values of s
and t.

(b) (i) Show that that the sum of moments of the
forces about O is given by 27a\B N m.

(ii) If the midpoint of BC is M, find the equation
of the line of action of the resultant, refer to
OM as x — axis and OD as y - axis.
Solution
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A (a) Show that the system reduces to a couple and state

— axi
(a) y D the moment of the couple.
1N EN (b) The force F5 is removed and a couple added to the
60° new system. Given that the line of action of the
E ‘o resultant of the forces cuts the y —axis at + 10
units, find the couple.
AN Solution:
S 6 -10 7 -8 5 0
Ny % > @F=(s)+(Z4)+(7)+(2)+()=0)
7N M x - axis
Yy — axis
A
F B
60° 60° 3 5N,
3N 4N
A 6N
v IN 1 ANA
Y <45 -4 -3 -7 -1 10N 5
_(4sin60 + 0 - tsin 60 - 1sin 60 + 0 + 3sin 60 =l Y4N
~ \4cos 60 + s + tcos 60 — 1cos 60 - 7 — 3cos 60 )
3 -y~
_[36-0
s+ %t -7
N 4
Since R is perpendicular to BC, that is, it is INY "
1
horizontal: s + 5t-7 =0 =
V3(6- 02 v
|R| = ( ) +0% = =243 Taking moments about the origin:
3
(60" =1226-t =416 G=5X2-6X2-4X5+7X4+7x4-2x"
. 6-t=t4 =48 Nm
Eithert =2 ort =10 Since F = 0 and G # 0 the system reduces to a
Whent =2,s=6and whent = 10,5 =2 couple of moment 48 N m
anticlockwise.

(b) (i) Taking moments about O: (When t =2 and

s =6) (b) When F; is removed the resultant of the
Gi=a\3(4+6+2+1+7+3)=23a/3Nm

(Whent =10 and s = 2)

%;a\ﬁ(4+2+10+1+7+3)=27a\ﬁ R:(g)+(—_14O)+(—28)+(i):(—77)

Hence since G = 27ar3Nm=t = 10,s =2
IR| =+/(-7)*+7*>|R| =7+/2N

7
tan a = ;=>a = 45°
Taking moments about the origin:
G =5X2-6X2-4X5+2X5+4x%6>G

remaining forces is:

(ii) From G = ‘; ¥| =xY-yX

3 27
27a~/3 = 0 X x-y x \4(6—10):3/ =—a

Example 10
(6 _(-10 (7 B =-8Nm
The forces F; = 5) Fy=\ _4) F3=|_ 7)5 F,= Equation of the line of action of this resultant:
-8 5 . G'=|x y|$—8:|x
( 2 ) and Fg= (4)N act at the points (2,2), (5,0), -7 7 -7
(-4,-4),(0,-5) and (6,0) respectively. 7x+7y=-8
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-8
Along the x —axis, y = 0=x =~ and along
-8
the y —axis x = 0=y = —
Now two equal and opposite forces (couple) are
introduced parallel to the resultant to shift the line of
action of the resultant force.

Yy — axis

7v2}\A

v

. __ d st .78
sm45—(10+§):>d— 7 Xﬁ:d_7ﬁ

Moment of the couple; G =- (7\ﬁ x d)
G (7ﬁ 70 ) 78 N
=G =- X—=|=- m
N2
Hence the moment of the couple is 78
N m clockwise

Exercises

Exercise: 7A

1. A uniform rod AB of length 3 m and weight 50 N
rests horizontally on smooth supports at A and B.
A load of 24 N is attached to the rod at a point C,
where AC = 1 m, find the forces exerted on the rod
by the supports.

2. A uniform rod AB of length 2 m and weight 20 N
rests horizontally on smooth supports at A and B.
A load of 10 N is attached to the rod at a distance
of 40 cm from A. Find the forces exerted on the
rod by the supports at A and B.

3. A light beam AB of length 13 m balances
horizontally about the pivot under the action of
forces indicated.

2N e X —pe—OM —pe—Y —»

boooox N !
12N 8N 10N

3N

<«

Find the values of x and y.

4. A uniform beam AB of mass m and length 2! has
its lower end A resting on a rough horizontal
ground and is kept in equilibrium, at an angle of

45° to the horizontal by a rope attached to end B.
If the rope makes an angle of 60° with BA and T is
the

. mg
tension in the rope, show that T = N

(a) A uniform beam AB of length 8 m has a mass
of 30 kg, masses of 24 kg and 50 kg are
suspended from its ends, at what point must the
beam be  supported so that it rests horizontally?
(b) A hinged trap door of mass 15 kg and length
1 mis to be opened by applying a force P at
an angle of 60° as shown below. Calculate
the value of P.
P

60° Hinge

[ =
le—0-5m_ple 0-5m_y Z
v 4

15g N

A uniform bar of length 2 - 8 m and weight 80 N
has loads of 20 N and 40 N attached to its ends A
and B respectively. If the bar balances in a
horizontal position when smoothly supported at P,
find the distance AP.

A uniform rod APQB of length 2m rests
horizontally on smooth supports at P and @, where
PQ=1-2m. If he reaction at P is twice the
reaction at Q find the distance AP. Given that when
a weight of 5N is attached to the rod at B the
reactions at P and Q are equal, find the weight of
the rod.

Forces 2i-3j,7i + 9j, — 6i-4j, — 3j-2j act along
a lamina at points (1,-1), (1,1),
(-1,-1), (- 1,1) respectively. Determine the:

(1) resultant of the forces.

(i) sum of their moments about (0,0). What
effect do the forces have on the body?

Forces of magnitude 1 N,7N,10N,4 N and 5N
act along the lines CB,CD, DB,AB and AD
respectively of rectangle ABCD of side AB =3 m
and BC = 4 m as shown in the diagram.
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B 1N I
10N
4 N4 v’ N
5N
Find the equation of the line of action the resultant

force.
10. Find the moments of the force (-8i+ 12j) N
acting at (2,3) about:

(i) (0,0
(i) (-2,-1)
(i) (-4.2)

Exercise: 7B

1. Three forces of —3i+ bj, 2bi + 3j and 3i-4j
act on a plane at the points A( - 3,3), B(4,1) and
C( - 3, - 3) respectively. The sum of the moments
of the forces about the origin is 32 N m clockwise
. Find the value of b. If instead the sum of
moments of the forces about the origin is 32
N m anticlockwise, find the value of b.

2. Two forces having magnitudes of 4 N and 3 N act
along the sides AB and AD respectively of a
square ABCD. If the square is of side 2m,
calculate the perpendicular distance of their
resultant from the midpoint of DC.

3. ABC is a triangle such that AB=6m,
BC=CA=4m. Forces of 9N,6 N and 6 N act
along AB, BC and CA respectively. Show that the
system is equivalent to a couple and find its
moment.

4. A force of (3i-5j) N acts at a point with position
vector (6i+j)m and a force of (-3i+5j)N
acts at a point with position vector (4i + j) m.
Show that these forces reduce to a couple and find
the moment of the couple.

5. Forces of (ai + bj) N and (6i-4j) N act at points
with position vectors ( — 2i-2j) m and (3i-j) m
respectively. If the forces reduce to a couple, find
a and b and the moment of the couple.

6. Forces of 6j N and — 6j N act at the origin and at
position vector 2i m respectively. Show that the
moment of the forces about any point P(x,y) is
independent of x and y.

7. Forces of magnitude 3N,4N,4N,3N and 5N
act along the lines AB,BC, CD,DA and AC

respectively of a square ABCD whose side has a

length of a units. The directions of the forces are

indicated by the order of the letters.

(a) Find the magnitude and direction of the
resultant force.

(b) If the line of action of the resultant force cuts
AB produced at E, find the length AE.

8. Show that each of the following systems of forces
is equivalent to a couple and in each case find the
moment of the couple.

(a) (b)
(a) D 1¢ N c
13N
2N4 Y7N 51
= =R
A 2N B

(b) D 2N c T
cn 2N4  °N 10N $41N 3m
A 7N B

(©)
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(d)

10.

E D
2P P
F Regular Hexagon C
of side a
A 4P B

ABCD is a rectangle in which AB=4m and
BC =3 m. Forces of 16 N, 12N, 4 N, 9 N and 10
N act along AB, BC, CD, AD and DB respectively,
their directions given by the order of the letters.
(a) (i) Find the magnitude and direction of the
resultant force.
(i) Determine the equation of the line of
action of the resultant force.
(b) A couple is now added to the system in the
sense ABCD. If the moment of the couple is
24 Nm, show that the resultant of the
enlarged system will now act through B.

A force acting in the x — ¥ plane has moments 4,;

and 12Nm about (0,0),(1,0) and (0,2)

respectively in its plane.

(a) Calculate the magnitude of the resultant
force.

(b) Show that the equation of its line of action is
3x -8y =28.

Exercise: 7C

1.

ABCD is a rectangle in which AB =2a and
BC = a. Forces of magnitude 2P, 5P, 4P and 3P
act along AB, BC,CD and DA respectively, the
direction of the forces being given by the order of
the letters.

(1) Find the magnitude and direction of the
resultant force.

(i) Determine the equation of the line of action
of the resultant force and find the distance
from A where the line of action of the
resultant cuts AB.

(iii) If the forces are to be replaced by a single
force and a couple at the centre of the
rectangle, determine the magnitude of the
single force, magnitude and direction of the
couple.

(iv) If instead a couple was added to the system
and the line of action of the enlarged system
passes through B, find the moment and sense
of the couple.

ABCD is a rectangle in which AB =3 m, BC =4
m. Forces of 3N,2N, 10N and 5N act in the
directions AB, AD, AC and BD respectively. Find
their resultant and equation of its line of action.
Forces of 3i,4j,5i and -10j act at points
(0,0), (3,4), (- 1,2) and (2,5) respectively. Find
the equation of the line of action of their resultant.
Forces of magnitude 6 N,3N,4N and 5N act
along the sides PQ, QR, RS and SP of a square of
side 2 m. Find the:

(1) magnitude and direction of the

resultant force.
(i1) equation of the line of action of the
resultant force.

If it is required to replace the given system by
a single force passing through the midpoint of
PQ@ and a couple, find the single force and the
moment of the couple.
Forces of magnitude 8w, 7w,5w and 3w act
along sides AB,BC, CD and DA
respectively of a square ABCD of side 2 m.
Find the:
(a) magnitude of the resultant.
(b) equation of the line of action of the
resultant and where it cuts AB.
Forces w,4w,2w, 6w act along the sides
AB, BC,CD, DA of a square of side a. Find the
magnitude of their resultant and prove that the
equation of its line of action referred to AB and
AD as x and y-axes respectively is y = 2x + 6a.

ABCDEEF is a regular hexagon of side 1 m. Forces
of magnitude 4,6,10,8, P and 2 newtons act
along AB,BC,CD,ED, FE and AF respectively,
directions being indicated by order of the letters.
(a) If the resultant passes through the centre of
the hexagon, find the value of P and the
magnitude and direction of the resultant.

(b) The force along FE is replaced by another so
that the new system reduces to a couple. Find
the magnitude of the force and the moment of
the couple indicating its sense.

ABCD is a square of side 2m. Forces of

magnitude 2N,1N,3N,4N and Zﬁ N act

along AB,BC,CD,DA and BD respectively. In
order to maintain equilibrium a force F, whose
line of action cuts AD produced at E has to be
applied. Find the:

(a) magnitude of F,
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(b) angle F makes with AD, and
(c) length AE.

9. (a)Forces of G), (_14) and (_32) N act at points

(2,2),(-1,4)and (4,-2) respectively.
Show that the forces reduce to a couple and find
the moment of the couple.

(b) Four forces of 12,7,16 and 20 N act along
AB, DA, DC and BD respectively. ABCD is a
rectangle with AB =4 m, BC = 3 m, find:

(i) the magnitude and direction of the
resultant of the system of forces.

(i) where the line of action of the resultant
cuts the side AB.

10. ABCDEF is a regular hexagon of side a meters
and centre 0. Forces of magnitude
P,2P,3P, 4P, kP and hP act along
AB,BC,CD, DE,EF and FA respectively. Given
that the resultant of the forces has magnitude 3P
in a direction parallel to EF:

(i) determine the values of k and h.

(i1) show that the sum of the moments of the
forces about 0 is 9/3Pa.

(ii1) find the equation of the line of action of the
resultant, refer to OM as x — axis and OA as
y — axis, where M is the midpoint of EF.

11. OABC is a square of side 2 m, 0,4,B and C are the
points (0,0),(2,0)(2,2) and (0,2) respectively.
Forces of magnitude 5,8,3 and 52 newtons act
along OA,BA,0C and AC respectively. Show that
this system of forces is equivalent to a couple and
find its moment. If a fifth force of magnitude 6+/2
N acts along OB, find the equation of the line of
action of the resultant of the enlarged system.

Answers to Exercises
Exercise: 7A

1. Ry=41N;R;=33N 2. 18N ;12N 3. 3

;2 4. 5. (a) 3m fromB
(b) 493N 6.1-6m 7. 0-6m ;20N 8. (i)
0i +0j (i) 4 N m anticlockwise; Will cause
rotation of the lamina about the origin.
9. 3x+4y=-1
10. (i) 48 N m anticlockwise (i)
anticlockwise

80N m

(i) 80 N m anticlockwise

Exercise: 7B
1.14-8 ;2 2. 1m 3. F=0andG#0 ;9
A7 N m anticlockwise
4. F=0and G # 0 ; 10 N m clockwise 5.
b=4 ; 26 Nm clockwise

a=-6 ;

6. 12 N m clockwise, independent of x andy 7. (a)
5-196N; 60 -8°to AB
(b) 1-764a 8. (a) 14Nm insense ADCB
(b) 41 Nm in sense ADCB

(¢) 10y/3Nm in sense ABC  (d) 3+/3aP in
sense ABCDEF
9, (@ (i) 25N ;36-9°t0 AB (ii)
15x-20y =36 (b)
J73

10. @ - N (b
Exercise: 7C
1. ) 2+2P at45°to BA (ii) x+y=7a ; cuts
AB - produced at 7a from A

(i) 2+2P ;11aP in sense ABCD
in sense ADCB
2. 15-232Nat66-8°toAB ;7x-3y=6
3.3x+4y=9 4. (i) 22N ; 45° below PQ
(i) x+y=-7; 2/2N;16 N m in sense PQRS
5. (a) Swo (b) 4x -3y =24 ; cuts AB -
produced at 6 m from A
6. \SBW 7. (a) 10 ;28NalongAD (b) 18N;
14+/3 N'm in sense ABCDEF
8. (@ 10N (b) 71-6° (c) 4m
9. (a) F=0andG+#0;13Nm anticlockwise (b)
(i) 13Nat22-6°to AB
(ii) Passes through A  10.
(i) x=3+3a
11. 6Nmclockwise;y=x+1

(iv) 10aP

() 2:6 (i)

8. CENTRE OF GRAVITY

The force of attraction of an object towards the earth is
called the weight of the object. This force acts through

a point in the object called its centre of gravity. The
centre of mass of a body is the point at which the mass
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of the body is considered to act. The centroid of a
body is its geometric centre. The centre of gravity and
centre of mass coincide in a uniform gravitational
field. The centre of mass and the centroid of a body
coincide for a uniform body. A body is said to be
uniform if it has uniform density. C.O.G will be used
as a short form for centre of gravity.

8.1 Centre of gravity of a system of

particles
For a system of particles, the location of each particle
is taken as the location of its centre of gravity, since
particles are very small. Below are particles of masses
my,m, and ms.

my m, ms

mig m,g msg

Note that the weight always acts vertically downwards
for each particle. Since the location of each particle is
also the location of its centre of gravity, we can apply
moments to find the location of the centre of gravity of
the system of particles.

Consider particles of masses my, m,,.., m, located at

points ({1,_3/1), (x2,¥2) s (X¥). Their
gravity (x,y)can be obtained by taking moments about
the coordinate axes.

centre of

Yy — axis
‘t _________ My (X, ¥V3)
__________ I S * M € 02
X (my +my + . +m,);
__________ L= 9 \
| :(x:y} :
. : \y
xq i_}’z myl_ "
__________ :_""__,’ 'y |
! yii o !
0 - >

X — axis
Taking moments about the y — axis:
(my+my,+ ..+ m)g X x=myg X x; +m,
gXx,+..+m,gXxXx,

Cw)x = Zwx
- SWx
*=Tw

Taking moments about the x — axis:

(my+my+..+m)gxy=mgxy,+mygxy,
+..+mgXxXy,

Cw)y = Zwy
__zwy
Y="Tw

Note: If locations are given in form of position vectors,
then:

Ty =X+ Y, ry=x0+ yyj, ., = x,0 +
Yl
The position vector T of the center of gravity is given
by:

r=xi+7yj
r=(aw )i+ (G

1 ,
= sk Wixy + woxy + o+ wpx )i+ (wy

Y1+ Wy, + .t woy)f}
1 - - - -
= S W1 (1l + y1J) + wo(xol + yoj

)+ +w, (x,i + v}

1
= ZT”(ZWT)
= *wr
"=7Sw
Example 1

Particles of weight 12N,8 N and 4 N act at points
(1,-3),(0,2) and (1,0) respectively. Find the centre of

gravity of the particles.
Solution
C.0.G=(xy)
__ZWx —_ZWy
X=TJw andy ="y,
—  12x148x0+4x1 2
X = 12+8+4 =3
—  12x-34+8x2+4x0 5
y= 12+8+4 =756
2 5
coG=(5-¢
Example 2

Find the centre of gravity of two particles of weight
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20N and 30 N at points A and B respectively, given
AB=3m.

;f__g__*G B
____________ @ - — e =
20N 30N
_ YWx 20x0+30x3
X= 5w = 20+30

x=1-8m (from A)

Example 3

Find the coordinates of the centre of gravity of
particles of weight 5N, 7N, 1N and 3 N at points
(1,0), (3,1), (6,3) and (0,2) respectively.

Solution
C.0.G = (x,y)
— XWx — XWy
X=%w>Y = Iw
_ 5Xx1+7%x3+1x6+3x%x0
x= 5+7+1+3 -
_ 5X0+4+47x1+1x3+3x%x2
Y= 5+7+1+3 -

G(2,1)
Example 4

Find the position vector of the centre of gravity of
three particles of weight 7 N, 9 N and 4 N with position
vectors 4i + j, 3j and 3i + 4j.

Solution

7o
}:w

_ 7(4i+J) + 9 x 3j + 4(3i + 4f)

r= 7+9+4

rT=2i+2-5]

8.2 Centre of gravity of a rigid body
Rigid bodies are categorised as linear, lamina and solid
objects. A rigid body is considered to be uniform if the
distribution of weight is proportional to the length, area
or volume for linear, lamina and solid objects
respectively. The centre of gravity of a uniform body
lies along every line or plane of symmetry of the body.

If a uniform body has two or more lines or planes of
symmetry, then their point of intersection gives the
location of its centre of gravity. A lamina object is a
flat object having negligible thickness compared to its
length and width.

Some locations of centre of gravity:

1. Uniform rod:
The centre of gravity is located at its midpoint G,
midway between ends 4 and B.

G
»

A 1 B

2. Uniform rectangular lamina:
G is at the point of intersection of its lines of
symmetry.

3. Uniform circular lamina:
G is at the centre of the lamina.

4. Uniform sphere:
G is at the centre of the sphere

5. Uniform right circular cylinder:
G lies midway along the axis of symmetry.

6. Uniform triangular lamina:
G lies along the medians, at their point of
intersection, leaving two thirds of the distance from
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the vertices to the opposite sides of the triangle. WSLLL LS

2 1 i
AG = 3AB or BG = 3AB. -wHorizontal
Al
d G
\Vertical
Example 5
Standard results: A list of standard locations of centre A gniformAwire is bent to form a trapezium ABCD in
of gravity is provided at the back of the book in the which, ABC=BCD =90°, AB=6a,BC=4a and
formulae for reference. However, proof of the CD =3a. Find the distances of the centre of gravity
standard results is given later on in this topic. from AB and BC. If the trapezium is freely suspended
from A, find the angle which AB makes with the
vertical.
Solution
8.3 Equilibrium, toppling and C 3a
sliding
A . 4a
8.3.1 Equilibrium of a suspended lamina
When a lamina is freely suspended, it rests when the
line from the point of suspension through the centre of
gravity is vertically downwards. 3a
LIS SIS y B
A 4 DA =./(4a)* + 3a)* =5a
G Let w be the weight per unit area
. Distance of C.0.G
| l Portion | Weight from:
' mg BC BA
my AB 6aw 3a 0
This condition can be used in finding the angle a given BC 4aw 0 2a
side of the lamina makes with the vertical or horizontal 3
when it rests in equilibrium when suspended from a CD 3aw -a 4a
. . . . 2
point. The line from the point of suspension through 5
the centre of gravity is the vertical and any line 7
perpendicular to it is the horizontal. b4 daw 2% 2a
Whole 18aw x y
Taking moments about BC:
_ 3 9
18aw><x=6aw><3a+4awx0+3awx§a+5awx§a
- s
X =5a

Taking moments about BA:
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18aw X y = 6aw X 0 + 4aw X 2a + 3aw X 4a + 5aw X 2a

— 5
y=3a

5 5
The centre of gravity is ;a from AB and 5a from BC.
When the trapezium is freely suspended from A:

C 3a D

Vertical
—

4a

B : —
(6a-x) /
Horizontal

y
tan9:6 =
a—Xx

5

3@ 10 o
s = ﬁ=>9 =255
6a-5a

tan @ =

Example 6

The figure ABCDE below shows a solid cone of radius
r, height h, joined to a solid cylinder of the same
material with the same radius and height H.

E
Drir A
H
C B

If the centre of mass of the whole solid lies in the plane
of the base of the cone where the two solids are joined,

find H. If instead H =h and r = %h, find the angle AB

makes with the horizontal if the body is hang from A.
Solution

E
D r
c B

Let w be the weight per unit volume of the solid

Body Weight Distance of
C.0.G from
CB
. 2 1
cylinder | mr°Hw EH
1 5 1
Cone 3 hw Z(4H +h)
1 _
Whole gm‘zw(BH + h) y

Taking moments about CB:
1 _ 1
3ﬂT1”2W(3H +h)yxy= r’Hw X 3

1 1

H + 3nr’hw x 3(4H + h)
—  6H*+4Hh+ N’
Y="436H+n

If the centre of gravity of the solid lies in the
plane where the two solids were joined then y
= H and hence:

6H? + 4Hh + h?
=T 4@H+N
H? + 4Hh + iﬁ
h\/6
H=—

6

=>12H? + 4Hh =6

Iszhandrzéh

—  6H*+4Hh+HK?
Theny = —Z@r3n

— 11n

~ 16
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y .
/ :l Horizontal
c ' B
Vertical
tana = Hiy
2h
) h 11h

" 16
a=>58-0°
a+ =90

58:0+p4=90=p = 32-0°
Hence AB makes an angle of 32-0° with the
horizontal.

8.3.2 Equilibrium of a lamina on a
surface

When a body rests in equilibrium on a horizontal

plane, the weight of the body and the force exerted on

the body must act along the same line; which is the

vertical line through the centre of gravity.

In the case of a lamina with edge AB resting on a
smooth horizontal plane, the force R exerted on the
lamina is the resultant of normal reactions at the points
of contact along AB. Therefore R must act through
some point on AB. It follows that, if the vertical line
through the centre of gravity G passes through a point
on the edge AB, then R can act to maintain
equilibrium. Otherwise equilibrium is not possible and
the lamina will topple.

S
Se—TFT—+—x
o

B A
Lamina in equilibrium
¢ D
< X ol
R
A

B A

v

w

The lamina will topple

Note: The lamina topples if x > AB. The lamina will
remain in equilibrium if x < AB and in particular, it
will be at a point of toppling if x = AB. The lamina
topples about the point of contact nearest to the line of
action of the weight.

Example 7

ABCD is a square lamina of side a from which a
triangle ADE is removed, E being a point on CD a
distance t from C.

(i) Show that the centre of mass of the remaining
L . a®+at+t?
lamina is at a distance Bato from BC.
(ii)) Hence show that if this lamina is placed in a

vertical plane with CE resting on flf horizontal
3-1
table, equilibrium is possible if t<a( 2 )

Solution
() A D
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Let w be the weight per unit area

. Distance of C.0.G
Body Weight from BC
) 1

ABCD a“w Ea

1 1
ADE sa(a-t)w §(2a +t)

T _
ABCE |ja(a+tw y

Taking moments about BC:

1 —
Ea(a +tw Xy

1 1
— 42 o aa Z
=a’wxa 2a(a Hw X 3(2a+ t)
— d+at+t?
Y="3@+p

(ii)  Equilibrium is possible if y < CE

a®+at+t?
Thus 3(a+t) <t

2t% + 2at-a* >0

2 2 2

2 a 1 2 a a
t +at—7>0=>(t+5a) -2-37>0
1\y_ 3d
(t+5a) >T

— 3 —
t+2a> 220t >"a(1 +4/3) and

3
t+,a <a\7f=>t<%a(ﬁ—1)

since t = 0=t < %a(\ﬁ -1)

8.3.3 Equilibrium of a body on an inclined
plane:

For a body to rest in equilibrium without toppling on a

surface, the line of action of its weight should be

contained between the extreme points of contact

between the body and the surface.

For the block above equilibrium is not possible since
the vertical line through the centre of gravity G falls

outside the base of the block, hence it will topple. On
an inclined plane, the equilibrium of a body may be
broken by sliding rather than toppling.

8.34 Toppling and sliding

Consider a block of weight W on a rough plane
coefficient of friction 4 whose inclination is gradually
increased.

The body will not slide as along as Wsin 0 < F_ ..

Where 6 is the inclination of the plane.
=>Wsin 8 < uWcos 0=tan 6 < u

When the angle of inclination is 8 as shown above, the
block is at a point of toppling.
The block slides before it topples if:

Wsin8 > F,, =Wsin 8 > uWcos §=tan 6 > u

The body topples before it slides if:
Wsin0 < F ., ,>Wsin 0 < uWcos =>tanf < pu

The body simultaneously topples and slides if:
Wsin6 = F,,>Wsin 6§ = uWcos 6=tan 6 = u

Example 8

A uniform solid cone of height h and base radius 7, is
placed with its base on a rough plane. The coefficient
of friction between the cone and the plane is u. The
inclination of the plane is gradually increased and the

cone begins to slide and topple simultaneously, show
4r

that u = -
Solution
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Resolving normal to plane:
R=Wcos 6
Resolving parallel to plane:
F=Wsin®
But F = uR

r

uWcos 8 = Wsin §=>tan 8 = ubuttan 6 = @

4
4r

Hence u =+

Example 9
(a) A uniform solid cylinder of height 5a and radius
a stands on a rough horizontal plane, coefficient

1
of friction ;. Show that if the plane is tilted
slowly, the cylinder will topple before it slides.

(b) A uniform rectangular lamina ABCD has AB = 2a
and BC =4a. The triangular lamina BOC is

removed, where O is the point of intersection of
the diagonals. If the remainder is freely suspended

When the cylinder is at a point of toppling:

a 2
tan9=?=g

(z)
60=21-8°
Resolving normal to the plane:
R =Wcos 6
From: F ., = uR

1 1
max = EWcos 0= EWcos 21-8=0-4642W

=F
Resolving along plane:
F = Wsin 0=F = Wsin 21.8
=0-3714W

Since F <F_ ..
the cylinder will topple before it slides.

when the plane is further tilted,

Note: Toppling occurs when the line of action of
the weight does not pass between the extreme
points of contact of the cylinder and the plane.

(b) Let w be the weight per unit area

from A, find the angle AD makes with the vertical.

D c
:x'\ 4a
A 2a B

Solution

Body Weight | Distance of
C.0.G from AD

ABCD 8a’w a

5 5
BOC 2a‘w 3
Remainder 6a’w x

Taking moments about AD:
_ 5
6a’w x x = 8a*w x a - 2a’w X §a

- 7
X =3a
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Vertical

8.4 Obtaining standard results by

integration

In order to obtain the centre of gravity of a body, we
use the principle that the sum of moments of
components of weights that constitute the body about a
given axis is equal to the moment of the weight of the
body about the same axis. The following examples
give the ways of obtaining the standard results using
calculus.

8.4.1 Standard results

1. Prove that the centre of gravity of a uniform semi-
. . . . . 4r
circular lamina of radius r, is at a distance 3 from

the centre.

A
Yy — axis
-»0x <

X — axis

Let w be the weight per unit area

Body Weight Distance of centre of
gravity from y — axis

) 1, _
Lamina ET[T' w X
Element 2y6xw x

Taking moments about the y — axis:
1 —
22ysxw)x =~ Em‘zwx

1 _
Ewm‘2 x =/ 82wxydx
1 _ r !
Ewnrzx = 2wf x(r2 - xz)zdx
0
Let u = r°-x*=du =- 2xdx
1
e 0 2 1
—nr'x = - u du=—=nr-x
2 -2 2

2. Prove that the centre of gravity of a uniform solid

. . . . 3
hemisphere of radius 7, is a distance gr from the

centre.
Solution
Yy — axis A
P ox <
r /\y
0 K% >

X — axis

v
The centre of gravity is located along the axis
of symmetry (x — axis)

It is obtained by cutting strips each of
thickness 6x and length y being rotated about
the x — axis.

Let w be the weight per unit volume

Body Weight Distance of centre of
gravity from y — axis

2 . _
Solid 3w x
Element nyZSxW x

Taking moments about the y — axis:

§nr3W§ =~ S(my*5xw)x
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3. Find the centre of gravity of a uniform wire in form
of an arc of a circle of radius 7, subtending an angle
2a at the centre.

Solution:
The centre of gravity lies along the the axis of
symmetry.

A

y — axis

A typical element arc subtends an angle 60 at the
centre O and has length r86.

Let w be weight per unit length of the wire:
Body Weight Distance of C.0.G
from y — axis
Element wrdf rcos 6
Whole arc wr X 2a x

Taking moments about the y — axis:
2awr X x = Z(WT59 X rcos 0)
2awrx = [* awrzcos 0do

20 2.
=wr“[sin 0] %, = 2wrsin a
rsin a

x =
a

Hence the centre of gravity of the wire is at a

. rsin a
distance —_ — from the centre

4. Find the centre of gravity of a uniform lamina in
form of a sector of a circle of radius 7, subtending
an angle 2a at the centre.

Solution
The centre of gravity lies along the the axis of
symmetry.

» X — axis

A typical element is a sector that subtends an angle 56
at the centre O and has area %259. This sector is
approximately triangular with its centre of gravity G" at
a distance 37 from 0.

Let w be weight per unit area of the lamina:

Body Weight C.O.G' from
Yy — axis
1 ) 2
Element w X Er 60 §rcos 7]
1 _
Whole sector WX E7,2 % 2a x

Taking moments about the y — axis:
15 —
W Xor® X 2a X x =
15 2
Z(W X 51786 X 3rcos 9)
- 1
wriax = foi agwr?’cos 0deo

L 3re; a _2 3.
=Zwr’[sin 0] ©, = swr’sina
2rsin a
3a

x =

Hence the centre of gravity of the wire is at a

. 2rsin a
distance —_

from the centre.

5. Find the centre of gravity of a uniform
hemispherical shell of radius 7.
Solution
The x — axis is the line of symmetry of the shell.
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Yy — axis rd0

X — axis

|~

./

If the shell is divided into small strips by planes
perpendicular to the x — axis, then a typical element
strip is approximately cylindrical with radius 7sin 8
and width r66. Letting w to be the weight per unit area
of the shell;

Body Weight C.0.G from
Yy — axis

Element | w x 27r’sin 656 rcos 6

Whole w X anz }

body

Taking moments about the y — axis:
w X 2mr? x x = %(w x 2mr?sin 656 X rcos 6)
2nwr’x = f%(an3wsin fcos 6)d6
= wf%rrr3sin 20d6
= nwrg[ - %cos 20]% = nwr®
1

x=§r

Hence the centre of gravity of the hemispherical shell

. . 1 .
is at a distance 57 from its centre.

Example 10
Prove that the centre of mass of a uniform right

circular cone of height h and base radius 7, is at a
3
distance ;h from the vertex. Such a cone is joined to a

uniform right circular cylinder, of the same material,
with base radius 7 and height H, so that the plane base
of the cone coincides with the plane face of the
cylinder. Find the centre of mass of the solid thus
formed. Show that this solid can rest in equilibrium on

a horizontal plane, with the curved surface of the
cylinder touching the plane provided h?® < 6H".
Solution

Let the axis of the cone lie along the x — axis, from
symmetry the centre of mass lies along the x — axis. If
the cone is divided into elements parallel to its base,
then each element is approximately a disc, of thickness
6x, radius y, having volume 7Ty26x.

Yy — axis
A

< h

v

<

=
\4

— axis

»>ox€

v
Let w be the weight per unit volume of the cone, then
we have:

Body Weight Distance of C.0.G | Takin
from y — axis g
Element (nyZ(Sx)w x mom
Whole 1, b — ents
cone 3w x about
the
Yy — axis:

1 _
§nr2hw X x = 2((ny25xw) X x)

1 _ h
§nr2hw Xx= f nwxyzdx
0

- . y_r
From similar triangles, ; = ;=Y = ;X

1T, _ harr?w 3
—nr hwx = x°dx

3 0 h?
1 2. — nr2x4h _ 3
§7rr hx=?20=>x=zh

Hence the centre of gravity of a cone is on its axis at a

3
distance ;h from the vertex.

. A
y — axis

v
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Let w be weight per unit volume of the cone and
cylinder

Body Weight Distance of C.0.G
from y — axis
1

cylinder | mr’Hw EH

1 5 1
Cone sr°hw Z(4H + h)

1 _
Whole gnrzw(3H +h) x

Taking moments about the y — axis:

1, —
snr°(3H + h)wx

3
, 11, 1
=nr HWX§H+§TET thZ(4H+h)
_ 6H*+4Hh + h?
*TT4BH+ R

For equilibrium; x < H
6H” + 4Hh + h*
4(3H + h)

< H=h® < 6H?

Example 11

_A
I 1cm Il cm
6 cm

B\: 8 cm > ¢

ABCD is a uniform rectangular sheet of cardboard of
length 8 cm and width 6 cm. A square and circular
hole are cut off from the cardboard as shown above.
Calculate the position of the centre of gravity of the
remaining sheet.

Solution
A y D
1cm Il cm
_____ Y _____
I S
e2cm o :‘1 cmy lem 4 cm
6 cm | | \ /)
_____ Y ____ Sen-”
A
3 cm 3 cm
Y. c
< 8cm g

Let w be the weight per cm”®

Distance of
Body Weight C.0.G from:

BA BC
ABCD 48w 4 3
Square 4w 3 4
Circle W 6 4
Remainder (44-m)w x y

Taking moments about BA:

(44 -m)w X x = 48w X 4-4w X 3 -TW X 6
(44 -m) x = (180 - 61)
x=3:944 cm
Taking moments about BC:
(44 -m)w X y = 48w X 3-4w X 4-ntw X 4
(44 -m) y = (128 - 4m)
y=2-825cm
Hence the centre of gravity of the remaining sheet is at
a distance 3.944 cm from BA and 2.825 cm from BC.

Example 12

(a) The particles of masses 4,6 and 2 kg acting at
point (2,-1), (2,3) and (-2,5) respectively
have their centre of gravity at a point A(a,b).
Determine the values of @ and b.

(b) A uniform circular lamina of radius 10 cm has
two circular holes cut out each of radius 2 cm.
The design specification describes these by
marking two diameters as co-ordinates axes on the

lamina as shown below.
A

Yy — axis

A

v
If one hole has its centre at A(6,0) and the other has its
centre at B(-2,5). Find the distance of its centre of
gravity from the origin (0,0). Give your answer to 4
decimal places.

Solution
—  Zwx
@ x=3,
4gx2+6gXxX2+2g9%X-2 4
a= 49 + 6g + 29 473
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4gx-14+6g%x3+2gx%x5
B 49 + 69 + 29 -

(b) y - aX|S 4

A

v
Let w be the weight per cm?

Body Weight Distapce of C.0.G fr'orn:
y — axis X — axis
Whole 100w 0 0
A 4w 6 0
B 4w -2 5
Remainder 92w x y

Taking moments about the y — axis:

92w X x = 100w X 0 — 4Tw X 6 — 4w X— 2
4

x=—ﬁcm

Taking moments about the x — axis:
92w Xy =100tw X 0 — 4tw X 0 — 4tw X 5
5

=—33Cm

6(-25-2)

Distance of centre of gravity from origin:

_ _i 2+ _iz

- 23 23
JAT

=53 cm

= 0-2784 cm

Example 13

0 A

The figure represents a lamina in which 04 = 15 cm

,0C=CB=6cm.

(a) Find the position of the centre of gravity of the
lamina with respect to sides OA and OC.

(b) A quadrant of a circle with centre C passing
through O and B is cut out of the lamina, find the
position of the centre of gravity of the remainder.

(c¢) The remainder is freely suspended at B. Find the
angle side AB makes with the horizontal.

Solution

(a) C 6 cm B
6 cm i
0 15 cm A
Let w be the weight per cm?
. Distance of C.0.G from:
Body Weight oC 04
Square 36w 3 3
Triangle | 27w 9 2
Whole 63w x y

Taking moments about OC:

63w X x=36w X3 +27w X9
— 39
X =~ Cm
Taking moments about OA:
63w Xxy=36wXx3 + 27w X 2
18

y=-cm

w B

0 A
Let w be the weight per cm”®

Distance of centre

Body Weight of gravity from:

oc| o4
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T ) 39 18
rapezium 63w - ~
8 8
Quadrant 9w — 6-—
m s
Remainder | (63-9m)w | «x y
Taking moments about OC:
_ 3 8
(63 -9m)w X x = 63wx7—9nwxE

x=8-0344 cm
Taking moments about OA:

— 18 8
(63—9n)w><y=63w><7—97rwx(6—;)

y=1-8532cm

Horizontal

(©)

____________

Vertical

8-0344-6
tan 6 = 75537

0=26-0°
tan(a+9)=z
a+60=56-3°
a+26=56-3=>a=30.3°

From a + £ =90

B=90-30-3==59-7°
Hence AB makes an angle of 59-:7° with the
horizontal

Example 14

The figure shows a composite lamina consisting of a
trapezium and a semi-circle. Given that 0C =CB =6
cm, OA =14 cm and 20 = £C =90°.

C B
0 A
(a) Determine the position of the centre of gravity

of the lamina with respect to the sides OA and
0C, leaving 1 in your answer.

(b) The lamina is suspended from C, find the angle
0C makes with the vertical at equilibrium.
Solution

@) 6 cm B
C
6 cm 6 cm
0

6 cm

Let w be the weight per cm?

. Distance of C.O.G from:
Body Weight 0C 0A
OCBN 36w 3 3
26

NBA 24w 3 2

4 16

Semi-circle 12.51tw 10 + = (3 + —)

T 3

Whole (60 + 12.5m)w x y

Taking moments at OC:
(60+12-5m)w X x

26 4
=36WX3+24WX?+12.5T[WX(10+ )

T
—  (366+ 1257

X = (60+12-57‘r) m
Taking moments about OA: _
(60+12-5mw xy

= 36w x 3+ 24w x 2+ 1251w x (3 +37)

668
_ — +37-5m
Y=\60+12 57/ CM

(b)
C 6 cm B
6-y
6 cm -
0 a4 X Vertica
x=7-6428 cm
y=13-4298 cm
x
tan9=6_§
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7 -6428

6-3.4208 0 /14

tan 0 =

Example 15

2
A uniform wooden “mushroom”, used in a game, is

made by joining a solid cylinder to a solid hemisphere.
They are joined symmetrically, such that the centre O
of the plane face of the hemisphere coincides with the
centre of one of the ends of the cylinder. The diagram
shows the cross-section through a plane of symmetry
of the mushroom, as it stands on a horizontal table.

The radius of the cylinder is 7, and the radius of the
hemisphere is 37, and the centre of mass of the
mushroom is at the point O.

9
(a) Show that the height of the cylinder is TZ

The table top, which is rough to prevent the
mushroom from sliding, is slowly tilted until the
mushroom is about to topple.
(b) Find to the nearest degree, the angle with the
horizontal through which the table has to be tilted.
Solution:

(a) Let w be the weight per unit
volume:
. Distance of
Body Weight C.0.G from table
1
Cylinder nrlhw Eh
9

Hemisphere 1813w (gr + h)
Whole mr(18r + hw h

Taking moments about the table:
r*w(18r + ) X h

2 1 3 9
=nr hwx§h+18nr wX|=r+h

8
L, 81, o
2TV

(b)

Exercises

Exercise: 8A
1. Find the distance from the origin of the centre of

1. 3

mass of masses 5 kg, 5 kg and 2 kg placed at points
with position vector 6i-3j,2i + 5j and 3i + 2j
respectively.

1 1

2. Particles of mass 4m,;m, 3m,;m and 2m are at
points with position vectors i + 2j, 3i - j, — i + 5j
,4i +j and - 2i-3j respectively. Calculate the
centre of gravity of the system of particles.

3. Find the coordinates of the centre of mass of
particles of mass 9 kg, 4 kg, 6 kg and 5 kg at the
points  (4,3),(6,-6),(-3,00 and (6,-3)
respectively.

4. (a) Particles of mass 4, 5 and 6 kg are placed at (0,
0), (4,3) and (5,-2) respectively in the
x -y plane. Find the coordinates of their
centre of mass.
(b) Find the position of the centre of gravity of
three particles of masses 1 kg, 5 kg and
2 kg which lie on the y — axis at points (0,2),
(0,4) and (0,5) respectively.

5. Find the position of the centre of gravity of three
particles of masses 5 kg, 2 kg and 3 kg which act
at points with position vectors; 3i-j, 2i + 3j and
— 21 + 5j respectively.

Page 81



6.

Four particles of masses 2, 2, 5 and 1 kg are at the
points A, B, C and D whose position vectors are 3i
+ 5j, 3i-3j, — 2i-3j and 2i-j. Find the position
of the centre of gravity in vector form.

Particles of 2 kg, 3 kg, 3 kg and 2 kg are at points
(-25),(43),(2,-1) and (- 2,2) respectively in
the x — y plane. Find the coordinates of their centre
of gravity.

A uniform rod AB is 4 m long and has a mass of 6
kg, and masses are attached to it as follows; 1 kg at
A,2kg at 1 m from 4, 3 kg at 2 m from 4, 4 kg at
3 m from A and 5 kg at B. Find the distance from
A of the centre of gravity of the system.

A straight piece of uniform wire of length 6
2+ \/ZE) cm is bent so as to form a right angled
triangle ABC, with AB=BC=6cm and AB
C =90°. Find the perpendicular distance of the
centre of gravity of the triangle from AB and BC.

10. A uniform straight wire of length 14a is bent into

the shape shown in the diagram below.

B
a
5a C
a
A 3a D

(a) Find the distance of centre of gravity from
AB and AD.

(b) If the wire is freely suspended from B and
hangs in equilibrium, find the angle of
inclination of BC to the vertical.

Exercise: 8B

1.

A uniform triangular lamina PQR has
PQ=PR=17cm and QR=16cm. Find the
distance of its centre of gravity from QR.

(a) The table below shows four particles 4, B, C

and D, their masses and points at ~ which  they
act.
Particles Mass(kg) Point of
action
A 4 (0,0)
B 5 (4,3)
C 6 (5,-2)

| D 2 | @2-3

Find the coordinates of their centre of gravity.

(b) A B X
a i
2a | |

C---~g " D

F 2a E

4.

The figure shows a square lamina AFEX from
which portion BCDX was cut off. Find the distance
of the centre of gravity of the remaining portion
from FA and FE.

(a) At points (4,1),(-2,-1) and (-1,4) there
are particles of mass 5kgakg and 4kg
respectively. If the centre of gravity of the particles
is at the origin, find the values of 4 and a.

(b) A compound lamina consists of a triangle ABC,
where A is at (-4,0) B at (4,0) and C at (4,6)
and a semi-circle with BC as the diameter.

(1) Find the centre of gravity of the lamina.

(ii)) The lamina is suspended from A. Find the
angle AB makes with the wvertical in
equilibrium,

(a) The table below shows four particles 4, B, C
and D, their masses and points of action.

Particle | Mass(kg) Point of action
A 3 (1,6)
B 5 (-15
C 2 (2,-3)
D 4 (-1,-4)

Find the coordinates of their center of gravity.
(b) PQRS is a uniform square lamina of side 21.
T is a point on PS such that TS = h, if the
portion TRS is removed.

(i) Show that the centre of gravity of the

. . . 121% - 6lh + h?

remainder is a distance T3@i-n
from side PQ.

(ii) If the remaining lamina is placed in a
vertical plane with PT on a rough
horizontal surface, show that it will

topple if h > 1(3 —=+/3).

A frustrum is cut from a solid right circular cone of
base radius r, and height 2h by a plane parallel to
the base at a distance h from it. Find the distance
of the centre of gravity of the frustrum from the
base.
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6.

In the diagrams below find the distance from AD
of the centre of gravity of the given uniform
lamina.

(a) 2

C
2a E‘/
B

(b)

A 2cm D ' |C2cm B
8 cm i
] El  |F
i 4 cm
I 6 cm H
The figure ABCDEFGHI] shows a

symmetrical composite lamina made up of a
semi-circular lamina of radius 3 cm, a
rectangle CDEF 2cm X 8cm and another
rectangle GHIJ 6 cm X 4 cm. Find the distance
of the centre of gravity of this lamina from /H.
If the lamina is freely suspended from H,
calculate the angle of inclination of HG to the
vertical.

8. A uniform square lamina ABCD of side 2a, from

which the isosceles triangle ABE is cut away; in
this triangle AE = BE and the distance of E from
AB is h. Prove that the centre of gravity of the

2 2

. . . . . a
remaining portion is at a distance 3Ga-h) from AB.

If h =g and AEBCD is suspended by a vertical

10.

11.

12.

13.

string from A, find the angle which AD makes with
the vertical.

A square lamina ABCD of side Z2a has a semi-
circular lamina of radius a removed from side BC.
Find the angle AB makes with the horizontal if the
remaining lamina is freely hang from point D.

ABC is a uniform triangular lamina right angled
at B, AB = 2t and BC = 3t. Show that the centre
of gravity of ABC is at a distance t from AB.
The midpoints P and Q of CB and CA
respectively are joined and the portion PQC is
cut off. Find the distance from AB and BC of the
centre of gravity of the lamina ABP@Q. When the
lamina is freely suspended from vertex A, AB is
at an angle 0 to the vertical. Find tan 6.

A rectangular metal sheet PQRS has PQ =4 m
and QR=3m. T is a point on RS such that
RT = 3 m. The sheet is folded about the line QT
until R lies on PQ.
(a) Find the position of the centre of gravity
of the folded sheet from PS and PQ.
(b) The sheet is freely suspended from the
point S. Find the angle of inclination of
PS to the vertical.

The base of a heavy truck is made of a uniform

rectangular sheet ABCD such that AB=5m

, BC =10 m. Given that masses of 10 kg, 20 kg

, 30 kg and 40 kg are fixed at the points 4, B, C

and D respectively, and the mass of the sheet is

1000 kg.

(a) Find the centre of gravity of the sheet,
taking AB and AD as the x and y - axes
respectively.

(b) If the sheet is suspended from point A4,
calculate the angle that the diagonal AC
makes with the vertical.

Find the coordinates of centre of mass of the
lamina shown below. Take A as the origin and
AD, AB as x and y — axes respectively.

C

8 cm
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14.

15.

16.

17.

A uniform circular lamina of radius 10 cm is
perforated with a circular hole of radius 2 cm,
whose centre is 6 cm from the centre of the
lamina. Determine the centre of gravity of the
remaining lamina.

The figure below shows a compound lamina
consisting of a right angled triangle and a semi-
circle. A, Band C are points ( —4,0), (4,0) and
(4,6) respectively.

C

(a) Find the coordinates of the centre of gravity
of the lamina.

(b) The lamina is suspended from A, find the
angle AB makes with vertical when the
lamina is in equilibrium.

OABCD is a uniform lamina  with
OA =0D = 2a, AB = DC = a as shown below.

D a C

2d

0 2a A

Find the:

(a) Distance of its centre of gravity from
0.

(b) Angle a plumbline hang from A makes
with OA.

The diagram shows two uniform squares, ABFG
and BCDE joined together. The mass per unit
area of BCDE is twice that of ABFG.

18.

19.

4 m E D

?
l 2m
v
A B C
“—4im—P<<2m—>

Find the distance of the centre of gravity of the
composite body from AB and AG.

Find the position vector of the centre of gravity
of a uniform lamina in the form of a triangle
whose vertices are (2,2), (4,6) and (0,3).

6 cm

60°

0 A

The figure represents a uniform lamina

consisting of a sector OBC of a circle centre 0

and of radius 6 cm and triangle OAB, AO

C =90°.

(a) Find the distances of the centre of gravity
of the lamina from OC and OA.

(b) The lamina is suspended freely from point
C, determine the angle which OC makes
with the vertical in equilibrium.

20. (a) particles of mass 1,2,1 and a kg are placed at

points (6,4),(-1,1),(5,-1) and (1,0)
respectively. Given that their centre of
gravity is located at (2,1 - 4), find the
values of aand 1 .

(b) A square lamina ABCD of side 2a is made of
a uniform thin material. A semi-circular
lamina with AB as diameter is cut away.

(i) Show that the centre of gravity of the

20
remainder is a distance 3(37-6171) from AB.
(ii)) The remainder is suspended from C by a
light string and hangs in equilibrium.
Find the angle CB makes with the
vertical.

Page 84



Exercise: 8C

1.

4.

The figure below shows a uniform cylindrical solid
block of radius r and height 47. A conical hole of
radius 7 and height 7 is drilled from the block. Find
the distance of the centre of gravity from end A.

A uniform right circular cone has its top removed

by cutting the cone by a plane parallel to its base,

leaving a frustrum of height h, the radii of its ends

being 7 and 4r. Show that the centre of gravity of
9

the frustrum is at a distance ;gh from its broader

end.

A uniform right cylinder has a height of 40 cm and
a base radius rcm. It is placed with its axis
vertical on a rough horizontal plane. The plane is
slowly tilted and the cylinder topples when the
angle of inclination 6 is 20°. Find 7.

2r cm
40 cm

0

What can be said about the coefficient of
friction between the cylinder and the plane?

(a) Show that the centre of gravity of a uniform
-
thin hemispherical cup of radius r is at a distance 3

from the base.

(b) The figure below is made up of a thin
hemispherical cup of radius 7 cm. It is welded
to a stem of length 7 cm and then to a circular
base of the same material and of radius 7 cm.
The weight of the stem is one-quarter that of
the cup.

7 cm
<“—>

Find the distance from the base of the centre of
gravity of the figure.

A circular cylindrical can without a lid is made of
a thin metal sheeting of uniform thickness and with
a mass per unit area of 1 gcm ™ 2. The radius of the
can is 10 cm and its height is 20 cm. The can is

placed with its base on a horizontal plane and is

half-filled with a liquid of density 1-5g cm 3,

Calculate the height of the centre of gravity of the
can together with the liquid above the base of the
can.

The figure below shows a uniform hemispherical
solid of radius 30 cm with a cylindrical hole of
radius 5 cm and height 10 cm centrally drilled in

1t.
|<30¢,:

(a) Find the distance of the centre of gravity of
the figure from the flat surface.

(b) If the figure is placed on a rough inclined
plane with the flat surface in contact with the
plane, calculate the angle that the plane
should be inclined before toppling occurs,
assuming that sliding does not occur.

Answers to Exercises
Exercise: 8A
Gitig 3. (3,—%)
4. (@ (33 () ©O8
1-3i+1-6j 6. 0-4i-1-2j 7.

52 32 342

(1,2) 8. 3ym 9. —-cm ; 5-cm

3-9051 units 2.

15

(@) a; 2a (b) 17-2°

Exercise: 8B
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54 3 5 5 . 4 2
1.5cm 2. (a) (ﬁ,—ﬁ) (b) a4 ; ¢a line of symmetry 15. (a) (m,m)

3. (a) 3;8 (b) 1-3° 16. (a) 1-28aunits (b)
5 , 11,

(b) (i) (2-79382-3707) (i) 19-2° 39-6° 17. 3zm ; 3m 18. 2i+3j 19.

4. (a) (_;g) (b) (i) (ii) (a) 2-3645cm ; 2-6328cm

11 2a(14 + 3m) 28r (b) 35.1°20. (a) 1; 2 (b) (ii) 57.9°
5. mh 6 @ S () o

7. 6-717cm : 24-1° 8. 41-8° )
! Exercise: 8C

9. 32-1° 10. §t ; ét ; tan¢9=1—61 81
1. 5r 3.728cm; p=>tan20° 4.(b) 6.5cm
13 9
11. (@) m;gsm (b) 40-9 5. 5-75cm 6. (a) 11-338cm (b)
57 5 69 -3°

12. (@ um;,m (b) 0-8 13

(4-23,2-12) 14. %cm from 0 along the
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9. GENERAL EQUILIBRIUM OF A RIGID

BODY

For a rigid body forces may act at different points such
that even if the resultant force is zero the forces may
produce a turning effect about a point. Hence for a
rigid body to be in equilibrium there should be no
resultant force and there should be no resultant
moment.

9.1 Three force problems

When a body is in equilibrium under the action of three
forces, the resultant of the forces must be zero. Hence
three non-parallel forces in equilibrium can be
represented in magnitude and direction by the sides of
a triangle. Also the sum of moments of coplanar forces
in equilibrium about any point in their plane is zero.

Therefore one approach to three force problems is to:

(1) take moments about any suitable point, and
(i1) use a triangle of forces.

Consider three forces Fy, F, and F3 shown below.
F,

AN

Fy

]

v
F3

If F; and F, act along lines which meet at P then the
moments of F; and F, about P are zero. Since Fy, F,
and F3 are in equilibrium, the moment of F3 about P
must also be zero. Hence the line of action of Fj
should pass through P.

Hence if a rigid body is in equilibrium under the action

of three coplanar forces, then the lines of action of the
forces are either parallel or concurrent.

9.2 Lami’s theorem

When solving three force problems where
angles rather than length are given, Lami’s
theorem may be applied. It states that for

forces P,Q and R in equilibrium, as shown in
the diagram.
P

=

9.3 General method

The following steps are employed when solving

problems involving a rigid body in equilibrium under

the action of coplanar forces.

(i) Interpret the information given and draw an
appropriate sketch.

(i1)  Indicate clearly all forces acting on the body in
magnitude and direction.

(iii) Take moments about a suitable point.

(iv) Resolve forces in two perpendicular directions.

Note:
» At a smooth point of contact there is a reaction
normal to the surface.

» At a rough point of contact there is a normal
reaction and friction force.

» When a rigid body rests against and over a smooth
surface, there is a reaction normal to the rigid body
at the point of contact with the surface.

» When a rigid body rests against and over a rough
surface, there is friction force and a reaction
normal to the rigid body at the point of contact
with the surface.

» When arigid body is hinged on a surface, there is a
reaction force having components in two
perpendicular directions.
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9.4 Ladder problems

Some common cases:

6)] A ladder resting on a rough horizontal surface
and the other end on a smooth vertical wall.
RZ
Ry
F
v
w
(i1) A ladder resting on a rough horizontal surface

and against a rough vertical wall.

AFZ

(iii)) A ladder resting on a smooth horizontal
surface and against a smooth vertical wall with

a string tied to the foot of the ladder and
fastened to the base of the wall.

-

TT
(iv) A ladder hinged on a smooth horizontal

surface while its upper end rests against and
over a smooth horizontal bar.

(v) A ladder resting on a rough horizontal surface

while its upper end rests against and over a rough
vertical wall.

R,

(vi) A uniform rod resting partly inside and partly

outside a uniform hemispherical bowl whose rim
is horizontal.
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9.4.1 Climbing a ladder

When climbing a ladder, the climber can go as far as
limiting equilibrium is not broken. Hence to find the
distance that can be climbed before equilibrium is
broken, we represent the forces and consider the
system being in limiting equilibrium. The usual
conditions for equilibrium are applied to solve the
system.

Example 1
A uniform ladder of length 7 m rests against a vertical
wall with which it makes an angle of 45° the

coefficient of friction between the ladder and the wall
1 1
and the ladder and horizontal ground being 3 and ;

respectively. How far along the ladder can a man
whose weight is half that of the ladder ascend before it

slips?
Solution
45°
<
NS A
w W 21
2
Resolving horizontally:
1
() R =R,
Ry = 2Ry e )

Resolving vertically:
1 1
1 3
9

Taking moments about A:
1

1 7
R, X 7sin45 + R, X 7cos 45 = ;W X xcos 45 + W X -

3 2
9 1 9 1 7
EWX7+§XﬁWX7=EWx+§W
x=5m

Example 2

A non-uniform beam AB, 4 -5 m long is balanced on
two supports P and Q such that AP=0-4m and
@B =0 -6 m. When a mass of 20 kg is placed at either
end, the beam is on the point of toppling. Find the:

(i) distance from A at which the weight of the beam
acts.

(il) weight of the beam.

(ii1) distance from A at which the 20 kg mass must be
placed for the reactions of the supports to be
equal.

Solution

(i) Let W be the weight of the beam acting through a
point at a distance x from A.

1% Case: When the 20 kg mass is placed at A:

’f’; b

1B
v
w

20g N

In equilibrium:

Resolving vertically:
Rp+Ry=20g+W
At the point of toppling, Ry =0
Rp=20g+W .cccvrvrinnn. )

Taking moments about A:
Rpx0-4=Wx

2" Case: When the 20 kg mass is placed at B:

i b

AI0‘4mA(x—O~4)ml (3:9-x)m ﬁﬁm
v

w 20g N

In equilibrium, resolving vertically:

cos45 At point of toppling, R,'J =0

Taking moments about B:

0-6Ry=W(4-5-x)

From equation (i) and equation (ii):
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From equation (iii) and equation (iv):

W+ 20 15W 5W
+20g = o W —3Wx
5 13 2 _
3Wx— > W=-20gG .ccoveverriieaan, (vi)
Adding equation (v) and equation (vi):
25 15
6 Wx > w
x=1-8m

(i1) weight of the beam

5
From equation (v): ;W X 1-8=20g + W

40 40
W=-g=-%x9-85W=56N

(iii)  Let the 20 kg mass be placed at a distance y
from A.

f; t

At
0-4mA.4ml(y—1-8)ml 2.1mﬁ)-6m

1B

56 N 20g N
Resolving vertically:
2R =56 + 20g

2R=56+20%x9-8=>R=126N
Taking moments about P:
Rx3-5=56X%X1-4+4+20g % (y-0-4)
3:5x126=78-4+20x9-8x%x (y-0-4)

=2y=2-25m

Example 3

The diagram below shows a uniform wooden plank AB
of mass 70 kg and length 5 m. The end A rests on a
rough horizontal ground. The plank is in contact with
the top of a rough pillar at C. The height of the pillar is
2-2mand AC=3-5m.

Given that the coefficient of friction at the ground is
0 - 6 and the plank is just about to slip, find the:
(a) angle the plank makes with the ground at A.

(b) normal reaction at:
6] A
(i1) c
(c) coefficient of friction at C.
Solution:

—— Pillar

A 6
F=0-6R,
\4
70g N
_ 2-2
(@ sinf =3¢
6 =38-9°
(o)) (ii) Talking moments about A:

R;x3-5=70g X 2-5cosf
70X 9-8x 2505389

c= 3-5
R,=381-34N
(i) Taking moments about C:

R;%X3-5c0s0=0-6R,;X2-2+70g X 1cos 6
R,(3-5c05389-0-6X%x2-2)=70X9.8cos38-9
R,=380-495N

(c) Resolving horizontally:
(=):Resin@ = uRcos 6 + 0 - 6R,

381.34sin 38.9 = u x 381.34cos 38 -9
+0-6x380.495

pu=0-038

Example 4

A uniform rod AB of mass 6 kg and length 3 m is
freely hinged at A. A load of mass 2 kg is attached to
the rod at B. The rod is kept in equilibrium by a light
inextensible string CD of length 1-5m, which is
attached to a point C on the rod and to a fixed point D
on the same horizontal level as A. Given that AC =2 m
and AD = 2 - 5 m, find the:

(a) tension in the string.
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(b) magnitude and direction of the reaction at the
hinge.
Solution

2-5°=1-5"+2%-2x1-5x2cos 6
=6 =90°
(a) Taking moments about A:
Tx2=6gx1-5cosa+2g X 3cosa
2 2
T=3x9-8X1-5X5:+9-8X5¢
T=58-8N

(b) Resolving horizontally:
(=):Ry=Tcosp
1-5

=58-8x 2.5
=35-28N
Resolving vertically:
(M: Ry =8g-Tsin B
2
= X 8- . X ——
8x9-8-58-8 5.5
=31-36N
Let R be the magnitude of the reaction at A:

R
31-36

9
35-28
— 2 2 —
R—\/31-62 +35-28°>R=47-203N

31-36
tan¢=ﬂ:>¢:41-6°

Example 5

A uniform ladder of weight W rests at 60° to the
horizontal with its foot on a rough horizontal ground
and the other end against a smooth vertical wall. If the
ladder is just at a point of slipping when a man of

weight 2W stands at the top, find the coefficient of
friction between the ladder and the ground. Find the
friction force between the ladder and the ground when
the man is standing at the midpoint of the ladder.
Solution

When the man stands at the upper end of the ladder:

R,

&0

w

Resolving vertically:
(M:R;=3W

Taking moments about A:

R, X 2Isin 60 = 2W X 2lcos 60 + W X lcos 60
R —S\fEW
276
Resolving horizontally:
(=): uR{ =R,

3
yX3W=5\*FW

6
53
H=T1g

When the man stands at the midpoint of the ladder:

Q

Resolving vertically:
M: P=3W

Taking moments about A:
Q X 2lsin 60 = 3W X lcos 60

V3
Q=7W
Resolving horizontally:
-3 F=
=) g
F=5W

Example 6

A uniform rod of weight W rests in contact with two
parallel, horizontal, smooth pegs, passing over the
higher peg and under the lower one. A force of
magnitude P acts on the upper end of the rod in the
direction of the rod tending to move it upwards. The
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length of the rod is [ and its inclination to the
horizontal is a. If the upper and lower pegs are at
distances a and b respectively from the lower end of
the rod, prove that as long as the rod remains in

equilibrium, the reaction of the upper peg on the rod is
Wlcos a — 2Pbcot a

2(a-b)

Solution

Taking moments about A:
1
RyXa=R;Xb+W X3lcosa
w
Rya=Rb+5lcosa e, )

Resolving horizontally:
Rysina = Rysina + Pcos a
R, = R{ + Pcota
Ry = (Ry=PCOt @) ..ouerrrrrrmrrrrrerannns (ii)

Substituting in equation (i):
w
R,a = (R,-Pcota)b + ?lcos a

2R,(a-b) = Wlcos a-2Pbcot a
Wlcos a — 2Pbcot a

Ry = 2(a-b)

Example 7

The diagram below shows a uniform rod AB of weight
W and length [ resting at an angle 8 against a smooth
vertical wall at A. The other end B rests on a smooth
horizontal table. The rod is prevented from slipping by
an inelastic string OC, C being a point on AB such that
OC is perpendicular to AB and O is the point of
intersection of the wall and the table. If (AOB = 90°

0 B
Find the:
(1) tension in the string.
(i1) reactions at A and B in terms of 8 and W.
Solution
A

0 B
Resolving horizontally:

(P):R4=TcosHO ..cccovueuennns )
Resolving vertically:

(M :Rg=Tsinf+W ............ (i)

Taking moments about O:
1
Ry Xlcos@ =RpXlIsin@ -W X5lsin6

From equations (i), (ii) and (iii):
1
Tcos 0 = (Tsin 6 + W —;W)tan 6
Wsin 6
T =
2cos 26

.. Wsin 6 1
(i1) R, =50:28 ¥ cos 6 = ;Wtan 20

Wsin 6 )
Rp=15s20 Xsin6 + W
W(2 - tan®0
Rpy=—\"" =,

2\1 - tan®0

Example 8
A rod AB of length 0 - 6 m and mass 10 kg is hinged at
A. Tts centre of mass is 0-5m from A. A light
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inextensible string attached at B passes over a smooth
fixed pulley 0 -8 m above A and supports a mass M
hanging freely. If a mass of 5 kg is attached at B so as
to keep the rod in horizontal position, find the:

(a) value of M.
(b) reaction at the hinge.
Solution
(a)
T
T
0-8m[M
¢ R
Mg
0
A 0-5m 0-1m
v v
10g N 59N

Taking moments about A:
Tsinf x 0.6 =10g x 0.5+ 5g x 0.6

. 0-8 062800 8x9-8 490N
T XU 0TRITI T T8%0.6 7 3
Equilibrium of M;
Resolving vertically:
Mg=T
M 9.8 490 y 50 "
X Q0 =— = —
3 T3 8
162 k
(b) Equilibrium of rod AB,;
Resolving horizontally:
Rcosa=Tcos 8
490
Rcosa=0-6T=0-6X—5
=Rcosa =98.....ccevreenn. )

Resolving vertically:

Rsina 4+ Tsin8 = 10g + 5g
, 490 0-8
Rsina=15X9 -8 -5 X
49
:Rsina=? ..................... (i)

Dividing equation (ii) by equation (i)
tana = >a =9-5°

From equation (i);
Rcos9:-5=98=R =99 358N

Example 9

A non-uniform ladder AB is in equilibrium with 4 in
contact with a horizontal floor and B in contact with a
vertical wall. The ladder is in a wvertical plane

perpendicular to the wall. The centre of gravity of the
2
ladder is at G where AG =3AB. The coefficient of

friction between the ladder and the wall is twice that
between the ladder and the floor.

If the ladder makes an angle 6 with the wall and the
angle of friction between the ladder and the floor is 4,
prove that 4tan 6 = 3tan 241.

How far can a man of mass m ascend the ladder
without the ladder slipping given that 8 = 45° and the

coefficient of friction between the ladder and the floor
1

is 5.
Solution
AZ2URp
Rpe——B
g
G
Ry 21
A “??A \ 4
w
Let AB =3l
u=tanAl
Resolving horizontally:
()R =UR i, )
Resolving vertically:
(M:Ry+2uRp=W..ccuevnnn. (i)

From equation (i) and equation (ii):
R, +2u*R,=W=R, =
BT 14212
Taking moments about B:

R, X 3Isin@ = uR, X 3lcos 8 + W X Isin 6
3w 3uw

1+ 2

— = scot0 + W
1+2u 1+2u
2 U
stan 6 = 3
1-p
2tan 4 2u
But tan 24 = —=tan 21 =—;
1-tan“A 1-u

2 1
stan 6 = stan 2A=4tan 6 = 3tan 24

When the man ascends the ladder:
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AQ
Q B
l
G~ 45°
P
X
45°
A 1
Zp A\ v
2 mg W
Resolving horizontally:
1
2P=0Q
P=2Q o, O]
Resolving vertically:
P+Q=mg+W .. (i)

From equation (i) and equation (ii):

20+Q=mg+W
Q =3(mg + W)
P=§(mg+W)

Taking moments about A:

Q X 3lsin 45 4+ Q X 3lcos 45 = mg X xcos 45 + W X 2lcos 45

3Ql+ 3Ql=mgx + 2W1

=6 X %l(mg + W) =mgx + 2WI
2mgl=mgx

x =21

Hence he climbs up to point G

Example 10

A uniform beam AC of mass 8 kg and length 8 m is
hinged at A and is maintained in equilibrium by two
strings attached to it at points C and D as shown in the
figure below.

4 m

A

D c

The tension in BC is twice that in BD, AB =4 m and
3

AD = ;AC. Find the:

(a) tension in string BC.
(b) magnitude and direction of the reaction at the
hinge.
Solution
(a)
B

4m

8g N

Taking moments about A:

Tsina X 6+ 2Tsinf x8=8g x 4

8x9-8x4

T =Gsn33 7+ 16526 6 —

29-9098 N
Tension in BC =2 x 29-9098 =59 - 8196 N

(b) Resolving horizontally:
Rcos 8 =Tcos a + 2Tcos 8
=29-9098cos 33.7 + 2 X 29.9098cos 26.6
Rcos 0 =78.3884 .......cccocvvveeneene ()
Resolving vertically:
Rsin 8 = 8g-(Tsin a + 2Tsin f3)

Rsin 8 = 8 X 9.8-(29.9098sin 33.7
+ 2 X 29.9098sin 26.6)

Rsin 8 = 35.0523.....cccoeiiriee (i)
Dividing equation (ii) by equation (i)
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. 35.0523
fano=-e 3584

6=24-1°
From equation (i);

Rcos24-1=78-3884=R=285-8685N

Example 11
(a) A non-uniform beam of mass 5Kkg rests
horizontally in equilibrium, supported by two

light strings attached at each end of the beam. The
tensions in the strings are T, and T, and the strings

make angles of 30° and 40° with the beam as shown in

the diagram below. Find Ty and T',.
T

1 T,

30° 40°

5g N

(b) A non-uniform ladder AB of length 6 m has its
centre of gravity at a point C on the ladder, such
that AC=4m. The ladder rests in limiting
equilibrium with end A on a rough horizontal

1
ground (coefficient of friction 3) and end B
against a rough vertical wall (coefficient of

friction %). If the ladder makes an acute angle 6

23
with the ground, prove that tan 6 = ;.

Solution '
(a) \‘\\\ 1100/,/
130°® 120°
T // , \\
! | I,
30° | 40°
4
5g N

Using Lami’s theorem:

1100
130%/120°

5gN

Ty 59 T,
sin130 ~ sin110 ~ sin 120

5x%x9-8xsin130
1 sin 110

T:=39-9452N

5%x9-8xsin120
2 sin 110

T,=45-1586 N

(b)
X

Resolving horizontally:
1
(=):3R4=Rp
R,=3Rg
Resolving vertically:
1
1 4
Taking moments about A:

1
Rp X 6C0s 0 + Rp X 6sin 6 =W X 4cos 6

3 4 4
EXEW+6x§Wtan9=4W
23

24 46
stan 0= 3=tan 0= 3

Example 12

A uniform ladder AB of weight W has end A on a
rough horizontal floor and end B leans against a rough
vertical wall. Given that the ladder is on the point of
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slipping and the coefficients of friction at A and B are
u and p' respectively:
(a) Show that the inclination of the ladder to the
q(1-m
horizontal is tan ™! (TW)
(b) Find the reaction of the ladder on the wall.
Solution

(a)

AWRE

Resolving vertically:
(M: WRg+Ry=W
S UU'Ry+Ry=W

Ry= ()
A7 1+
w
From equation (i): Rp= (1 i W')

Taking moments about A:
U'Rp X 2lcos 8 + Rp X 2Isin@ = W X Icos 8

2up W ( 2uW
S+
1+pu \14pp
1-pp
2u

L o1f1l-m
6 =tan ( 2 )

,)tan 0=w

tan @ =

(b)

R= (Rg*+ (uRp)*
w w
R=J( £ .)2+(““ .)2
14 pp 1+ uu
_ww "\2
R=1- 1+ ()

#'RB
tana = Ry
a=tan"’ (u)
Example 13

A uniform rod AB of length 2a and mass m, rests in
equilibrium with its lower end on a rough horizontal
floor. Equilibrium is maintained by a horizontal elastic
string of natural length a and modulus A. One end of
the string is attached to B on the end point to a point

A
vertically above A. Given that 6 <3 is the inclination

of the rod to the horizontal;
(a) Show that the magnitude of the tension in the
1

string is ;mgcot 6.

(b) Prove that 21 =

mgcot 6
2cos 0 -1°

(c) Given that the system is in limiting equilibrium
and the coefficient of friction between the floor

2 10
and the rod is 3, find tan 6, hence show that 1 = -

mg.
Solution
(a) The tension in the string:
, T
i < B
i a
AILRA a
6 |-
A »
F v
mg

Taking moments about A:
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T X 2asin 8 = mg X acos 0

1
T= Emgcot 0

2
(b)  From Hooke’s law: T = T: :
x = 2acos -a=x = a(2cos 6-1)
Aa(2cos 8 -1)
T=——-——=

ly=a

= A(2cos 6-1)

A(2cos 8-1) = %mgcot 6

mgcot 6

2/1=2c059—1

() Resolving vertically, R, =mg
Resolving horizontally:

2
T =F,but F =3mg

2
T =§mg

4

1 2 4 3
ymgcot 0 =smg=cotf =;=>tan 6 =

4
mg><§
. 2=

- 4
2><§—1

/1=?mg

Example 14

A uniform ladder AB of weight W, leans at an angle a
to the vertical against a rough vertical wall BC, with its
other end on a rough horizontal floor AC, the
coefficient of friction at each point of contact being u.
The midpoint of the ladder is attached to point C by
means of a taut inextensible string. If the ladder is at
the point of slipping, prove that the tension in the
string  is %{(1 - ,uz)sin a — 2[cos a} and find the

1
reactions at A and B, taking @ = 45° and u = .

Solution

90 - a)

v
w

Resolving horizontally:
(=) :Rg=uR, + Tcos (90-a)
Rp=uR,+TSINA cccuenrrrie )
Resolving vertically:
(M :R, + uRg =W + Tsin (90-a)
>R, + u(uR, + Tsina) =W + Tcos a
W + T(cos a — usin a)

Ry =——————————————— . (iD)
4 1+ uz

From equation (i);

u[W + T(cos a - psin a)
RB -

P ] + Tsina
1+u

uW + T(ucos a + sin a)

B
1+u2

Taking moments about C:

R, X 2Isin a-W X Isina = Rp X 2lcos a

2R sina - Wsin a = 2Rgzcos a .......... (iv)

Substituting for R, and Ry in equation (iv):
2sin a[W + T(cos a - pusin a)] .
3 - Wsina =
1+u
2cos a[uW + T(ucos a + sin a)]
1+ uz

T= %{(1 - uz)sin a - 2ucos a}

When a = 45° and u =%

w 1 L\ 5-2 ! 5 2
—2 1( —16)sm4 - ><4><cos4 =2W -
X%

742
T==W
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2w \2

1
From equation (i): Rg= Ry + ¢ X5

Rg=~
B4
2 2 2

From equation (iv): 2R X % - %W =2Rp X %

From equation (v) and equation (vi)

1 1 7 5
RA_EW=ZRA+EW:RA=ZW

5 1 3
Ry :ZW_EW:RB :ZW

Example 15

A uniform smooth rod of mass m and length 2[ rests
partly inside and partly outside a fixed smooth
hemispherical bowl of radius a. The rim of the bowl is
horizontal and one point of the rod is in contact with
the rim. Prove that the inclination 6 of the rod to the
horizontal is given by 2acos 26 =lcos 6. Find the
reaction between the rod and bowl at the rim.

Solution

v

a= (180 - 26) myg
Taking moments about A:
asin (180 - 26)
2 X—ng =mglcos 8
mgl
Rya X 2cos 8 =mglcos 6=>R, =, -

Resolving horizontally:
(=) :Rcos 20 = R,sin 8

mglsin 6
~ 2acos 26

Ry

Resolving vertically:
(M) : Rysin 26 + R,cos 8 = mg

mglsin 6 i mglcos 6
2acos 20 X Sin 26 + =mg

2a
I(sin 20sin 6 + cos 20cos 8) = 2acos 26
2acos 26 = lcos (26-9)

2acos 260 = lcos @

. . mgl
The reaction at the rim, R, = -_- normal to the rod.

Exercises

Exercise: 9A

1. A heavy uniform rod of length 2a rests in
equilibrium against a smooth horizontal peg with
one end of the rod on a rough horizontal floor. If
the height of the peg above the floor is b and
friction is limiting when the rod makes an angle of

30° with the floor, show that the coefﬁ\cfient of
3

a
friction between the floor and the rod is 8b-3a)

2. A uniform ladder of length 6 - 5 m rests with one
end against a smooth vertical wall and the other end
on a rough horizontal ground at a distance of 2 -5
m from the wall. If the ladder is in limiting
equilibrium, find the coefficient of friction between
the ladder and the ground.

3. A uniform ladder of weight W and length [ rests
with its upper end against a smooth vertical wall. Its
lower end rests on a rough horizontal ground, and
the coefficient of friction between the ladder and

1
the ground is 5. The ladder is in limiting

equilibrium. Find the angle the ladder makes with
the horizontal and the reaction at the wall. A man
of weight W climbs the ladder. Find how far up he
can go before the ladder will slip. Find also how far
up the ladder he can go when a load of weight W is
placed on the foot of the ladder.

4. A uniform ladder of length 21 and weight W rests in
a vertical plane with one end against a rough
vertical wall and the other against a rough
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horizontal surface, the angles of friction at each end

1 1 -1 1 .
zand tan” ~; respectively.

being tan ~
(a) 1If the ladder is in limiting equilibrium at either
end, find 8, the inclination of the ladder to

the horizontal.
(b) A man of weight 10 times that of the ladder
begins to ascend it, how far will he climb before

the ladder slips?

5. A non-uniform ladder AB, 10 m long and mass 8
kg lies in limiting equilibrium with its lower end A
resting on a rough horizontal ground and the upper
end B resting against a smooth vertical wall. If the
centre of gravity of the ladder is 3 m from the foot
of the ladder and the ladder makes an angle of 30°
with the horizontal, find the:

(a) Coefficient of friction between the ladder and

the ground.
(b) Reaction at the wall.

. A uniform ladder rests in equilibrium with its top
end against a smooth vertical wall and its base on a
smooth inclined plane. The plane makes an angle o
with the horizontal and the ladder makes an angle 8
with the wall. Prove that tan § = 2tan a.

. A uniform rod of length 2 m and weight 20 N rests
horizontally on smooth supports A and B. A load of
10 N is attached to the rod at a distance of 40 cm
from A. Find the reactions on the supports at A and
B.

. A light inextensible string has one end fixed to a
wall and the other end tied to the top end of a
uniform beam AB of mass 10 kg as shown below.

AR

o

A
If the string makes an angle of 30° with the beam

which is inclined at 60° to the horizontal. Find the
tension in the string and the reaction at 4.

. A uniform rod of length [ rests in a vertical plane
against (and over) a smooth horizontal bar at a
height h, the lower end of the rod being on level
ground. Show that if the rod is on the point of
slipping when its inclination to the horizontal is 8,

the coefficient of friction between the rod and the
I[sin 26sin 6

ground 18 4h - Isin 26cos 8*

10.A uniform rod AB of mass 1 -5 kg and length 4 m

is smoothly hinged at A and has a particle of mass
3 kg attached at B. A light inextensible string is
attached to the rod at C, where AC =2 -5 m and to
D vertically above A, keeps the rod in horizontal
position. If the angle between the rod and the string
1s 30°, find the:

(1) tension in the string.

(il) magnitude and direction of the reaction at the

hinge.

Exercise: 9B

1.

A uniform rod AB of weight W and length 2! is

smoothly hinged to a wall at A. One end of a light

string is tied to the rod at B and the other end is

tied to the wall at C, where C is vertically above A

and AC = 21. The rod is in equilibrium when AB

makes an angle 20 with the downward vertical

(6 < 45°). Determine in terms of W and 6 the:

(1) tension in the string.

(i) magnitude and direction of the reaction at the
hinge.

(ii1) Given that the string BC is elastic with
natural length 2! and modulus of elasticity
1 - 5W, find the value of 6.

A uniform ladder AB rests on a rough horizontal
ground and against a smooth vertical wall. The
ladder stands at an angle a to the horizontal where

3
tan @ = ;. How far up the ladder will a man whose
weight is thrice that of the ladder climb before
equilibrium is broken if the coefficient of friction
1

is 57

A uniform rod AB of mass 6 kg and length 4 m is
freely hinged at A to a vertical wall. The rod is
horizontal and kept in equilibrium by a light
inextensible string CD with D being vertically
above A as shown below.
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D
T
R
0
A A 1B
C
If AB=AD =4 m and AC = 3 m, find the:
(1) tension in the string.
(ii) reaction R and the value of 6.

A uniform ladder of weight W has one end resting
on a smooth vertical wall and the other on a rough
horizontal ground. If the ladder makes an angle a
with the ground, prove that a man of weight W,
will be able to climb up to the top of the ladder
without having it slip, if the coefficient of friction
%Wl +W,
Wi+ W,

is at least ( )cot a.

A uniform ladder of length Za rests in limiting
equilibrium in a vertical plane with its lower end
on a rough horizontal ground and its upper end on
a smooth vertical wall. If the ladder makes an
angle of 30° with the ground and the coefficient of

3
friction is . How far up the ladder can a man

whose weight is four times that of the ladder climb
before it slips.

A uniform rod AB of length 2! and weight W has
one end A on a rough horizontal ground,
coefficient of friction u. The rod is tied to a smooth
peg at P where AP = a(l < a < 2I). If the rod is in
limiting equilibrium inclined at an angle a to the
horizontal and the peg is normal to the rod, prove

Isin acos a
that u =

a-lcos’a

A uniform ladder rests with its lower end on a
rough horizontal ground and the upper end on an
equally rough vertical wall, the angle of friction
being A. If the ladder is in limiting equilibrium at
either end, show that the angle of inclination to the
vertical is 2A.

A non-uniform ladder AB of length 3a has its
centre of mass at G, where AG = 2a.

A a

The ladder rests in limiting equilibrium with
end B against a smooth vertical wall and end 4
resting on a rough horizontal ground as shown

in the diagram above. If the angle AB makes
14
with the horizontal is @, where tana =,

calculate the coefficient of friction between the
ladder and the ground.

A uniform bar AB of weight W and length 4a can
turn freely in a vertical plane about a hinge A. The
bar is supported by a light chain of length 5a, one
end of which is fastened to the bar at C, where
AC = 3a and the other to a point D vertically
above A, where AD = 4a. The bar carries a load of
weight 10W, suspended from B. Find the tension
in the chain and reaction at the hinge.

A uniform rod AB of weight W leans against a
smooth vertical wall at A and rests at B on a
rough ground that slopes downwards at an angle
of 30° to the horizontal.
Given that the coefficient of friction between the
rod and the ground is % and the rod is in limiting
equilibrium, find the:

(1) normal reactions at A and B.

(i1) angle which AB makes with the vertical.

(iii) resultant reaction at B.

Exercise: 9C

1.

A uniform rod AB of mass 10 kg rests with its
lower end A on a rough horizontal floor,
coefficient of friction p. One end of a string is
attached to end B of the rod and the other end is
fixed so that the string is perpendicular to the rod.
If the rod rests in equilibrium at an angle of 30° to
the horizontal, find the:

(i)  tension T in the string.
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(i) normal reaction R and friction force F.

(ii1) least possible value of u for equilibrium to
be possible.

A uniform ladder of length 2a rests in limiting
equilibrium with its lower end on a rough
horizontal ground and its upper end against a
smooth vertical wall. If the ladder makes an angle
of 60° with the ground, find the coefficient of
friction.

A uniform rod AB of length 4 m and mass 5 kg is
freely hinged at A to a wall. It is kept in horizontal

position by means of a force P acting in a direction
making an angle of 30° with BA. Given that the
reaction at A makes an angle a with BA, find the:
(i) wvalue of P.

(i1) reaction at A.

A uniform ladder of length 5 m and weight 45 N
leans against a smooth vertical wall and stands on
a smooth horizontal ground, kept in equilibrium by
an inelastic string of length 4 m attached to the
foot of the ladder and the point of intersection of
the wall and ground. Find the reactions at the wall
and on the ground.

A uniform bar AB of weight 2W and length 5 m is
free to turn about a smooth hinge at its upper end A
, a horizontal force is applied to the end B so that
the bar is in equilibrium with B at a distance 4 m
from the vertical through A. Show that the reaction

2,13
at the hinge is equal to TFW.

A uniform ladder of mass 30 kg and length 8 m

rests against a smooth vertical wall and on a

rough horizontal ground, coefficient of friction
0 - 3. The ladder makes an angle of 40°

with the ground. A man of mass 40 kg carrying a

box of mass 5 kg climbs the ladder. When the

ladder is about to slip:

(1) calculate the normal reaction at the wall.

(i1) show that the man has climbed

approximately 0 - 69 m.

A uniform beam AB of length 21 rests with end 4
in contact with a rough horizontal ground. A point
C on the beam rests against a smooth support. AC

3
is of length 5l with C higher than A and AC makes

an angle of 60° with the horizontal. If the beam is
in limiting equilibrium, find the coefficient of
friction between the beam and the ground.

A uniform beam AB is supported at angle 6 to the
horizontal by a light string attached to end B, and
with end A resting on a rough horizontal ground (

10.

11.

angle of friction A). The beam and the string lie in
the same vertical plane and the beam rests in

limiting equilibrium with the string at right angles
sin 26

to the beam. Prove that tan 1 = ;- —..

A uniform ladder of mass 10 kg and length 4 m
rests with one end on a smooth horizontal floor and
the other end against a smooth vertical wall. The
ladder is kept in equilibrium at an angle tan 1210
the horizontal, by a light horizontal string attached
to the base of the wall, at a point vertically below
the top of the ladder.

A man of mass 100 kg ascends the ladder. If the
string will break when the tension exceeds 490 N,
find how far up the ladder the man can go before
this occurs. What tension must the string be
capable of withstanding if the man is to reach the
top of the ladder?

A non-uniform ladder AB of length 12 m and
mass 30 kg has its centre of gravity at the point
of trisection of its length, nearer to A. The ladder
rests with end 4 on a rough horizontal ground(

1
coefficient of friction ;) and end B against a

1

rough vertical wall (coefficient of friction ¢).

The ladder makes an angle 8 with the horizontal
9

such that tan 6 =, A straight horizontal string

connects A to a point at the base of the wall
vertically below B. A man of mass 90 kg begins
to climb the ladder. How far up the ladder can he
go without causing tension in the string? What
tension must the string be capable of
withstanding if the man is to reach the top of the
ladder safely?

(a) A rod AB, 1 m long has a weight of 20 N at
its centre of gravity which is 60cm from A. It
rests horizontally with A against a rough vertical
wall. A string BC is fastened to the wall at C, 75
cm vertically above A. Find the:

(1) normal reaction and frictional force at A.
If friction is limiting, find the coefficient
of friction.

(ii) tension in the string.

(b) A uniform rod LM of weight W rests with L
on a smooth plane PO of inclination 25° as
shown below.
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M 1. i) Wecos6 (ii)) Wsin6 attan"~ 1 (cot 0) to the
upward vertical (iii)) 41-4°

5
2. (AB 3. (i) 49N (ii)) 35.3344N ;33.7°

1
4. 5. ga from the bottom
25°

3
0 8. - 9. 175W ; 10-92W at 15 - 9° below AB

What force parallel to PO applied at M will keep

LW 8w 3 .
the rod in equilibrium? (Give your answer in 10. (@) 5(48 + 25\5) ’ 5(4\5-'_ 3) (i) 77.9

t fw 10W
erms of W) (ii1) 379(4\5 + 3) at 53 - 1° to the surface or at
. 11° above BA.
Answers to Exercises
Exercise: 9A
5 5o 1 ] Exercise: 9C
1. 2. 55 3. 45°; ;W ; half the way up, that is, Y ) 193 B
1 1. () — N (i) 6125N ; ——N (i)
5L ; all the way
N

4. (a) 39-8° (b) halfway, that is, a distance [ 2. ¢ 3 () 49N ()49 Nat30°t0 4B

from the bottom 4. 30N ;45N 6. (i) 220-5N (i)

3
5. (@ 0-5196 (b)40-74N 7. 18N; 12N 7. % 9. 38m; 5145N 10. 8m; 126N

8. 49N; 129.6418 N at 19.1° to the vertical  10.

11 () (i) 16N; 8N; 5 (i) 20N (b)
(i) 117-6N (ii) 102-9 N at 8 - 2° below AB

0.664W

Exercise: 9B
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10. JOINTED RODS

For jointed rods, we consider the equilibrium of the
system before separation and then the equilibrium of
one of the rods after separation.

10.1 Equilibrium before

seperation
Consider two uniform rods AB and BC of weights W

and W, respectively resting on a rough horizontal

surface and jointed at B.
B

=~
Ty

v v

Wy W,

» By taking moments about A or C one of the
reactions is obtained.

» By resolving vertically the other reaction
force is also obtained.

10.2 Equilibrium after seperation

On separation:
Y

Xx<—— B T—»X

Y
RA
A RC
A
A L
A Fy v F, C
\ 4 1714
Wy 2

The other unknowns are obtained by considering the
equilibrium of one of the rods
(preferably the least congested).

Example 1

Two uniform rods AB, BC of masses 4 kg and 6 kg are
hinged at B and rest in a vertical position on a smooth
floor as shown below. A and C are connected by a
rope.

A 4m 8m C

(a) Find the reactions between the rods and the floor
at A and C when the rope is taut.

(b) If now a body is attached a quarter of the way up
CB and the reactions are equal, find the mass of
the body.

Solution

(@

A I T
Zml 2m “4m
v
4g N 6g N
Taking moments about A:
R, x12=4gx2+6gx8
8x9-8+48%x9:8 686
Rp=—— =715 =45"7333N

Resolving vertically:

686
(T):RA+E=4g+6g

686 784

RA=10X9'8_E=E

>R, =52-2667N
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(b)
R
T I 7
A 2m | 2m m [ 2m [ T ¢
v
4g N 6g N mg
Resolving vertically:
(M:2R=4g+6g+mg
1
R =Eg(10 F M) )

Taking moments about A:
RXx12=4gXx2+6gx8+mgx10
12R = g(56 + 10m)

1
=12 X Eg(lO +m) =g(56 + 10m)

m=1kg

Example 2
Two uniform rods AB,AC each of weight W and
length 10 cm are smoothly hinged at A. The ends B
and C rest on a smooth horizontal plane. An
inextensible string joins B and € and the system is kept
in equilibrium in a vertical plane with the string taut.
Another object of weight ZW climbs the rod AC to a
point E such that AE = 8 cm. Given that (BAC = 26.
Determine in terms of W and 9;

(1) The reaction at ends B and C.

(i) The tension in the string.

Hence show that the reaction at the hinge 4 is given by

w 2
1o/ (49tan 6+4).

Solution

®

Wy

2
3

A

14
20R; = 56W=R;=—W

Resolving vertically:
(M: Rg+R,=W+W+2W

14 6
Ry =4W —?W=>RB =§W
(i1)) On separation
Y
X A . X
5cm ; 61 10
6 Y
G (G
5cm
Br
v
w

Consider equilibrium of rod AB:

Resolving vertically:

6 w
M: Y+ W=cW=Y=—

Taking moments about B:

X X 10cos@ =W x5sin@+Y x 10sin 8
W
10X = (5W + 10 x g)tan 6
7
X=EWtan9

Resolving horizontally:

T=X

7
T = EWtan 0

Reactionat A: R = q/Xz +Y?

7W 92 W2
R, R = (10 tan ) +(5)

v v l

w w 2w
Taking moments about B:
R x 20sin @ =W X 5sin 6 + W X 15sin 8 + 2W X 18sin 0

T w
C _ 2
R=15 /(49tan“6 + 4)

Example 3
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Two uniform rods AB,BC of length 3a,4a and

weights W, 2W respectively are smoothly joined at B.
The rods rest with A and C on a rough horizontal
surface, 5a apart as shown below.

B

3a 4a

A S5a c

If the coefficient of friction at each point of contact is

¢ and one rod is about to slip.

(a) Find the value of p.

(b) Determine the magnitude of the reaction at joint B
and angle it makes with the horizontal.

Solution

(a) B

A }?l 5a i c
174 2W

Taking moments about A:

3
R, X5a=W xiacosa+ 2W x (5a - 2acos B)

3 3 4
5Re=3W X +2W x (5 -2 x5)
R, =1.54W
Resolving vertically:
(M:Ry+R, =W +2W
R,=3W-1-54W=R, = 1.46W

On separation:

X «<—— B —» X

3

Y7 4

2y

146W 3
24 1.54W
2 A
a «— N,
A Fv vF
W 2w

Consider equilibrium of rod AB;
Resolving vertically:
M:Y=1-46W-W
Y =0.46W

Taking moments about A:

3
X X 3asina=Y X 3acosa + W X ;acos a
1
Xtana =Y + ;W
4 1
X =0-46W + ;W=X=0"72W
Resolving horizontally:
(=rF=X
F=0.72W
AtA F A =uR, = (146W) x u=1.46uW

AtC, F.S =uR,= (1.54W) X = 1.54uW

max

Since F m“;X <F m(‘;x, the rod AB is about to slip; hence
atA, F = uR,

px1-46W =0.72W

36
p=>=0-493

(b) Magnitude of reaction at joint B:
R=.X*+Y?
= J(0-72W)? + (0 - 46W)?
= 0.8544W
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A

7]
Y
R

0 Y

tan =Y
0-46W
0-72W

0 =32.6°

Example 4

Two uniform metal bars AB and AC are smoothly
jointed at A in order to make a frame for a tent. B is
joined by a light rope to the midpoint of AC. The bars
rest with B and C on a smooth plane. If the
(BAC = 60° and the bars each are of mass 4 kg and
length 21. Determine the:

(a) reactions at B and C.

(b) tension in the string.

(c) magnitude and direction of the reaction at joint A.

Solution
Rp | R¢
Bix30° 60NC
21
v v
4g N 4g N
(a) Taking moments about B:
R; X 2l=4g X lcos 60 + 4g X 3lcos 60

R;=392N

Resolving vertically:
Rp=8x9.8-39.2=R;=39.2N

(b) On separation:

4g N

Consider equilibrium of rod BA;
Taking moments about B:
X X 2lcos 30 =Y X 2Isin 30 + 4g X Isin 30
X=(Y+2g)tan 30

Resolving horizontally:

(=): X =Tcos 30

Tx£—£(Y+2g)
2 4
T=§Y+§ ......................... (i)

Resolving vertically:

Y+4g="Tsin30 + 39.2

1
Y=-T+39.2-4%x9.8

2
1
=Y = ET .......................... (iii)
From Eqn (ii) and Eqn (iii):
1 2 4
T_EX§T+SX9 8=T=19.6N

From equation (iii):
1
Y = 5% 19.6=Y =98N

From X = Tcos 30

3 49./3
X=19.6x\7f=9.8x\/§=T\fN
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X
(c) D 0
Yvy
Ry

Ry =+X*+Y?
= (‘wf)z+9-82
R,=19-6N
H:tan_l(;)
=tan”" (992:5)
6 =30°
Example 5
B

A/ C

The diagram shows two uniform rods AB and BC of
equal length, smoothly jointed together at B. End A is

]

freely hinged to a rough horizontal surface and C
stands on the same surface coefficient of friction u.
A, B and C all lie in the same vertical plane. AB and
BC have weights 2W and W respectively and
(BAC = 45°. Show that slipping will not occur
provided u=0-6. Find the horizontal and vertical
components of the reaction at B.

Solution

! R,
A5\ [C
F

Taking moments about A:

R; X 4lcos 45 = 2W X Icos 45 + W X 3lcos 45

5

Resolving vertically:
(M:Ry+R=2W+W

Ry=3W--W
R 7W
Y7y

On separation:

Consider equilibrium of rod BC;

Resolving vertically:

5
M):Y = W-w

w

Y=o

Taking moments about C:

X X 2Isin45-Y X 2lcos 45 =W X Ilcos 45

w
2X-2x7=W

3
X=W

Resolving horizontally:
3
F=,Ww

ButF<F for no slipping

max
3 5
W=ux,w
u=0-6

Components of reaction at B;

3
Horizontal component: X = ;W

w
Vertical component: ¥ = -
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Exercises

Exercise: 10A

1.

Uniform rods AB,BC of weights 2W,W and
length 3m and 4 m respectively are smoothly
jointed at B. Rod AB is smoothly hinged on a
rough horizontal surface at A, end C of rod BC is in
limiting equilibrium on this surface when
(ABC =90°. Calculate the:

6)] normal reactions at A and C.

(i1) coefficient of friction at C.
(i)  reactions at A and B.
The diagram shows a step ladder modeled as two

rods OA, AB each of length 21. The angle each rod
makes with the vertical 1s 6.

0 B

The mass of AB is 4m and that of 04 is m. If
the system rests in equilibrium on a rough
horizontal surface;

(a) Show that the magnitudes of the

, 7

normal reactions at O and B are ;mg
13 )

and -, mg respectively.

(b) Find the reaction at A and also show
that the magnitude of the friction force

5
is ymgtan 6.
Two uniform rods AB, AC of weights W,, W, and

of equal length, are smoothly hinged at A and rest
with B, C on a smooth horizontal plane being kept
in equilibrium by an inextensible string BC.

A weight W is suspended from a point in AC at a

3
distance ;AC from A. Prove that the tension in the

string is %(W1 +W,+ %W)tan (%A)

A/ 60° C
7
The diagram shows two identical uniform rods AB
and BC smoothly jointed together at B. End A is
freely hinged to a rough horizontal surface and end
C stands on the same surface, coefficient of friction
u. A, B and C all lie in the same vertical plane. Each
rod is of mass 30 kg and (BAC = 60°. If C is just
on the point of slipping, find the:
(a) reaction at B.
(b)  horizontal and vertical components of the
reaction at A.

(¢) value of u.

Two identical uniform heavy rods, AB and BC are
smoothly jointed together at B and have ends A
and C resting on a rough horizontal ground,
coefficient of friction p.

The points A, B and C lie in the same vertical
plane and (BAC = a. Show that slipping will not

_ 1
occur provided p = ;cot a.

B

o
The diagram shows two identical uniform rods AB
and BC, each of mass 30 kg and lying in the same
vertical plane. The rods are smoothly jointed
together at B and ends A and C rest on a rough
horizontal ground, coefficient of friction p.

3
If (BAC = 6, where tan 6 = 5 and the rods are just

on the point of slipping, find the value of y and
the magnitude of the reaction at B.

Two uniform rods each of length 2a and weight W
are hinged at A. The ends B and C rest on a smooth
horizontal plane. They are joined by an
inextensible string and the system is in equilibrium
in a vertical plane with the string taut. The string is
attached to points B and C. A weight W is
suspended from a point D on AC such that
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AD : DC =4: 1. Given that angle BAC = 2a, find
an expression for the tension in the string. Show

w
that the reaction at the hinge is 7, /(36tan2a +1).

Exercise: 10B

1.

Two uniform rods AB and BC are smoothly hinged
at B, with ends A and C resting on a frictionless
horizontal surface. The rods are kept in
equilibrium in a vertical plane by a light
inextensible string attached to the midpoints of AB
and BC. The weights of AB and BC are 4W and
7W respectively. AB=BC=2m and (ABC =
90°. Find the:
(1) reactions at A and C.

(i1) tension in the string.
(iiil)  reaction at B.

Two uniform rods AB and BC of equal length are
smoothly jointed together at B. The mass of AB is
6 kg and the mass of BC is 8 kg. The end C is
freely hinged to a rough horizontal surface and end
A rests on the same surface. The coefficient of
friction between rod AB and the surface is y. The
points 4, B and C lie in the same vertical plane and
2 BAC = 30°. If AB is in limiting equilibrium, find
the:

(i)  horizontal and vertical components of the

reaction at C.
(i1)  reaction at B.
(ii1)  value of .

A pair of stairs can be regarded as a pair of
uniform rods AB and BC of weight 2W and W
respectively and of the same length 2a, are freely
jointed at B. They stand in a vertical plane with
their feet A and C on a smooth horizontal floor and
joined by a light inextensible string of length 4b, a
man of weight W climbs halfway up AB.

Find in terms of W the reactions at A and C, and
the horizontal and vertical components of the
reactions at the hinge and its resultant and
direction. Find also the tension in the string in
terms of «, the angle AB makes with the vertical.

Two uniform rods AB and BC are of the same
length and have masses 3m and m respectively.
They are smoothly jointed at B and stand in a
vertical plane with A and C on a rough horizontal
plane. The coefficient of friction between the rods

2
and plane is 3. Equilibrium is about to be broken
by one of the rods slipping on the plane. Find:

(a) which rod will slip first and the angle each
rod makes with the plane.

(b) the reaction at the hinge B in magnitude and
direction.

A pair of steps can be modeled as a uniform rod
AB, of mass 24 kg and length 2 m, freely hinged
at A to a uniform rod AC of mass 6 kg and length
2 m. The midpoints of the rods are joined by a
light inextensible string. The rods rest in a vertical
plane on a smooth horizontal ground, with each
rod inclined to the horizontal at an angle 6 =

-1(5 . . . .
tan ™1 (Z)' Find the tension in the string and the

horizontal and vertical components of the force
acting on AB at A.

6. Two uniform ladders each of weight W and length

2b are smoothly hinged at their upper ends and
stand on a smooth horizontal plane. A weight W is
hung on one of the ladders at a distance d, from its
lower end and the ladders are prevented from

slipping by means of a rope of length 2a

attached to their lower ends. Prove that the
.. L aW(2b + d)

tension in the string is given by T = ————.
4b(4b? - a?)?

Two equal uniform rods AB, BC smoothly jointed
at B are in equilibrium with the end C resting on a
rough horizontal plane and end A freely pivoted at
a point above the plane.

Prove that if a and £ are the inclinations of CB and
BA to the horizontal, and BC is in limiting
2

equilibrium then p= where p is the

tan f + 3tana
coefficient of friction between BC and the plane.
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Answers to exercises

Exercise: 10A

. 49 26 . 9 \/109
1.(0) =W ; =zw (i) 5 (i) —Ww

13
at 69 - 8° to the horizontal; gW at
3.2° to the horizontal 2.(a) (b) %mg

[(25tan’9 +9) at tan~!(Gcotd) to the

horizontal 3. 4, (a) 493N
horizontally (b) 493N ; 294N

© ¥ s 6 L omN 7.

3
T = than a

Exercise: 10B

M Swo; Zw iy Sw
(iii) 5-551W at 7-8° to horizontal
(i) 59-41N ; 73-5N (i)
59-611N at 4-7° to horizontal (iii)
0-9326

5 3 1274
Ry=3W ; Re=7W ; X= Py ;Y=

w W |a® + 3b* _
oo RB_7 2! at tan

the horizontal ; T=W\tfana 4. (a)
5

Jun
N
Q
N
|
o
Y
~——
-
(@)

Rod BC ; 45° (b) mg at 26-6° to
the horizontal 5. 117-6 N ;
117-6N ; 44-1N 6. 7.
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11. PROJECTILES

In projectile motion, the horizontal and vertical motion
of a projectile can be considered separately. When this
is done each kind of motion is linear and equations of
linear motion can be applied.

11.1 Horizontal projection
This is when the initial direction of motion of the

projectile is horizontal. Consider a particle projected
horizontally with initial speed u m's ™ 1

1

puUmMS

If after time t, particle passes through a point P(x,y):
Fromv=u+ at

v,=u,+ata, =0

. . . 2, 2
The speed of the particle at time t is v = [V, + V).

The direction a of the particle at time t, is obtained

from the velocity of the particle.

Uy

A 4

1
Frorn$=ut+5at2
12
Sy=ut+sa,t5,a,=0,u,=u
x=ut

1 .2
sy=ut +3a,t°u,=0,a,=g

1
y =5gt*

Example 1

A and B are two points on level ground. A vertical
tower of height 4h has its base at A and a vertical
tower of height h has its base at B. When a stone is
thrown horizontally with speed v from the top of the
taller tower towards the smaller tower, it lands at a

3
point P where AP =;AB. When a stone is thrown

horizontally with speed u from the top of the smaller
tower towards the taller tower, it also lands at the point
P. Show that 3u = 2v.

Solution
LetAB=r
v
4h u
h
A 3 P 1 B
4 4

From taller tower:
Fromx =u,t

3 _ _ 3r

= vt1=>t1 =

1 2
Fromy =gt
19 1 3r\2
4h = Egt1=>4h = Eg(ﬂ)

128R1% = 9T e )

From smaller tower:
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From x =u,t
1 r
T Eut=t, =4

1 2
From y =59t
gr’
32u?

1 2

Dividing equation (ii) by equation (i)
u2 1 2 2
m = 53911, =4v

3u=2v

11.2  Projection from level ground
Consider a particle projected at an angle 6 with initial
speed u:

P(x,y)

A4 B
0« R >

If the particle passes through a point P(x,y) after time t.
Fromv=u+ at
v, = U, =ucosf

vy, = uy+ ayt, a,=-9g

v, = usin 6-gt

The vertical component of velocity reduces with time
and becomes zero at point A (maximum height) and
then increases in the downward direction. Since the
vertical component of velocity is zero at A, the motion
of the particle is said to be horizontal.

Hence at 4, v, =0
0 = usin 6-gt

usin 6

g

This is the time taken to reach the maximum height.

The speed of the particle after time, tis v =/ V,ZC + sz,.

The direction of the particle is the angle between the
horizontal and velocity of the particle. The angle is

above the horizontal when the particle is ascending and
below the horizontal when the particle is descending.

Ascent Descent
vx
P v
v
y
Uy
v a_
vx
V. V.
a:tan_l(;y) ﬁztan_l(*)
1 2
From s = ut + Zat
12
Sy=u,t+3a,t5,a,=0
X = (UCOS Ot v )

1 2
S =uyt+5ayt , U

y =usin 6, a,=-g

y

y = (usin 6)t - %gt2 .................... (i)

11.2.1 Equation of trajectory
This is the equation of the path taken by a projectile.

From equation (i): x = (ucos )t=>t =,

Substituting in equation (if)

y = (usin 8) X ﬁ - %g(uczs 9)2

gx*

2u”cos?0

y=xtan 0 -

t 9 gxzseczf)
=xtantv —-——>—
y 22

gxz(l + tanZG)
2

y =xtan 0 - o

11.2.2 Maximum height (H)
At maximum height v, = 0=usin 6-gt = 0

usin 6

g

>t =

1
From y = (usin 8)t - Egt2

H in o x using 1 (usin 9)2
= usin — ==
us g 29 g
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u%sin6

29

Alternatively; from v? =u® + 2as

2 _ 2 — =
v, =u,-2gy, wheny =H,v, =0
0 = (usin 9)2—2gH

u%sin6

29

11.2.3 Time of Flight (T)

This is the time taken by a particle to return to the level
of projection.

1
From y = (usin 8)t - Egt2
When the particle returns to the level of projection,
y=0

1

Therefore O = (usin 0)t - Egt2

2usin
9

Hence time of flight, T =

Either t=0o0rt=
2usin 6
g

11.2.4 Range (R)

This is the horizontal displacement covered by a
particle to return to the level of projection.

From x = (usin 0)t

2usin 6
Whenx =R, t=T = 7
2usin 6
R = (ucos ) X J
u®sin 26
T g

For any speed of projection, the range R, varies with
the angle of projection. The maximum range, R_ ., =

max ~
(uZSin 2e)max uZ

7 =5 X (sin26) 5,

but (sin 20) ... = 1 when 26 = 90°=60 = 45°

2
u

hence R, = '

Note: If a particle is projected with a certain initial
speed, there are always two possible angles of
projection for which it hits the plane at the same
horizontal displacement from the point of
projection. In particular if the projection is on
level ground, then the two angles of projection

for a given range are complimentary. That is, if
the angles are a and £ then a + § = 90°.
Verification:

u®sin 20

R
From R = =26 = sin " ! (:‘Z)

Let sin~ ! (i—f) = ¢, then 20 = p, 180 — b

1 1 1 1
KX 9—E¢,90—E(I):>a—§¢, ,3—90—5(1)

Hence a + = 90°.

Example 2
A particle is projected with velocity of 40 ms ™ Latan
angle of 60° to the horizontal. Find the maximum
height and range of the particle.
Solution
u=40ms" ', =60
u’sin’0

29

_ 40%(sin 60)°

H= 2x9-8

H=61-224m
_uzsin29

T g

40%sin 120
9.8

R=141-392m

Example 3

(a) Derive an equation of path of a particle projected
from origin O at an angle « to the horizontal
with initial speed um s~ L

(b) A particle projected from a point O on a
horizontal ground moves freely under gravity and
hits the ground at A. Taking O as the origin, the
equation of trajectory of the particle is 60y = 20
\Bx - xz, where x and y are measured in metres.
Determine the:

(i) initial speed and angle of projection.

(i1) distance OA. (Takegas1lOms~ 2)
Solution
(a) See introduction.
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(b) P(x,y)

0 A
3 2
() 60y =20\3x—xtsy="Tx- 5
gxz(l + tan20)
From y = xtan 6 - T

Comparing coefficients:
3
tan 8 = g:@ =30°

g(l + tanze) 1

2u? — 60
1
(1+;)
2u? — 60
-1
u=20ms

(i) Along OA,y =0
60 x 0 =x(20+/3 - x)
Either x = 0 or x = 20~/3
Hence AB = 20~/3 m

Example 4
A football player projects a ball at a speed of 8ms ™
at an angle of 30° with the ground. The ball strikes the
ground at a point which is level with the point of
projection. After impact with the ground, the ball
bounces and the horizontal component of velocity
remains the same but the vertical component is
reversed in direction and halved in magnitude. The
player running after the ball kicks it again at a point
which is a horizontal distance of 1 m from the point
where it bounced, so that the ball continues in the same
direction. Find the:

(a) horizontal distance between the points of
projection and the point at which the ball strikes
the ground.

(b) (i) time interval between the ball striking the
ground and the player kicking it again.

(ii) height of the ball above the ground when it is
kicked again. (Takeg=10ms" 2)
Solution

1

30° 6
0 R

(a) From y = (usin )t - %gt2
AtA,y=0

. 1 9
0 = (usin 0)t - ;gt

. 2usin 6
Eithert=0ort =

. _ _ 2usin 6

S t=1T = g

From x = (ucos 6)t

Whenx =R, t=T

2usin 6 u%sin 26

R =ucos 8 x

g g
8%sin 60
=10
R=5-5426m
. 2usin@ 2 x 8sin 30
® 0 T=r=m
T=0-8s
v, = ucos 6
= 8cos 30
vx:4\5ms_1
v, = usin 6-gt
=8sin30-10x 0-8
_ -1
vy——4ms

On bouncing from ground:
v;=vx:4ﬁms_1

1

v}',=2ms_
X
2
9 | -
4/3
2
tan9=ﬁ
6=16-1°

v'=\/W
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=7-211ms™ "
Fromx =u,t
= (8cos 30)t

1=4+/3t

£=0-1443s
(i1) Fromy=vjl,1:—%g1:2
h=2x0-1443 -3 x 10 X 0 - 1443
h=0-1845m

11.3  Projection from a height
above level ground

11.3.1 Projection at an angle below the
horizontal

Consider a particle projected from a height h, above
level ground at an angle 8 below the horizontal.

If the particle passes through a point P(x,y) after time t:
Fromv=u+ at
v, = U, =ucos o
vy=uy+ayt,ay=g

v, =usin 6 + gt

The speed of the particle after time t is v =, /1732( + vi.

The direction of the particle at this time:

v}’ - V)’
tana:;:a'=tan 1 o
X

X,

1 2
From s = ut + ;at
1.2
x=ut+sza,t,a,=0
x = (ucos 9)t
1
y= uyt + antz, a,=g

y = (usin 0)t + %gt2

11.3.2 Projection at an angle above the
horizontal

Consider a particle projected from a height h, above

level ground at an angle 8 above the horizontal.

Vertical motion goes above the level of projection and
then below the level of projection. The sign of g
depends on the initial direction of motion. If the initial
direction is upwards, we use a =— g and if the initial
direction is downwards, we use a = g. Positive vertical
displacements are those above the level of projection,
zero the at level of projection and negative below the
level of projection.

If the particle passes through a point P(x, y) after time #:

Fromv=u+ at
v, = U, =ucosf
v, =u,~gt
v, = usin 6-gt
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Speed of particle; v = ,/U)ZC + 1732,.

Direction of the particle:

Ascent Descent
vx
v 7 >
v
y
Uy
a > v
vx

Uy Uy

tana =— tanf =—

vx vx

v v

- y - y
Sa=tan 1|— =[ =tan H=
Ux Ux

1 2
From s = ut + Jat

1
X=u,t+ Eaxtz, a,=0
x = (ucos 9)t

1.2
y=uyt+5a tha,=-g

1
vy = (usin )t - Qgt2

From equation (i): x = (ucos 0)t=>t =5

Substituting in equation (ii)

. x 1 X \2

y= (usm 0) X ucos @ Zg(ucos 9)
tang -2
=xtant - — -
y 2u?cos®0
gxzseczﬁ

y =xtan 6 - >

gx2(1 + tanze)

y =xtan 0 - o
2 2
gx (1 + tan 9)
Note: —h=xtanf -——————
2u
Example 5

A particle is projected with a speed of 10\/5 ms™?
from the top of a cliff 50 m high. The particle hits the
sea at a distance of 100 m from the vertical through
the point of projection. Show that there are two
possible  directions of projection which are
perpendicular. Determine the time taken from the point
of projection in each case.

Solution

|«——— 100m >|
gxz(l + tanze)

From y = xtan 0 — 5

2u
_ g X 100%(1 + tan?6)
-50=100tan @ - T G0
10000g(1 + tan?9)
-50=100tan @ - 2x2009

-2=4tan 6-(1 + tan29)

tan6 - 4tan6-1=0

(tanf-2)*=5

tanf =2+ \E
If the angles are 6, and 6, then; tan 6, =2 + V5 and
tan 6, =2 -+/5

The directions of projection are perpendicular if
tanf; X tan 6, =-1

From tan 6, X tan 6, = 2+ \E)(Z - \ﬁ)
=4-5=-1
Hence the two directions are perpendicular.
When tan 6, =2 + \5
0,=76-7°
Fromx =u,t
100 = (104/2 X 9 8cos 76 - 7)t,
t;=9-8313s
When tan 8, = 2 —+/5
6,=-13-3°
= 13 - 3° below the horizontal
Fromx =u,t
100 = (104/2 X 9 8cos 13- 3)t,
t,=2-3209s

Note: Angle between directions of projection
can also be obtained from,
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0,- 6,=76-7°--13-3°=90°

Example 6
A point O is directly above point A of a horizontal
plane. A particle P is projected from O with a speed of

-1/(3 . .
5v at an angle cos ! (g) above the horizontal and hits
8v°
the plane at point B at a distance 5 from A.

64"
(1) Show that the height of O above A is 71].

(ii) Find the distance of P from O when it is directly
on level with it.

- A second particle is now projected with a
speed of 24w from O at an angle a above the
horizontal and also hits the plane at B. Find the
equation involving v, w and a.

- Given that the value of a is 45°, find w in
terms of v and show that the other value occurs
such that 7tan’a-6tan a-1 = 0.

Solution

gx*

2u’cos?0

4817\
480° 4 gx (7)

9 73 axon?x ()

From y = xtan 6 -

64v°  128v° 64v*

-h=—- >h=—+
g g g
.. u®sin 26
(ii) R= g
R 2% (517)2 X sin fcos 6
- g
5002 4 3 2407

R= g XgXg= 7

24w

[e—— 48v* >
gxzsecza
From y = xtan a — o
- 64v*  48v° 48v° 2 sec’a
= tana - g X 5
9 9 9 2 X (24w)
2v%sec?a
2= 48tan o + 64
vPsecia = 4W2(6tan a+8)
When a = 45°
20 = 4w?(6 + 8)
2
2_Y
W =178

Substituting for WZ;
2

vPsecla = 4 x %(6tan a+8)
7(1+ tanza) =6tana + 8
7tan’a-6tan a-1 = 0

Example 7

Two equal particles are projected at the same instant
from points A and B on horizontal ground, the first
from A with speed u at an angle of elevation a and the
second from B with speed v at an angle of elevation S.
They collide directly when they are moving

horizontally in opposite directions. Find v in terms of
u’sin asin (a + B)

u, « and B, and show that AB =

gsin 8
Solution
U v
H
G
0 i< e £ > B
1 1
2Ra 25
u’sin®a stinzﬁ
H=——==
g g
_ usin a
V= in B
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u®sin 2a

R, =
A g
R.— v?sin 2B _ usina\p  sin2f _
B™ g 7 \sinp g
2u’sin?acos B
gsin 8

1
AB =5(R,+ Rp)

1(uzsin 2a

2u’sin?acos B)
2

g gsin

u’sin a(sin Bcos a + cos Bsin a)

- g \ sin B
u’sin asin (a+p)
AB=""gmp
Example 8
(a) A particle is projected vertically upwards from a

(b)

point O with speed 3v. After it has travelled a

. 2 . .
distance <x above O, on its upward motion, a

second particle is projected vertically upwards
from the same point with the same initial speed.

2
Given that the particles collide at a height <x
above O, x and v being constant, show that:
(1) at maximum height H, 812 =9 gH.
(il) when the particles collide 9x = 20H.

A stone projected at an angle « to the horizontal
with speed, ums ! just clears a vertical wall 4
m high and 10 m from the point of projection
when travelling horizontally. Find the angle of
projection.

Solution

(@

(i) (i) At maximum height, v, = 0

From v =u-gt

4 3
0= gv—g(gtl)
8v

1.2
From s = ut - ;gt

4 3 8v 1 3
H=§UX(§X%)—EgX(§X
8v?
H=5,
812 =9gH

(iii) For 1% particle:
16v

8v
99

)2

2 .
and s=<cx when the particles

4m

9
collide
4 16v 1 [16v\y
s =30 % 55~ 20(5,)
2 64v° 1280
5X = 274 T 8lg
81gx = 1601
2 2 9gH
From 8v" = 9gH=v" = —~
9gH
Hence 81gx = 160 X
9x = 20H
(b)
u
a
10 m

A particle travels horizontally when v, = 0, that is,

at maximum height.

H=4mand,R=10m=>R=20m

u’sin’a
29

From H =

u’sin’a

4= 29

u’sin’a = 8G i ()

u’sin 2a
g

From R =

u%sin 2a

20= g

10g = u%Sin @COS @ coveoeeeeee..

Dividing equation (i) by equation (if)

8
tana =75
a=38-7°

Example 9

The horizontal and vertical components of the initial
velocity of a particle projected from point O on a

horizontal plane are p and q respectively.
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(a) Express the vertical distance y, travelled in terms
of horizontal distance x, and the components p
and q.

(b) Find the greatest height H, attained and range R,
on the horizontal plane through 0. Hence show

4Hx(R -

that y = x;2 x). Given that the particle passes
through the point (20,80) and H = 100 m, find

the velocity of projection.

Solution
A
Yy — axis
u y
=100 m
6 A A
0 > N ™ m——
20m X - axis 20m
ux = pa uy = q
1 2
(a) Fromy =u,t -3gt
1.2
Y=qt =59t i )
From x =u,t
X =Pl e (i)

(b) At maximum height, v, = 0
Fromv, =u,-gt

)

v, = q-gt=0 =q-gt=>t =—

Q

From equation (i)
H=qx5-39()"
q*
H= 2g e (iii)
Whenx=R,y=0
From equation (i)

1 2q
R
0=qt th >t g

From equation (if)

2
R=px§

2pq ,
R= 7 ................................... (lU)

X
From equation (ii) t = >

Substituting for t in equation (i)

Squaring Eqn (iv) and dividing by Eqn (ii)

Hence from equation (v)
4Hx gx2 8H
=% "2 % Rg
4Hx(R - x)
The particle passes through (20,80) and H = 100 m
4% 100 x 20(R - 20)
80=— "
R
R*-100R + 2000 =0
(R -50)*=50%-2000
R= 504105
Either R =72.36 m or R = 27.64 m
Since R > 40 m=R =72.36 m

2
q

From equation (iii) : 100 =

2x98
=>q =44.272

o 2p x 44272

From equation (iv) : 72.36 = — 55—
=p =8.0088

Speed of projection:
u=./8.00887 + 44.272° =449 m s~ !
Angle of projection:

_q 44272 _ .
Fromtan 8 = 5=>tan 0= mz}ﬂ =79.7

Example 10

(a) A particle is projected from a point O with initial
velocity 3i + 4j. Find in vector ~ form the
position vector of the particle at any time ¢.

(b) A particle P is projected from a point A with an
initial velocity of 60 ms™ Latan angle of 30° to
the horizontal. At the same instant a particle Q is
projected in opposite direction with an initial
speed of 50 m s~ ! from a point at the same level
with 4 and 100 m from A. Given that the particles
collide, find the:

(i)  angle of projection of Q.
(i) time when the collision occurs.

Solution
(@) u=@i+4)ms?
x=u,t
x =3t
1 2
y=u,t-;gt
1 2
=4t-5%9-8t
= 4t-4 - 9t*
r(t)=xi+yj
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r(t) = 3ti + (4t-4 - 9t%)j
(b)  up=60ms”',0=30° andu,=50ms""

60ms”~

X —»<4+—(100- x)—-»

For P:
x = (60cos 30)t
PN C1NE) [ )
= (60sin 30)¢ - 5gt>
Y =30t = 39t% oo (i)
For Q:
(100-x) = (50c0s @)t ..ovvvernininnn (iiD)
y = (50sin a)t - %gt2 ............... (iv)

(i) From equation (ii) and equation (iv):

1 1
(50sin a)t - Egt2 =30t - Egt2

3
50sin a = 30=sina = T

5
3
a
4
a=36.9°
(i1) From equation (i) and equation (iii):

100 - 30+/3t = (50 cos a)t
100 = (30y3 + 50 x ;)¢

t=1-0874s

Example 11

(a) A particle is projected at an angle of elevation 30°
with a speed of 21 m s~ 1. If the point of
projection is 5 m above the horizontal ground find
the horizontal distance that the particle travels
before striking the ground.

(b) A boy throws a ball at an initial speed of
40ms ™ 'atan angle of elevation a. Show that
the times of flight corresponding to a horizontal
range of 80 m are positive roots of the equation
T*-64T% 4+ 256 = 0. (Take g = 10 m s~ %)

Solution

(a) 21ms_1

1 2
Fromy =u,t -39t
1
- 5= (21sin 30)t -5 x 10t
21
—Et—l =0
21 2 21 21 29
(c-5)*-Go)?-1=0mt=5%5

. 21 29 2 21 29
Either =50-0="sort=5+5,=3

21
-5 ="t-5t*=t°

5
Hencet =35
x=u,t
5
x=(21cos30) Xx;=45-466m

) u=40ms }g=10ms % R=80m

2usin a
T g
2 X 40sin a A T
= 10 =>Sina = 8
8 T
a
\J64 - T*
u%sin 2a
T g
40% x 2sinacosa 1 .
80 =——"7"—"">=;=sinacosa
10 4
1 T 64 -T2
18X 8
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16% = (T\/64 - T?)*=256 = T*(64 - T?)

T*-64T% + 256 =0

Example 12

A boy throws a stone at a vertical wall a distance d
away. Given that R is the maximum range on the
horizontal through the point of projection that can be
attained by the speed of projection, show that:

(a) the height above the point of projection of highest

R*-d?
point on that wall that he can hit  is ( R )

_1 (R
(b) in this case the angle of projection is tan 1 (E)-

Solution
u
h
0
d
uZ
R= ;:u =4/Rg
From x =u,t
d = (UCOS O)t v )
1 2
Fromy =u,t-;gt
. 1 2 .
y = (usin )t - 5gt" i, (i)

From equation (i) t =5

Substituting in equation (ii)

, d 1. [ d \,
Yy =usin 6 x ucos @ Zg(ucos 9)

gdz(l + tanze)
2

y=dtan 6 -

Butu=+/Rg,y=nh

d*(1 + tan?0)
~h=dtan - ——p—

2u

R
dh
Forh ..;24=0
dh d*
= dsec6 - ﬁ(ZseCZGtan 6)

- dsec?§(1 - gtan 6) = 0

d R
1—§tan9=0=>tan9=g

a%+ R?
Ripax = 2R
R?-d?
hmax = ( 2R )
Example 13

A stone is thrown from a height of 1:-5m above a
level ground with a speed of 10 m's ! and hits a bottle
standing on a wall 4 m high and 5 m away.

(i) Show that if a is the angle of projection of the
stone then tan®a — 4tan a + 3 = 0.

(i) The horizontal component of the stones velocity
has to be at least 6ms™ " for the bottle to be
knocked off. By solving the above equation, or
otherwise, show that a has to be 45° for the bottle
to be knocked off.

(1) If a is 45°, find the direction in which the stone is
moving when it hits the bottle.

(iv) If the bottle has a velocity of 3ms ! after being
struck find where it hits the ground. (Use g = 10

m 5_2)
Solution
10ms~!
25m
1.5 m 1.5m
5m
(i) After time t:
X =(10C0S @)t weeevreerrerreeeeeenn (D
y = (10sin a)t - %gt2 .................. (i)

From equation (i): t = 10cos a

Substituting in equation (if)

10si x 1 x 2
y=10sina X {5~ Eg(wcos a)

gxz(l + tanza)
y =xtana - 20

Whenx=5m,y=2.5m
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(i)

(iii)

@iv)

10 x 52(1 + tanza)

25 =5tana - 200

5
2.5=>5tana - 1(1 + tanza)
Stan’a-20tana + 15=0
tana - 4tana + 3 = 0
tan’a - 4tana + 3 = 0
(tana-2)°-4+3=0
tana=2+1
Eithertana =2=>a=63-4°ortana =1
=>a = 45°

When a = 63 - 4°;

v,=u,=10c0os 63-4=4-472ms"
When a = 45°;
vx:ux:1000545=5\/§ms_1

=7.071ms

Hence for the bottle to be knocked off a = 45°

. . . -1
since in this case u, =6 ms

vx=ux=5\ﬁms_1
From x = u,t
When x =5m
2
5= (10cos 45)t=>t = gs
vy, =u,-gt
v, = 10sin 45-10¢

2
=v, =512 -10 x£=
2
Hence it will be moving horizontally

3ms”!

4 m

Wall

1 2
Fromy =gt

1
4=5x10t*>t=0-8944s

From x = ut

d=3x%x0-8944=2-68m

Exercises

Exercise: 11A

1.

A stone is thrown horizontally with speed u from
the edge of a vertical cliff of height h. The stone
hits the ground at a point which is a distance d
horizontally from the base of the cliff. Show that 2
hu? = gdz.

(a) A particle is projected with speed u at an angle

of elevation 8 from O on level
ground. Show that the equation of its
trajectory is
gxz(l + tanZB)
y =xtan @ - >
(b) A particle 1is projected with speed

10./gms" ! from a point O on the ground at
an elevation 6. If the particle must clear a
vertical tower of height 40 m and at a
horizontal distance 40 m from O, prove that
2<tanf < 3.

A particle is projected with a speed of 28 m s~ Lat

4
an angle 6 to the horizontal where tan 6 = 3. Find

the:
(1)  speed and direction of motion after 2 s.

(i1))  horizontal and vertical distance travelled in
this time.

A particle is projected from a level ground towards
a vertical pole 4 m high and 30 m away from the
point of projection. It just clears the pole in one
second, find:

(a) its initial speed and angle of projection.

(b) the distance beyond the pole where the
particle will fall.

A particle is projected from a point 0,24 -5m
above a horizontal plane. After 5 seconds it hits
the plane at a point whose horizontal distance from
0 is 100 m. Find the horizontal and vertical
components of the initial velocity of the particle
and the greatest height reached above the plane.

If the horizontal range of a particle projected with
velocity u is R, show that the maximum height H

attained is given by the equation 16gH 2_gu?
H+ gR*=0.
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7.

8.

10.

11.

12.

(a) A stone thrown at an angle 6 to the horizontal

takes T seconds  in its flight and moves R

metres on the horizontal range, show that 2ZRtan 6

=gT 2,

(b) If the stone in (a) above is now thrown from
a point O with an initial speed of 30 ms~ 1
so as to pass through a point 40 m from O
horizontally and 10 m above O. Show that
there are two possible angles of projection for
which this is possible. If these angles are 64

and 6,, show that tan (6, + 8,) + 4= 0.
(Take g =10m s~ 2).

A particle P, projected from a point A on

horizontal ground, moves freely under gravity and

hits the ground again at B. Taking A as the origin,

AB as the x — axis and the upward vertical at A as

the y — axis, the equation of path of Pis y = x — %,

where x and y are measured in metres. Calculate

the:

(i) distance AB.

(i1) greatest height above AB attained by P.

(iii) magnitude and direction of the velocity of P
at A.

(iv) time taken by P to reach B from A.

A ball is projected from a point A and falls at a
point B which is in level with A and at a distance
of 160 m from A. The greatest height attained by
the ball is 40 m. Find the:

(a) angle and speed at which the ball is
projected.
(b) time taken for the ball to attain its greatest

height. [Useg=10ms"~ 2]

A particle is projected from a point O on
horizontal ground with an initial velocity whose
horizontal and vertical components are 3u and
Sums ! respectively. Find the equation of the
trajectory of the particle. Given that it just clears
an obstacle 5 m high and 9 m from O, find the
value of u and the distance from O of the point
at which the particle strikes the ground.

A ball is projected from a horizontal ground and

has an initial velocity of 20 ms Latan angle of
7

elevation tan ~ ! (ﬁ). When the ball is travelling

horizontally, it strikes a vertical wall. How high
above the ground does the impact occur?

A stone is thrown from the top of a vertical cliff,
100 m above sea level. The initial velocity of

the stone is 13 m s~ ' at an angle of elevation of

~1(5 . .
tan (ﬁ) Find the time taken for the stone to

reach the sea and its horizontal distance from the
cliff at that time. (Take g =10 m s~ 2)

Exercise: 11B

1.

A particle projected from point A with speed u at

an angle a to the horizontal hits the horizontal

plane through A at B. Show that if the particle is to

be projected from A with the same angle of

elevation to the horizontal so as to hit a target at a

height h above B, the speed of projection must be
u’sin a

1 —
(uzsinza - Egh)z

A particle that is projected from a point on level
ground and attains a maximum height H, just
clears two vertical walls each of height h. Prove

that the time taken by the particle to fly between
B(H - h)

9

the walls is

A particle is projected upwards with a speed of

20ms™ ' at an angle 6 to the horizontal from a

point h metres above a horizontal plane. The

particle takes t seconds to hit the plane.

(i) Show that t is a positive root of the equation
5t*-20tsin §-h = 0.

(i1) Given that the particle is moving horizontally
after 1 second and the total time of flight is
3 seconds, calculate the value of 8 and show
that h = 15 m.

(ii1) Determine the horizontal distance
travelled and the greatest height
attained by the particle above the
horizontal plane.

(iv) Show that the angle at which the

2
particle strikes the plane is tan ™ ! (ﬁ)
(Take g = 10ms'2)

(a) A particle is projected with a speed of
24/70ms 'at an angle of elevation 6. The
particle just clears a wall 5 m high and 20 m away
from the point of  projection. Find the possible
values of 6.

(b) A particle is projected from the top of a cliff
H metres above the ground at an angle «
above the horizontal. If the particle hits the
horizontal plane through the bottom of the
cliff, at a distance D from the base of the
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5. A nparticle is

cliff. Show that the maximum height attained
by the particle above the ground is given by
4H(H + Dtan @) + D*tan’a

4(H + Dtan a)

projected with a speed of
2+/ghms™! at an angle a to the horizontal. If it
clears a vertical pole of height h which is at a
horizontal distance 2h from the point of projection
prove that 1 < tan a < 3.

A particle is projected from a point O on a level
ground at an elevation a, and while still rising it
passes through a point P with speed v in a

direction £ to the horizontal. Prove that the time it
. . vsin(a-p)
takes to reach point P is “geosa

(a) A particle is fired with a velocity of 35 m s~ !

from the edge of a vertical cliff of height 20 m and
hits the sea at a distance 50 m from the foot of the

cliff. Show that the two possible angles of
projection are perpendicular and  find the
angles.

(b) Two points P and Q on a horizontal ground are
30 m apart. A ball is thrown from P with a
velocity of 20 m s~ at 30° to PQ. A second
ball is thrown from Q at 60° to QP at the same
time. Find the speed of projection of the
second ball if they collide. Also find the time
taken for the collision to occur.

A boy of height 1 -5 m throws a ball at 20 m s~ !

from the level of his head to land at a point which

is 25 m from his feet, on a level ground. Find the:

(i) two possible angles of projection.

(i1) velocity of the ball as it passes through a
point 1 m above the ground if he used the
smaller angle of projection.

Two particles P and @ are projected
simultaneously from a point O with the same speed
but at different angles of elevation and they both
pass through a point € which is at a horizontal
distance 2h from O and at a height h above the
level of O. The particle P is projected at an angle

tan "' 2 above the horizontal. Show that:
10gh
(1) the speed of projection is Tg.

1 (4
(i) Q is projected at an angle tan ! (g) to the
horizontal.

(iii) the time interval between the times of arrival
] ) [12h
of the two particles at C is (3 - \E) (@)

10.

11.

Two particles are projected at the same instant
from points A and B at the same level, the first
from A towards B with a velocity u at 45° above
AB towards B and a second from B towards 4 at
60° above BA with speed v. If the particles
collide when each reaches its maximum height
find the ratio v*:u® and given that AB =aq,

prove that u’ = ga(3 - \B)

Two particles A and B are projected
simultaneously, 4 from the top of a vertical cliff
and B from the base. Particle A is projected
horizontally with speed 3ums ! and B is
projected at an angle 8 above the horizontal with
speed Sums” ! The height of the cliff is 56 m
and the particles collide after 2 seconds. Find
the vertical and horizontal distances from the
point of collision to the base of the cliff and the
values of u and 6.

Exercise: 11C

1.

3.

4.

Initially a particle is at an origin O and is projected

with a velocity of aim s~ 1 After ¢ seconds, the
particle is at a point with position vector
(30i-10j) m. Find the values of t and a.

A stone is thrown with an initial velocity of

(24i+10j) m s ! from the edge of a vertical
cliff. The stone hits the sea at a point level with the
base of the cliff and at a distance of 72 m from it.
Find the:

(i)  time for which the stone is in air.

(i)  height of the cliff.
(iii)) maximum height reached by the stone.
(iv)  velocity with which the stone hits the sea.

(a) A particle is projected from the top of a cliff

87 - 5 m high. It takes 5 s to hit the ground. If

it covers a horizontal distance of 120 m, calculate

the speed and direction of projection.

(b) A particle is projected vertically upwards from
ground level with a speed of ums~! and
clears the top of a pole H metres high in ts
and returns to the top of the pole after %t S.

Show that:
() 12u’®=25gH.

.. 1
(i1)  the speed at the top of the pole is cu.

A particle is projected from the origin and has an
initial velocity of (7i + 5j) ms ™~ '. Given that the
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particle passes through the point P, position vector
(xi-30j) m, find the time taken for this to occur
and the value of x. (Take g =10m s~ 2)

5. A particle projected from origin O with initial
velocity ui + vj passes through points A and B
with  position vectors 20(i+j) and 25i
respectively. Find the values of u and v. Show that
a particle projected from O with velocity vi + uj
also passes through B. (Useg=10ms" 2)

6. (a) Initially a particle is projected with a velocity
20 -1 . . .. 10
( 0 ) ms - from a point with position vector (90)
m. Find the distance of the particle from the origin
after 4 seconds.
(b) A footballer kicks a ball with a velocity of

- _1/(5
52ms” ! at an angle tan 1(5) to the

horizontal. Determine the:

(i)  time for which the ball is at least 12 m
above the ground level.

(il)) maximum height and time taken to
reach it.

7. Two particles A and B are projected
simultaneously under gravity, A from O on
horizontal ground and B from a point 40 m
vertically above 0. B is projected horizontally with
speed 28ms” L. If the particles hit the ground
simultaneously at the same time; determine the:

(a) time taken for B to reach the ground and
horizontal distance travelled.

(b) magnitude and direction of the velocity with
which A is projected. Show that just before
hitting the ground, the direction of the motion
of A and B differ by approximately 18 - 4°.

8. A particle is projected from a point A with speed
4
ums~!atan angle 6, where cos 6 = ¢. The point

B, on horizontal ground, is vertically below A and
AB =45 m. After projection, the particle moves
freely under gravity passing through point C, 30 m
above the ground and lands at point D, as shown in
the diagram below.

B D

Given that the particle passes through C with
speed 24-5ms" ! find the:

(a) value of speed u.

(b) direction of the particle at C.

(c) distance BD.

9. The aim of a game is to throw a ball B from a point
A to hit a target T which is placed at the top of a
vertical pole as shown in the diagram below.

1 T

< 10 m >
The point 4 is 1 m above the horizontal ground and
the height of pole is 2 m. If the ball hits the pole at
C, where the pole is at a horizontal distance of 10 m
from A and the ball is projected from A with a

speedof 11ms"™ Latan angle of 30°.
(@) (i) Calculate the time taken by B to move

from A to C.
(i1)  Find the distance CT.

(b) The ball is thrown again from A with the
speed of projection of B increasing to
vms ™! and the angle of elevation remaining
30°. Given that B hits T, calculate the value
of v.

10. A particle is fired with speed u at an angle 6 to the
horizontal at a height h, above the horizontal
ground. It takes a time T, to reach the horizontal
ground. Prove that

Page 125



1

usin 6 2gh \s5

T= 1i(1+ 292)2
g u“sin“@

Answers to exercises
Exercise: 11A

1. 2. (@ (b)3. (i) 17-032ms 1;9-5° above
horizontal (ii) 33:-6m;25-2m

4. (a) 31-292ms™ ' ; 16-5° to the horizontal
(b) 24-42m

5. 20ms ' 19-6ms ! 44-1m

8. () 40m (i) 10m (iii) 20ms ™! at45°
to horizontal (iv) Zﬁ S

9. (a) 45°; 40ms™? (b) 2+/2 seconds

5 49x2

=20 . 9. -1, .
10. y=3x oo 2:-1ms ; 13-5m 11.

1-6m 12. 5s; 60m

Exercise: 11B
1. 2. 3. () (i) 30° (iii) 30v/3m; 20m (iv)
4. (a) 40.6° ; 63-4° 7.(a) 10.9° below
horizontal; 79.1° above horizontal (b)

11-547ms *;1.299s 8. (i) 15.0° ; 71-5°

(i) 2024ms” ! at 17-4° below
horizontal 9. (i) (i)  (iii)

10. 2:3 11. 364m ; 42m ; 7ms *; 53.1°
Exercise: 11C

1. 2;21 2. () 3s (i) 14-1m (i)

19:-2m (above the sea level) ; (iv)

(24i-19-4j)ms ™!

3. (@ 25ms” 1. 16 3° above horizontal (b)
@ (D)

4, 3s; 21m 5.5; 25

6. (@ 90-744m (b) () 2-62s (i1)

20:4m ; 2-04s

7. (a) ?s . 80m (b)) 14/5ms 'at

26+ 6° to the horizontal

8. (@ 17-5ms™ ! (b) 55-2° below

horizontal (¢) 60 m

0. (@ (@G 1-05s (i) 0-626m (b)

11-699ms~ ' 10
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12. IMPULSE AND MOMENTUM

12.1 The impulse of a force
When a constant force F acts for a time t, then the
impulse of the force is defined as the vector quantity F
t. Units of impulse are (N s).

When a variable force F acts from time t; to time ¢,
then the impulse of the force is defined as J EZF dt.
1

Example 1

A particle moving under the action of a force F = i-3

tzj + 2tk at time t, find the impulse given to the
particle in the interval 1 <t < 4.
Solution

Impulse = fiZth
1

= [1(i-3¢% + 2¢k)dt

= [ti - £ + t°K]]

= (4i-64j + 16k)-(i-j + k)

= 3i-63j + 15k
Suppose that at time ¢, a particle of mass m is moving
with velocity v, under the action of a force F, let I, be
the impulse given to the particle by F in the time
interval t; <t < t,. Whether F is variable or constant,
I=/2Fat.

1

d(mv) .
From Newton’s second law; F = —;— where muv is the

momentum of the particle.

t.d(mv)
I=[72=0— xdt
1
t
I=[mv],;

I=(mv), ty~ (mv),, ty

Hence Impulse = change in momentum

Example 2

A stone of mass 2 kg is falling at a speed of 18 m s~ 1

when it hits the ground. If the stone is brought to rest
by the impact, find the impulse exerted by the ground.
Solution

Impulse, I = Change in momentum

[=2%x18=36Ns

Example 3

A ball of mass mkg is moving with a velocity of
(5i-3j) ms" 1 When it receives an impulse of
(-2i-4j) Ns. Immediately after the impulse is
applied, the ball’s new velocity is

Bi+4)ms™ ! Find the values of A and m.

Solution
Impulse = Change in momentum
- 2i-4j = m[(3i + 4))-(5i-3j)]
- 2i-4j =m[-2i + (1 + 3)j]
i: -2m=-2=>m=1
j: —4=m(1+3)
-4=1A1+3)=21=-7
Example 4

Two equal particles each of mass m, are placed close
together and are attached to the ends of an inextensible
string of length a and are on a horizontal plane. If one
particle is projected vertically upwards with a velocity
\2gh where h > a,

1
(a) show that the other particle will rise a distance 3

(h - a) before coming to rest,

(b) determine the loss in kinetic energy when the
string becomes taut if a=20m,h=54m and
m=4-8kg.

Solution

(a) B

¢— Q ——p1I

A

From v? =2 + 2as
v? = (\2gh)*-2ga
v=4+/2g9(h-a)
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Let v, be the velocity of the system due to jerking of

the string as a result of impulsive tension in the string.
Impulse, I = Change in momentum

ForB: I=m29(h-a)-mvq....... Q)

Ford: [I=mvq i (i)

From Eqn (i) and Eqn (ii)
mv, =my29(h-a) - mv,
1
vy = 29(h =)
From v* = u® - 2gs

When A reaches greatest height, v, = 0

0= % x 2g(h-a)-2gs
s=4(h-a)

(b) Loss in kinetic energy due to jerking

= ;m(2g(h - @))? -
[2 X %m X G«/Zg(h - a))z]

=mg(h-a) - %mg(h—a)
= %mg (h-a)

=% 4-8x9-8(54-20)
=799 68]

12.2 Momentum

Momentum of a body is a product of its mass and
velocity. If a body of mass m kg moves with a velocity
v then its momentum is mv.

12.2.1 Conservation of momentum
Consider a body of mass m; moving with velocity 1,

colliding with a body of mass m, moving with velocity
u,. If after collision their velocities are v; and v,
respectively.

—> Uy —> Uy
—> —>

If the collision lasts tseconds, from Newton’s 2
law;
my(vy - w,)
Fy=—"%—
Fp= mZ(VZt_ 2
Where t is the time taken during collision.
From Newton’s third law; F, =- F4

my(v, = Uy -my(vy - uy)

t t

myuq + myu, = myvq + myv,
Momentum before impact = Momentum after impact.

Note:
» In any collision, momentum is conserved.
» In an elastic collision both momentum and
kinetic energy are conserved.
» Momentum is a vector quantity.

Example 5

A particle of mass 2 kg moving with speed 10 m s~
collides with a stationary particle of mass 7 kg.
Immediately after impact the particles move with the
same speed but in opposite directions. Find the loss in
kinetic energy during collision.

Solution
-1

By conservation of momentum:

1

2X10=-2Xv+7Xv

v=4ms
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1
Kinetic energy before collision =3 X 2 X 104 =100 ]

Kinetic energy after collision

1 2, 1 2
ZEXZX4 +§><7><4 =72]

Loss in kinetic energy = 100-72 = 28]

Example 6

A Dball of mass 0 -2 kg strikes a wall when moving
horizontally at 12 m s™! If the ball rebounds
horizontally at 8 m s_l, find the impulse exerted by
the wall.

Solution

Impulse exerted by wall = Loss in momentum

I =m(u-v)
=0-2(12--8)
=4Ns

Example 7

A bullet of mass 0 - 03 kg is fired into a block of wood
at a speed of 400 m s~ 1 1f the bullet is brought to rest
in 0-02 s, find the average resistance exerted by the
wood.
Solution
Let F be the average resistance exerted by the wood.
Ft =m(u-v)
Fx0-02=0-03(400-0)
F=600N

Example 8

A particle of mass 0 - 5 kg is moving with velocity u
= 6i-7j when it is given an impulse I =3i + 11j.
Find the new velocity of the particle.

Solution

Impulse = Change in momentum

m(v-u) =1

0 - 5[v-(6i-7j)] = 3i + 11
v = (6i-7j) + (6i + 22j)
v=(12i + 15)) ms~*

Example 9

A stone of mass 5 kg is dropped from a height of 10 m
above a horizontal ground. Find the impulse exerted by
the ground on the stone if it:

(i) comes to rest without rebounding.

(ii) raises to a maximum height of 0-1m after
impact.
Solution
(i) From v’ =+2gh
v=4/2%X9-8x%x10
=14ms”*
I =m(u-v)
= 5(14-0)
=70Ns
(i) wv;=14ms ' v,=7?
From v* = uz—Zgh
0=v2-2x9-8x0-1
v,=1-4ms !
I'=m(vy-vy)
=5(14--1-4)
=77Ns
Example 10
A pile-driver of mass 1500 kg falls from a height of
1-6m and strikes a pile of mass 500 kg. After the
blow the pile and driver move on together. If the pile is
driven a distance of 03 m into the ground, find the

speed at which the pile starts to move into the ground
and the average resistance of the ground to penetration.

Solution
I

1-6m

|

Fromv2=u2+2gh,u=0

v=~2X9-8X1-6=5-6ms !

Let v; be the Initial speed of pile into ground, by

conservation of momentum:
1500 x 5+ 6 = (1500 + 500)v,

v1=4-2ms_1

From v2=u2+2as
0=4-2>4+2xax0-3

a=-29-4ms 2
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2000g-R = 2000 X —29 -4
R =2000(29-4+9-8)

R=78400N
Example 11 T "
Particles P and Q of masses 1 kg and 2 kg respectively a' *
are connected by a light inextensible string which 1 ums- ! + a'
passes over a smooth light pulley. The system is ums
released from rest with the string taut and the hanging
parts vertical. After 4-5s, P picks up a stationary l
particle of mass 3 kg. Find the velocity of the system 4g N 2g N
immediately after impact and the further time which
elapses before the system first comes to instantaneous Let u be the immediate velocity after impact;
gf:; ltt'ttion By conservation of momentum during impact:

(I1x14-74+2%x14-7)=4Xu+2Xu
u=7-35ms !

For combined mass:

a + p| 1kg 2kg |Q + a 2g-T' = 20" (iv)
l l Adding equation (iii) and equation (iv)
gN 29N -2g=6a
1 -2
For 1 kg mass: @ =73gms
T-g=1xa Fromv=u+at
1
T-9=Q oo ) v=7-35-3gt,butv=20
For 2 kg mass: _ 7-35x3
= 98
29-T = 2@ oo, (i)
. . . . . t = 2 ’ 25 S
Adding equation (i) and equation (ii):
1
g=3a=a=3g
Exercises

Fromv=u+at,u=0
1
v=3%X9:8x4-53v=14-7ms "'

When P picks a mass of 3 kg:

Exercise: 12A
1.

A particle of mass 3 kg is moving with a speed of
6ms~ ! when it receives an impulse of magnitude
24 N s. Find the speed of the particle immediately
after the impulse and the change in kinetic energy
of the particle if the direction of impulse and
original direction of motion are:

(a) the same.

(b)  oppose.
(c) perpendicular.
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2. A car of mass 12tonnes is moving along a

straight level track at 14 ms~ 1 collides with
another car of mass 8 tonnes moving in the same
direction at 4 m s~ L. After collision, the vehicles
move on together. Find their common speed.

A pile-driver of mass 1200 kg falls freely from a
height of 3 - 6 m and strikes without rebounding a
pile of mass 800 kg. The blow drives the pile a
distance of 0-36 m into the ground. Find the
average resistance of the ground and the time for
which the pile is in motion.

A particle A of mass 5 kg is connected to a particle
B of mass 2 kg by means of a light inextensible
string which passes over a smooth fixed pulley.
The system is released from rest with both parts of
the string taut and vertical. After 3 - 5 s particle A
hits the ground without rebounding. Assuming that
particle B does not hit the pulley, find the further
time which elapses before the string is again taut.
Find the speed with which 4 leaves the ground.

A particle of mass m; moving with velocity u4
collides head-on with a particle of mass m,
moving with velocity u,. If the particles form a

composite particle on collision, find the speed of
this particle. Show that the collision leads to a loss

. . . 1 mm, 2

in kinetic energy equal to E(m) (u1 + uz) .

A bullet of mass 200 g is fired into a fixed block
of wood with a velocity of 300 ms" 1 and is
brought to rest in 2 s. Find the resistance exerted
by the wood and the distance it penetrates.

Two particles A and B of masses 2m and 3m
respectively are attached to the ends of a light
inextensible string of length ¢ and are placed close
together on a horizontal table. The particle A4 is

projected vertically upwards with speed /(69¢).
(1) Show that, at the instant immediately after
the string tightens B is moving with

velocity gx/ (go).

(i) State the impulse of the tension in the
string.

(ii1) Find the height to which A rises above the
table before it comes to instantaneous rest.

(iv) Calculate the loss in kinetic energy due to
tightening of the string.

Two particles of masses 4 kg and 3 kg are lying on
a smooth horizontal table and are connected by a
slack string. The first particle is projected along the
table with a velocity of 21 m s~ ! in a direction

10.

away from the second particle. Find the velocity of
each particle after the string has become taut and
also find the difference between the kinetic
energies of the system when the string is slack and
when it is taut. If the second particle is attached to
a third particle of unknown mass by another slack
string, and if the velocity of the system after both
strings have become taut is 8 ms~ 1, find the
magnitude of the unknown mass.

A particle of mass 2 kg, initially moving with
constant velocity (3i + 11j) m s~ 1, has a constant
force (5i+ 2j) N applied to it for 3 s. Find the
magnitude of the impulse and speed of the
particle after 3 seconds.

A bullet of mass 50g fired horizontally at

500ms ! passes through a wooden block of
thickness 0 - 05 m. The bullet leaves the block at

50m s~ If the block offers uniform resistance,
calculate the:
(a) time taken by the bullet to pass through the

block.
(b) resistance of the block.
(c) loss in kinetic energy of the bullet.

Exercise: 12B

1.

A particle P of mass 4 kg is connected to a particle
Q of mass 3 kg by means of a light inextensible
string which passes over a smooth fixed pulley.
The system is released from rest with both strings
taut and vertical. After 3 - 5 seconds particle P hits
the ground without rebounding. If particle @ does
not hit the pulley find the:

(a) further time which elapses before the string is

again taut.

(b) speed with which P leaves the ground.

A force F = (4 + tz)i + 2tj acts on a particle of

mass 0 - 5 kg from time t = 0 to t = 2 s. Find the:
(a) power developed when t = 1 second.

(b) impulse of the force during the interval t = 0
tot=2s.

P and Q are two particles of mass 4 kg and 8 kg
respectively lying in contact on a smooth
horizontal table, and connected by a string 3 m
long. Q is 7 m from the smooth edge of the table
and is connected by a taut string passing over the
edge to a particle R of mass 4 kg hanging freely. If
the system is released from rest, find the:

(a) speed with which P begins to move.
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(b) new acceleration of the system after P is in
motion.

(c) tensions in the strings when they are both
taut.

A particle of mass 0-4kg is moving so that its

position vector r metres at time t is given by r =

(t* + 4t)i + (3t - )]

(a) Calculate the speed of the particle when
t=3.

(b) When t = 3, the particle is given an impulse
(8i-12j) N's. Determine the velocity of the
particle immediately after impulse.

A hammer of mass 6kg moving vertically
downwards with a speed of 36 kmh ™ 1 strikes the
top of a stationary vertical post of mass 4 kg
without rebounding. If the two move together for
1 second before coming to rest, find the average
resistance to motion.

The net force acting on a particle of mass 10 kg
increases uniformly from 56 N to 84 N in the first
5seconds of its motion. During the next 10
seconds it remains constant at 84 N and decreases
uniformly to O N in the last 5 seconds. Find the
velocity acquired by the particle at the end of the
20 seconds given it was initially at rest.

A bullet of mass 50 g, moving horizontally, strikes

a stationary target at 486 ms ! and becomes

embedded in it. The target is on a smooth

horizontal surface and is of mass 4 kg. Calculate

the:

(1) speed at which the target and embedded
bullet move.

(i1) impulse imparted to the target by the bullet.

(iii) kinetic energy lost in the impact.

A pile driver of mass 6 tonnes falls from a height
of 4 metres onto a pile of mass 2 tonnes. If the
average resistance of the ground is 2 X 103 kN,
find the distance in meters the pile penetrates.

Two particles P and Q, having masses 3m and m
respectively are connected by a light inelastic
string and are free to move on a smooth horizontal
table. P is initially at rest and Q is projected with
speed u in the direction PQ. The diagram below
shows the system just before the string is taut. Find
the speed of the particles when the string first
becomes taut, the impulse and the loss in kinetic
energy due to the impact.

10. A brick of mass 2 kg falls freely from rest down a
well. After falling 98 m from rest, it strikes the
surface of water. It then continues to descend

1 - o
through the water accelerating at ;g m's 2 until it

reaches the bottom of the well, 37 - 5 m below the
surface of the water. Given that the impulse of the
water on the brick would completely destroy the
momentum of a body of mass 0 -5 kg which has
fallen 32 m from rest. Calculate the:
(a) time the brick takes from rest to the bottom
of the well.
(b) momentum of the brick when it reaches the
bottom of the well.

Answers to exercises

Exercise: 12A
1.(a) 14ms~!;240Jgain (b) 2ms %;
48] loss (c) 10ms™'; 96] gain

1
2.10ms™' 3. 90160N ; =s 4. 3s;

4-2ms71 5. () 6. 30N; 300m
1 2
. .. 12 33 A
7. (i) (i) migc (i)  zc  (iv)
12 -1
=mgc 8. 12ms " ;378] ; 3-5kg
9. 16-155Ns ; 17-5ms~ ! 10. (a)
1:82x10"*s (b) 123750N  (c)
6187-5]

Exercise: 12B

1. (@) 1s (b) 2-1ms”' 2.
(@) 47w (b) (Si+4j)Ns

3.  (a) 3.32ms " (b)
2-45ms”° (c) PQ9-8N ;
QR:29 - 4N

4. (a) 26ms " (b)  (30i - 54f)
ms ! 5. 158 N 6.
140ms~ !
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7 () 6ms” (ii) 24N's
(iii) 5832] 8. 0-0918 m

9. %u ’ %mu ; gmuz 10. (a)

5-4s (b) 81-4kgms !
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13. WORK, ENERGY AND POWER

13.1 Work done by a constant

force
If a constant force F moves through a distance s, in the
direction of the force then the work done W = F X s.

—>F \ > F

.
¢ s >

Consider the force acting at an angle 8 to the direction

of s.
: /F |
e ! /(HVF
:< S >

Work done = (Fcos 8) X s
W =F X scos 0
W = Fes

Hence work done is a dot product of force and
displacement. A force acting normal to the direction of
motion does no work.

Example 1

A force of magnitude 20 N acting in the direction of 3i
-4j, moves a particle from A(-1,5) to B(7,10).
Calculate the work done by the force.
Solution__

AB = (7i + 10j)-(-i+ 5j) =8i+ 5j

F = |F|F = 20 x 5(3i-4j) = 12i-16j

W = FeAB
= (12i-16j)+(8i + 5j)
=12x8+ -16X5=16]

13.1.1 Work done against a force

If a force acts in a direction opposite to that in
which displacement is covered, then work is
done against such a force.

Work done against a force = magnitude of
force x distance moved in opposite direction.

13.1.2 Work done against gravity
When a body of mass m kg ascends a vertical distance
h, the work done against gravity, W = mgh.

13.1.3 Work done against friction

If an object moves along a rough surface it does work
against friction.

Work done against friction = F X s.

F- magnitude of friction force.
s- distance moved in opposite direction.

13.2 Energy

This is the measure of a body’s capacity to do work.

13.2.1 Kinetic energy (K. E)

This is the energy possessed by a body by virtue of its
motion. Consider a constant force F acting on a body
of mass m, initially at rest on a smooth horizontal
surface and after moving a distance s along the surface
it has a speed v.

Work done on body = F X s

From vr =u? + 2as, u=0

mv? 1 2
Work done on the body = X s=;mv

This is the kinetic energy of a body of mass m moving

with velocity v.

13.2.2 Potential Energy (P. E)

This is the energy possessed by a body by virtue of its
position. When a body of mass m kg is raised through
a vertical distance h, the work done on the body is
mgh. This is stored as the potential energy of the body.
Hence potential energy = mgh.

Principle of conservation of energy:

If a body moves without doing work against friction
and gravity is the only external force affecting motion
of the body, the sum of the body’s kinetic energy and
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potential energy is constant. This is called the
mechanical energy of the body.

Mechanical energy = K.E + P.E

Example 2

A particle of mass 2 kg is projected vertically with a

speed of 10 ms ! Using the principle of conservation
of energy, find its speed after it has moved a vertical
distance of 4 metres downwards.

Solution

Loss in P.E = gain in K.E

mgh = %m(v2 - uz)

v=Ju?+ 2gh

v=,102+2x9-8x4=13-36ms !

Example 3
A mass is suspended from a fixed point O by an elastic
string of natural length a, and when the mass is

5
hanging freely, the length of the string is za.

(a) Show by the principle of conservation of energy,
that if the mass is allowed to fall from rest at O the
maximum length of the string in the subsequent
motion is 3a.

(b) Find the speed with which the mass is moving
when it is a distance 2a from O.

(¢) Determine the acceleration of the mass when the
string is at its maximum length.

Solution

(@)

mg

In equilibrium: T = mg

From Hooke’s law

Ax 5 2 I
T—IO, x=za-a=3a ly=a

’16‘1) 2

T=a_3

2,1 = mg:j = %rng

.

4—J} -
<
I
o

3

g

By conservation of energy:
Loss in potential energy = Elastic P.E stored
A
mg(a+x) =5,
3 x*
mg(a+x) =;mg X5
4a(x +a) = 3x*

4 4
3x% - 4ax = 4a’=x* - Zax = §a2

2\ 2\p 4 o 2 4
(x—3a) —(3a) +3a =>x—3ai3a

2 4 2 2 4
Either x =3a-3a=-zaorx=3a+3
a=2a

L x=2a

Hencel ... =a+ 2a=3a

max
(b) Loss in potential energy and kinetic energy =
Elastic potential energy stored

1 2
mg(2a-a) + Em(u2 - vz) = 2%
1 2 3 a
mga+§m(2ag—v ) =,mg X3

v:%«/lOag
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(¢) _ u=0

3a AT

mg-T' = mx

Ax .-
mg -, =mx

3 (Ba-a) .
mg-;mg X —_— =mx
X=-2g=-2x9-8=-19-6ms 2
x= 19-6ms_2upwards.

Example 4

Point A is at the bottom of a rough plane which is

inclined at an angle 6 to the horizontal. A body of mass

m is projected from A, along and up along a line of

greatest slope. The coefficient of friction between the

body and the plane is y. The body comes to rest at a

point B, a distance x from A. Show that the:

(a) work done against friction when the body
moves from A to B and back to 4 is given by
2umgxcos 9.

(b) initial speed of the body is
\J2gx(sin 6 + pcos ).

(© body returns to A  with  speed
\29x(sin 6 — pcos 6).

(d) Are there any circumstances under which the
body will not return to A?

Solution

A7
mgsin 0

mgcos 6

(a) Resolving normal to plane
R =mgcos 0
From F = uR=F = umgcos 6
Work done against friction is moving from A
to B and back is:
W = (umgcos ) X 2x
W = 2umgxcos 0
(b) Let uy be the initial speed of the body.

Loss in Kinetic energy = Work done against
friction and gravity from A to B.

Em(ui - 0) =pumgcos 8 X x + mgsin 6 X x

u, =+/2gx(sin 6 + pcos )
¢) Let v, be the speed with which the body returns
() A p y
to A.

Loss in Kinetic energy from A to B and back to
A = Total work done against friction.

1
Em(ui - vi) = 2umgxcos 6

ui—vi =4ugxcos 6

vfl = 2gx(sin 8 + ucos 0) — 4ugxcos 6

v, =+/29x(sin 6 — ucos 6)

(d) At the instant when the body reach B, vy = 0
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Resolving normal to plane: R = mgcos 0

The body remains at B if F,, = mgsin 8, F

max — max

= uR
umgcos 8 = mgsin 0=y > tan 0

Hence the body will not return to A if u > tan 6, the
body remains at rest at B.

13.3 Work-Energy theorem
It states that the work done by the resultant force acting
on a body is equal to the change in kinetic energy of
the body.
Proof:
Consider a body of mass m acted on by a
resultant force F, initially moving with
velocity u and attains a final velocity v through
a distance s. Work done by resultant force,
W=F Xs.
But F =ma

W=mXas

2 2
From v* =u” + 2as
vz—uz
2s

a=

2 2

4 u

W=ms X —_
1 2 1 2 . . .
W =-mv” - smu” = Change in kinetic energy

Example 5

When t = 0 a body of mass 5 kg is at rest at a point 4,
position vector (3i + 7j + 2k) m. The body is then
subjected to a constant force F = (10i + 15j-5k) N
causing it to accelerate and 2 seconds later, the body
passes through the point B. Find:

(a) The acceleration of the body in vector form.

(b) The velocity of the body as it passes through B

(©) The kinetic energy of the body when ¢t =2

seconds.
(d AB
(e) The position vector of point B.

) FeAB , the work done by the force in these
first 2 seconds and verify that this equals the
change in kinetic energy of the body in
travelling from A to B.

Solution:

() m=5kgr(0)=Bi+7j+2k)m,F=
(10i + 15j-5k) N

From F = ma
S5a = 10i + 15j-5k
a=(2i+3j-k)ms 2
(b) vp=v,+at,v;=0
vy = (2i + 3j-k) X 2 = (4i + 6j-2k) ms !

. . 1 2 1
() Kinetic energy = ;mv” = ;mvev

o 1
Kinetic energy at B = ;mvpgevyg

X 5 X (4i + 6j-2k)s(4i + 6j-2k)

5
5(16+ 36+4)=140]
1
(d) From s = ut + Eatz, u=0
1 )
AB:EX (2i+3j-k) x 2

=AB = (4i + 6j-2k) m
(e) rg=7,+ AB
= (3i + 7j + 2k) + (4i + 6j-2k)
= (7i+13j) m

()  FeAB = (10i + 15j-5k)+(4i + 6j-2k)
=40+90 + 10 = 140]

= Change in kinetic energy from A4 to B.

13.4 POWER

Power is the rate at which work is done.
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Work done
Time taken

Power =

13.4.1 Pump raising water and
ejecting water

When a pump is used in raising and also ejecting water

at a certain speed, the total work done is the potential

energy and kinetic energy given to the water each

second.

The density of water, p = 1000 kg m ™~ 3,

@) Pump raising water:

When a pump raises water of mass m kg through a

vertical distance h, in a time t, the power developed by
. mgh
the pump is P = ——.

(ii) Pump ejecting water:

If the pump is used in ejecting m kg of water from an

horizontal pipe at a velocity u in time t, the power

12
;mu

developed by pump is given by P =

: -

(iii) Pump raising and ejecting water:

If the pump is used in raising m kg of water

through a vertical height h in time t and ejects

it at a speed u, the power developed by pump
1.2

L mgh 2mu
is given by =+

Example 6

In each minute a pump draws 2 - 4 m?® of water from a
well 5 m below ground and issues it at ground level
through a pipe of cross-sectional area 50 cm?. Find
the:

(a) speed at which water leaves the pipe.

(b) rate at which the pump is working. If in fact
the pump is only 75% efficient, find the rate at
which it must work.

Solution
V=2-4m}
m=2-4x1000= 2400 kg
h=5m

A=50cm®=5x10"3m?

!
= A X ; = Au, where u is the Speed

(a)

N o<

-4 _3
T:5X10 u

-1
u=8ms
1 2
mu mgh
t t
1 2400 2 2400x9-8x%x5

_ZX 60>< 60

®) P=

= 3240 W
P=3-24kW
Let P' be the rate at which the pump must
work
75% of P'=P

75
me =324

P =4-32kW

13.4.2 Vehicles in motion

Consider a vehicle being driven along a road by a
forward force F applied by the engine. Suppose the
engine is working at a constant rate of P watts, then;

P = Work done per second

Distance

r = Work done
Time taken

Time taken

This implies that P = F X v

P
Hence F = gives the tractive force offered by the

engine. If the velocity changes with time, the tractive
force also changes if the engine is assumed to work at
a constant rate.
The power of a moving vehicle is supplied by its
engine. The tractive force of an engine is the pushing
force it exerts.

To solve problems involving moving vehicles:
1. Draw a clear force diagram.
Note: ‘Non-gravitational resistance’ means
“frictional force’.
2. Resolve perpendicular to the direction of motion.
3. If the velocity is;

(a) constant (vehicle moving with steady speed),
then resolve forces parallel to the direction of
motion (Newton’s first law.)

(b) not constant (vehicle accelerating), then find
the resultant force acting and write down the
equation of motion in the direction of motion.

4. Use, Power = Tractive force X Speed
Note: At maximum speed, the acceleration is zero.
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Common situations:
The following are some common cases which arise in
problems;
1. Vehicles on the level:

(a) Moving with steady speed v

N
A

v
w

Resolve (T): N=W
Resolve (=): F=R
Power: P = Fv
(b) Moving  with  acceleration a  and
instantaneous speed v
a

—php——

N
A

v
w

Resolve (T): N=W

Resolve (=): F-R =ma

Power: P = Fv

Note that if the vehicle is retarding R > F, then a will
be in the opposite direction.

Example 7

A car of mass m develops a constant power A while
moving along a level road against a resistance which is
directly proportional to the car’s velocity at any time.

Given that the maximum velocity is a prove that its

. . Aa+p)(a-B
acceleration at a lower speed £ is ((17(0().

m/?az
Solution
a
R
R
A
A
F > D=-—
< v
v
mg

Fxv=>F =kv

yi
-—kv=ma

v

Atv =a,a=0

2 2

L~ ka=0=k= ]

At a lower speed S:

A B Ma® - B7)

B~ ? =ma=>ma = e
Ala + B)(a-B)

a=——>7—"—

mBa2

2. Vehicle on a slope of inclination 0:
(a) Moving with steady speed v
(i)  Up the slope

Resolving normal to plane:
N =W-cos 6
Resolving along plane:
F=R+ Wsin6
Power: P = Fv

(ii) Down the slope

N R

0 w

Resolving normal to plane:
N =Wcos 8
Resolving along plane:
R=F+ Wsin6
Power: P = Fv
(b) Moving with acceleration a and instantaneous

speed v

(1) Up the slope
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Resolving normal to plane:
N =Wcos 6
Equation of motion along the plane:
F-(R + Wsin 8) = ma
Power: P = Fv

(i1) Down the slope

w

Resolving normal to plane:

N =Wcos 6
Equation of motion along the plane:
(F+Wsinf8) -R=ma
Power: P = Fv

Example 8

A car of mass 1-2tonnes is travelling along a

straight, horizontal road at a constant speed of

120kmh ™! against a resistance of 600 N. Calculate

in kW, the effective power being exerted. Given that

the resistance is proportional to the square of the

velocity. Calculate also the:

(i) power required to go down a hill of 1 in 30 (along
the slope) at a steady speed of 120 km h ™ !

(i) acceleration of the car up this hill with the engine
working at 20 kW at the instant when the speed is
80kmh™",

Solution
P
F=600N —
1000
v=120kmh ™' = (120 X g55gg) ms
100
—3 M

P 600=P = 600v

-=

100
P=600x—5-=20000W
P =20kW

If F < v*=F = kvz, F- resistance, k- constant

100 -1
When F=600N,v=—"ms
100 27
=600 =k x (5) =k =5
27
oo F =%‘U2
() R
P
b=3 00
Sy v= T ms
1200gsin g }200gcos 6

1
9=sin_1(%)

(D +1200gsin ) =F

P 127 100\,
oo+ 1200 %98 % 35 = 55 % (5

(3) 50 3

P=6933; W

(i)

200

1
0 =sin ! (%)

T (1200gsin 6 + F) = 1200a
20 x 10° 1 27 (200,
W—1200x9-8x%—%x(7) 1200a
5)
a=0-201ms °
Example 9

A locomotive of mass 20 000 kg is connected to
carriages of total mass 130 000 kg by means of
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17 500

coupling. The train climbs a straight truck inclined at +— =150 000a
1

sin~ ! (ﬁ) to the horizontal with the engine of the 7 .,

locomotive working at 350 kW. The non-gravitational —a= 180 ™S

resistances opposing this motion are constant and total
2000 N for the locomotive and 8000 N for the (b) From equation (ii):

carriages. Given that at a particular instant the train is 7
moving at 15 m s~ ', calculate the: T =14 500 + 130 000 X ——
(a) driving force produced by the engine of the 180
. T=19555-56N
locomotive. ]
(b) acceleration of the train. () For 1;)50(? ;El(? tive: 1
(c) tension in the coupling between the locomotive v (T +20000 X 10 X 555 + 2000)
and the carriages. =20000a....cccccuurnns (iii)
(d) Show that the greatest steady speed that the train For carriages:
can .a.chiev.e up thiﬁ 1incline un.der the. give.n T (130 000 X 10 X % + 8000)
conditions is 20 m s . If the train sustains this —130000q......... . (iv)

speed for 2km, measured along the track,

calculate the work done by the engine of the Adding equation (iif) and equation (iv):

locomotive in covering this distance. (Use 350 000
) —-17 500 =150 000a
g=10ms ) v
Solution 350000
R At v .. ;s a=0> — -17500 =0=>
1 350 000 .
b=—f Vmax = 20 m's
_1 350 000
Atv,=20ms "~ F=—;
. : =>F=17500N
130000gsing. . ¥ 20 000gcos 4 W =F x s=W = 17 500 x 2000
\ 20000g N SW=3-5x107]
9 130 000g N~130 000gcos 6
] Example 10
0 =sin ! (ﬁ) ; F{,=2000N; F,=8000N A car of mass M kg has an engine which works at a
constant rate of 2H kW. The car has a constant speed
(a) D= w = w N vms™? along a horizontal road.
1 (a) Find in terms of M, H, v, g and 6 the acceleration
=233333N of the car when travelling:
3
(b) For locomotive: (i) up aroad of inclination 6 with a speed of 7
70 000 i vms” L
35— (T'+20000gsin 6 + 2000) = 20 000a 3 . 3
(ii) down the same road with a speed of cv
64000 1 - . .
3 — 20000 X 10 X 55,-T=20000a ms 1, the resistance to motion of the car
61000 apart from the gravitational force being
5 —T=200000 ... (D) constant.
) (b) If the acceleration in a(ii) above is three times that
For Carriages: of a(i) above, find the angle of inclination 8 of the
T-(130 000gsin 6 + 8000) = 130 000a road. ) . .
L (c) If the car continues directly up the road, in case
= . . . .12
T'-130000 X 10 X 355 - 8000 = 130 000a a(i) above, show that its maximum speed is 3V
T-14500 = 130 000 crrssrererro.... (i) ms~ .

Solution:
Adding equation (i) and equation (ii):
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On horizontal road
1

vms
R
T 2000H
_ » D=
< %
oy
Mg
2000H
D=F=F=—,
(a) (i) ascending with acceleration a,
R
D 2000H 8000H
=73 P=73,
—v
Mgsin@ .-~ 4
o
< Mgcos 8
MgN
8000H _
3y (Mgsin6 + F) = May
8000H , 2000H
3, —Mgsinf -——=Ma,
2000H _
ay =73y, —9gsinf

(i1) descending with acceleration a,

R

2000H 10 000H

- (%V) - 3w
(D + Mgsin 8)-F = Ma,
10 000H _ 2000H
3, Tt Mgsin6-——=Ma,
4000H _
a, =3y, +9sin6

From: a, = 3a,

4000H _ 2000H _
=iy T gsinf = 3(3W - gsin 6)
, 2000H 500H
4gsin 0 = —;,~=sin 6 = 3Mvg
. o-1 500H
0 = sin (3MU g)
R

Mgsin 6 A’ .
< Mgcos 6
MgN
2000H
Atv . a=0=D=—
2000H .
o (F+Mgsin8) =0
2000H  2000H 500H
Viax Y _ng3Mvg_O
12 -1
Vinax = 13V M S
Example 11

A pump raises 2 m? of water through a vertical
distance of 10 m in 90 seconds, discharging it
ataspeedof 2-5ms” 1 Show that the power
it develops is

approximately 2 - 25 kW.

A car of mass 1000 kg has a maximum speed

of 150 kmh ™! on a level rough road with the
engine working at 60 kW.

(1) Calculate the coefficient of friction
between the car and the road if all the
resistance is due to friction.

(i1) Given that the tractive force remains
constant and the non-gravitational

resistance in both cases varies as the
square of the speed, find the greatest slope
on which a speed of 120 km h™! could be
maintained.

Solution
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(a)

(b)

(1)

(i)

Volume, V =2 m3

Density of water, p = 1000 kgm >

h=10m
m=pXxV=1000x 2=2000kg
t=90s

Velocity,u=2-5ms_1

Power = P.E per second + K.E per second

12
mgh MU

P_t t

1
2000%9-8x10 %2000 x 25
P= 90 + 20

P = 2247 -22W ~2-25kW

a
_»—
R A
L » p— Power
E Speed
v 1000g N
150 kmh ™! =150 X oo = 2 g~

60x60 . 3
Equation of motion:
D-F =ma

(*2™) - F = 1000a

At maximum speed, a =0

60 000

@—FZ 0=>F=1440N

3

Resolving vertically:

R =1000g

R =1000%x9-8=9800N
From: F = uR
1440 = u x 9800
u=0-15

If Fxv

5
F=kv®, when F = 1440 N ;v="3ms"

125),
1440 = (T) k=k =

2592 ,
=V
3125

2592
3125

=>F

_1 100 -1
When v =120km h =3 ms

2592 100
5

_ B9 2_g91.
= % (5)=921-6N

D =1440N

1000gsin &,

1000g N

D =F +1000gsin 8
1440 =921-6+ 1000 X 9 8sin b
60=3-0°

Example 12

A train of mass M starts from rest at A and travels with
uniform acceleration for a time t;. Steam is then shut
off and the train comes to rest at B (without breaks
being applied). The distance from A to B is x and the
total time taken is t. The resistance due to friction is 8
times the weight of the train.

2
(1) Prove that t-t; = IT;Ct'
(ii)) The greatest rate of working of the engine during

he - . 2xMp’g’t
the journey 1s 7(/3’gt2—2x)'
Solution
a
+

R
?

!

Mg

—»D

“"T]

D-F = Ma; but F = BR = fMyg

D
D-fMg = Ma=a = (M—[)’g)
Fromv=u+ at

v= (%— 39)%

a
—

—» D=0

F
0-fMg = Ma'=a' =- g
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Fromv=u+ at

0= (% - 39)t1 - Bg(t-ty)

BMgt

1
From s = ut + Eat2

51 =4 - B9)t =5(" - po)t?

1
s = Eﬁgtl(t 7 [ (i)
Sy = (% - .39)t1(t —ty) - %ﬁg(t - t,)°
s;= (52 - Bg)es(t - 1) - 389t - £,)?
1
= Eﬁg(t - t,)°
(1 Buts;+s,=x

Bati(t-t) +5B9(t-t,)* =x
pgt(t-t;) = 2x

2x (i)
Sl = T i
' Bgt
.. . . BMgt
(i1) From equation (i): D = tlg
S Bgt” - 2x
But from equation (iii): t; = ot
BMgt x Bgt _ MB’g’t*
Hence: D = ol —2x Bl 2x
Pmax = D X vmax
D Bgt
Vmax = (ﬁ - :Bg)tl = (T - ﬁg)tl
( ) 2x  2x
= t-t X —
=By 1) =89 B gt I
Mﬁzgztz 2x
max ﬁgt _ x T
ZXMBZth

Fmax = (g 22)

Example 13

(a) A particle A of mass 1kg is moving with a
velocity of 3ms " ! When it collides with particle
B of mass 2 kg which is moving with a velocity of
1m s~ ! in the same direction as A. After collision

the particles separate with a relative velocity of

1m s~ L. Find the:

(1) velocities of the particles after collision.

(i1) loss in kinetic energy.

(b) The force opposing motion of a car is (a + ﬁvz)
N, where v is the speed of the car in ms™ ! The
power required to maintain a steady speed of
20m s~ ! on the level road is 63 kW, and at
30m s~ titis 15 - 3 kW. Find the values of & and
B, and hence calculate the power required for a
steady speed of 40 m s~ 1

Solution

@ @

-1 1ms !

1X3+2X1=1Xv+2Xv,

By conservation of momentum

Also: V-V =1 i (i)
Adding equation (i) and equation (i)
3v, =6=>v,=2 ms”?
From equation (i): 2-v; =1=v; =1ms " !
(i) The loss in kinetic energy:
Initial kinetic energy

1 2 1 2
:§x1x3 +§X2X2 =5-5]

Kinetic energy after impact
= x1x124,x2x2°=4-5]
Loss in kinetic energy =5-5-4-5=1J]
(b)
-1

vrms
—

P
F _.D=;;F=a+ﬁv2

At steady speed: D = F

Whenv=2ms ‘and P=6-3 kW

6-3x10° 202
20 =a+fX
@+ 4008 =315 oo 0)
When v=30ms™ *and P =15 -3 kW
15-3 x 10° ,
T—(X+3X3O
@+ 9008 =510 ccocovreeeeennn... (ii)

Page 144



Subtracting equation (i) from equation (ii)
5008 = 195=4 = 0.39

From equation (i):a = 510-900 x 0 -39 = 159
P
Hence =159 +0-39v°

Whenv=40ms '

P c 2
E_l 9+0-39x%x40

=P =31320W =31-32kW

Example 14
A locomotive of mass 15 tonnes, working at a rate of

220 kW, pulls a train of mass 35 tonnes up a track of
inclination 1in 50. When the speed is 10 m s~ 1 the
acceleration is 0-23ms~ % Find the frictional
resistance at this speed. Given that the resistance is
proportional to the speed of the train, find the greatest
speed of the train up the slope if the rate of working is

unchanged. (Take g =10m s~ %)

Since F x v=F = kv
When F =500N, v =10
500 =10k=k =50 ~ F=50v

For locomotive:

220000 1
——-15000%x 10 X ——-T - F; =15000 X 0
Vimax 50
220000
——=3000 + T + F} cccoccccccrrrr (iid)
For train:
1
T-35000 x 10 X %—Fz =3500x0
T=7000+F, oo (iv)
From equation (iii) and equation (iv)
22 x 10*
—— = (F, +F,) + 10000
vmax

But (F, + F,) = F = kvsF =500,

Solution 220 000
a R, — =50v,,,,+ 10000
1 > 220 000 e
9 = Sin % D = Let X = Umax
4400
— =X+ 200

\

) 15 000g N
vy
35000g N 35000gcos 6

<
15 000gcos 8

For locomotive:

220 000
> —15000gsin 6-T - F; = 15 000a
220000 1
T—lSOOOx 10x%—T—F1= 15000 x 0- 23
T+ F;=15550 .ccoovminrrrrrrnnn. O]
For train:

T-35000gsin 6-F, = 35 000a

1
T-F,=35000x 10 X%+ 35000 % 0.23

T-Fy =15 050 ..oooeerrrrrrrrrr (i0)

Subtracting equation (ii) from equation (i);
F{+F,=500N

F=500N, where F=F, +F,

x* + 200x = 440
(x + 100) = 4400 + 100?
=x = -100 + 120
Either x = 20 or x =- 220

Hence x = 20
Implying that v ,, =20 ms " 1
Exercises

Exercise: 13A
1. A block of mass 6-5kg is projected with a

velocity of 4 ms ™ 1 up a line of greatest slope of a
rough plane. Calculate the initial kinetic energy of
the block. The coefficient of friction between the

2
block and the plane is 5 and the plane makes an

5
angle 6 with the horizontal where sin 6 = {3. The
block travels a distance of d m up the plane before
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coming instantaneously to rest. Express in terms of

d the:

(i) potential energy gained by the block in
coming to rest.

(i) work done against friction by the block in
coming to rest. Hence calculate d. (Use

g=10ms_2)

A car of mass 1600 kg is free wheeling down a hill

of slope 1in 25. When the car descends 200 m

along the plane, its speed increases from 3 ms~ 1

to 10 m's~ ', Find the:
(i) change in kinetic energy of the car.

(i1) average frictional resistance to motion.

A bullet of mass 20 g is fired with a velocity of
400 m's ™~ ! into a wooden block of mass 2 kg on a
smooth horizontal surface. If the bullet gets
embedded in the block, find the loss in kinetic
energy of the system.

A box of mass 16 kg is pulled from rest a distance
of 5 m across a smooth horizontal floor by a cable
inclined at 60° to the horizontal. Find the work
done by the tension in the cable given its
magnitude is 25 N.

A particle of mass 6 kg sliding across a rough
horizontal plane comes to rest in a distance of 8 m.
Given it had an initial speed of 10 ms ! find the
work done against friction. Find also the
coefficient of friction between the particle and the
plane.

Find the kinetic energy gained by a body of mass
2 kg falling freely from rest through a distance of
10 m. If a vertical force P N brings the body to rest
in a further distance of 8 m, find the value of P.

A particle of mass 5 kg slides a distance of 9 m
down a rough plane inclined at an angle « to the
The coefficient of

friction is 0 - 5. Find the work done by gravity and
work done against friction. Find also the velocity
attained by the particle.

. . 3
horizontal, where sina=-<.

A ball is thrown vertically downwards with a

speed of 3-5m s~ L. Find its speed when it has
travelled a distance of 5 m.

A particle is projected vertically upwards from a

point A with a speed of 21 m s~ 1. Find its position
relative to A when its speed is:

(a) 4-2ms !
(b) 35ms”’

10.

11.

12.

13.

14.

15.

16.

17.

A particle is moving at a speed of 7m s~ 1 when it
begins to ascend a slope inclined at an angle a to

5
the horizontal where sin a = 3 The coefficient of

_ . .5
friction between the particle and the slope is .

Find the:
(a) speed of the particle when it has travelled
1-95 m up the slope.
(b) total distance the particle travels up the
slope before coming to rest.

A block of mass 5 kg is projected with velocity
5-6ms”? up a line of greatest slope of a rough
plane inclined at an angle a to the horizontal,

3
where sin a =¢. If the block travels 2 m up the
slope before coming to rest, find the work done

against friction. Find also the coefficient of
friction between the block and the plane.

A particle of mass 4 kg moves under the action
of a force F in the interval of time from t = 0 to
t = 2. When ¢ = 0, the velocity of the particle is
2i-3j. Given that F = 6ti + 2j, find the:

(a) impulse of F.

(b)  velocity of the particle when t = 2.

(c) gain in kinetic energy.

A Dbullet of mass 0-04kg travelling at
300ms~ ' hits a fixed wooden block and
penetrates a distance of 4 cm. Find the average
resistance of the wood.

A particle released from rest on a smooth plane
inclined at an angle a to the horizontal reaches a
speed of 6ms 1 after travelling 3 m down the
plane. Find sin a.

A body of mass 10 kg moving under the action
of a constant force accelerates from 2ms ™! to
5ms”'. Find the work done by the force.
Given that the magnitude of the force is 7 N,
find the distance moved by the body.

A brick of mass 3 kg slides in a straight line on a
rough horizontal floor with an initial speed of
8ms 1. If the brick is brought to rest after
moving 12 m by the constant frictional force,
calculate the:
(a) kinetic energy lost by the brick in coming
to rest.
(b) coefficient of friction between the brick
and the floor.

A car of mass 650kg is travelling on a road
which is inclined at 5°. At a certain point P on
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18.

19.

20.

the road, the car’s speed is 15 ms~ 1 The point
Q is 0 - 4 km down the hill from P and at Q the
car’s speed is 35ms ™ L If the driving force on
the car is constant as it moves down the hill
from P to Q and that any resistance is negligible,
find the magnitude of the driving force of the
car’s engine.

A block of mass 5 kg is sliding down a rough
plane inclined at 35° to the horizontal. If the
acceleration of the block is 3-2m s~ % and the
distance moved by the block is 0 - 5 m, find the
coefficient of friction and work done against
friction.

Find the work done against gravity when a
person of mass 80 kg climbs a vertical distance
of 25 m.

A rough surface is

- 5 .
tan ! (ﬁ) to the horizontal. A body of mass

inclined at an angle

130 kg is pulled at a uniform speed a distance of
50 mup the surface by a force acting along a
line of greatest slope. The coefficient of friction

2
between the body and the surface is 7. Find the:

(a) frictional force acting.
(b) work done against friction.
(c) work done against gravity.

Exercise: 13B

1.

A particle is acted on by a force (7i + 2j-4k) N
and displaces it from a point with position vector
(i+2j+3k)m to a point with position vector
(51 + 4j + k) m. Find the work done by the force.

A car of mass 1000 kg travelling along a straight
horizontal road accelerates uniformly from
15ms~ ' to 25m s~ ! in a distance of 320 m. If
the resistance to motion is 145 N, find the driving
force of the engine.

A particle of mass 5 kg at rest at a point (1, — 4,4)
is acted upon by forces F; =3i+ 3jN, F,=2j
+ 4k Nand F; = 2i + 6k N.

(1) Find the position and momentum of the
particle after 4 seconds.
(ii)) Work done by the forces in 4 seconds.

A train of mass 300 tonnes is travelling up a hill
of slope 1in 200. The resistance due to friction is
0-0688 N per kg mass of the train. If the tractive
force of the engine is 39 200 N, find how far the

train travels and the time taken for it to attain a
speed of 18 km h ™! from rest.

5. If the effective power developed by a crane is
15 kKW, find the time taken to lift a load of 50 KN
through a vertical distance of 12 m.

If the engine of a train travelling at a steady speed

of 25ms ™ !is working at a rate of 1800 kW, find
the magnitude of the resistance to motion.

A constant force acting on a particle of mass 15 kg
moves it along a straight line with a speed of
10ms~ 1, the rate at which work is done by the
force is 50 W. If the particle starts from rest,
determine the time it takes to move a distance of
100 m.

1
A block is pulled up an incline of sin ! 70 to the

horizontal at a steady speed of 6 ms~ L If the
work done against gravity in one second is 400 J,
find the mass of the block.

Exercise: 13C

1.

A pump raises 40 kg of water per second through a
vertical distance of 10 m and delivers it in a jet
with speed 1Z2ms" ! Find the effective power
developed by the pump.

A pump raises water at a rate of 250 litres per
minute through a vertical distance of 8 m and
projects it into a lake at 2m s~ ! Find the power
developed by the pump.

A pump raises water through a vertical height of
15m and delivers it at a speed of 10ms~ 1
through a circular pipe of internal diameter 12 cm.
Find the mass of water raised per second and
effective power of the pump.

A pump raises water at a rate of 500 kg per
minute through a vertical distance of 3 m. If the
water is delivered at 2-5ms ', find the power
developed.

In every minute a pump draws 6 m? of water from
a well and issues it at a speed of 5ms” ! from a
nozzle situated 4 m above the level from which the
water was drawn. Find the average rate at which
the pump is working.

In every minute a pump draws 5 m?® of water from

a well and issues it at a speed of 6m s~ ! from a
nozzle situated 6 m above the level from which the
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water was drawn. Find the average rate at which
the pump is working.
A pump draws water from a tank and issues it at a
speed of 8m s~ ! from the end of a pipe of cross-
sectional area 0-01 mz, situated 10 m above the
level from which water is drawn. Find the:

(a) mass of water issued from the pipe in

each second

(b) rate at which the pump is working.

A pump draws water from a tank and issues it at a
speed of 10 m s~ ! from the end of a hose of cross-

sectional area 5 cmz, situated 4 m above the level
from which the water is drawn. Find the rate at
which the pump is working.

Exercise: 13D

1.

(a) A rough slope of length 10 m is inclined at

1/(3

tan "~ (Z) to the horizontal. A block of mass

50 kg is released from rest at the top of the slope
and travels down the slope reaching the bottom
with a speedof 8ms ! Find the work done
against friction and the coefficient of friction
between the block and the surface.

(b) The maximum power developed by the engine
of a car of mass 200 kg is 44 kW. When the
car is travelling at 20 km h ™~ ! up an incline of
1in 8 it accelerates at 2m s~ 2. At what rate
will it accelerate when travelling down an
incline of 1 in 16 at 20 km h ™! when the non-
gravitational resistance to motion is the same.

2. A car travelling at 80 km h ™ ! up a rough inclined

plane of inclination 1 in 80 has an acceleration of

1-5ms~ 2 at this instant. If the car has a mass of
420 kg and the engine is working at a constant rate
of 56 kW.

(1)  Find the friction force.

(i)  What would be the maximum speed the car
attains on a level road with the same
resistance.

(a) A truck of mass 18 tonnes travels up a slope

L . -1 1 . .
of inclination sin ~ ~ ¢; against a resistance of 0 - 1

N per kilogram. Find the tractive force required to

produce an acceleration of 0.05 ms? and
power which is developed given the speed is
10 m s~ ! at this instant.

(b) A second truck of mass 25 tonnes experiencing

the same resistance and a maximum power of
120 kW follows the first truck up the slope. If
the first truck maintains the same power while
on the slope, show that the distance between
them will decrease when both are travelling at
maximum speed. (Useg=10ms" 2)

A car of mass 900 kg is travelling at 20 m s 1

along a horizontal road against constant resistance
of 600 N. Find the power developed by the engine
if the car is:

(a) moving with constant speed.

(b) acceleratingat0-15ms" 2,

(c) deceleratingatO-5ms™ 2,
A car of mass 1000 kg is travelling down an
incline of 1in 28 against a constant resistance of
750 N. Find the maximum speed that can be
reached by the car when the engine is working at
the rate of 12 kW.

A lorry of mass 2400 kg is moving at a steady
speed of 60 km h™! against a constant frictional
resistance of 2 kN. Find the power developed by
the engine if the lorry is travelling:

(a) along a horizontal road.

(b) up a hill of inclination sin ! (;7)

(c) down the same hill.

A train of mass 50 tonnes is ascending an incline
of 1in 60 with the engine working at a rate of

200 kW. When the train is travelling at 10 m s~ 1,

its acceleration is 0+ 1ms~ 2. Find the frictional
resistance to motion.

Assuming that the resistance and the power of the
engine remain constant, find the maximum speed
the train can attain up this slope.

The constant non-gravitational resistance to the
motion of a car of mass 1500 kg is 750 N. The
engine of the car works at a constant rate of 20 kW

(a) Findinkmh ™ ! the maximum speed:
(i) onlevel, and
(i) directly up a road inclined at an angle

1
arcsin (ﬁ) to the horizontal.
(b) Find also in m 5_2, the acceleration of the

car when it is travelling at 72 kmh "~ Lona
level road. (Use g=10m s 2).

9. A car has a maximum speed of 108 km h ™ ! when

moving along a horizontal road with the engine
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10.

11.

12.

13.

14.

15.

working at 36 kW. Calculate the total resistance to
motion of the car.

The car which is of mass 800 kg can move down a
road inclined at an angle a to the horizontal at a
maximum speed of 108 km h™?! with the engine
working at 30KkW against the same total
resistance. Calculate sin a.

Given that the total resistance varies as the square
of the speed, find the rate at which the engine is
working at the instant when the car is moving
along a horizontal road with an acceleration of
0-5 ms_zataspeed0f54kmh_1.

(Take g=10m s~ %)

A car of mass 2 tonnes moves from rest down a
. . . . -— 1 .
road of inclination sin 1 (ﬁ) to the horizontal.

Given that the engine develops a power of
64 - 8 KW and the resistance to motion is
500 N, find the acceleration of the car when its

velocity is 10 m s~ 1

A car of mass 750 kg is travelling along a
horizontal road. If the resistance to motion totals
240N and the car’s engine is working at a
constant rate of 12 kW. Find the:

(a) maximum velocity of the car.

(b) car’s acceleration when its velocity is
30ms ™.

A car of mass 1500 kg is capable of working at
a maximum rate of 20 kW. It is being driven up
a hill whose slope is 1in12 at 8 m s~ L If the
non-gravitational resistance to motion is 150 N,
find the greatest acceleration it can have at that
speed.

The resistance to motion of a lorry of mass 10
tonnes is proportional to the square of its speed.
The lorry maintains a steady speed of
54kmh™! when travelling up a hill of
inclination 1in 120 with its engine working at
60 kW. Determine the acceleration of the lorry
when it is travelling down the same incline with
its engine working at 35 kW at the instant when

the speed is 27 kmh ™,

A car of mass 900 kg travels up a hill inclined at
10° to the horizontal, against a constant
resistance force of 250 N. If the maximum speed
is 45 km h ™!, determine the power output of the
engine.

A bus of mass 5 tonnes free wheels down a
slope of inclination 1in 40 at a constant speed.

16.

17.

18.

19.

20.

Assuming the non-gravitational resistance
remains the same, find the rate at which the
engine must work in order to drive the bus up
the same incline at a steady speed of 12 km h ™~ 1
. If the power is suddenly increased to 10 kW,
findinms™ 2, the immediate acceleration of the
bus.

A brick of mass 0-8kg slides 6 m down an

~-1/3 . .
incline of sin ™1 (g) to the horizontal with an

initial speed of 04 ms™ . If at the bottom it

has a speed of 5-4m s, calculate the work
done against resistive forces.

Determine the work done when the force

(3i + 4j) N moves its point of application along

the curve (14 3cos8)i+ (2+ 3sin6)j from
2

the point where 6 = 0 to the point where 6 = 37.
(The unit of distance being a metre)

A car of mass 2 tonnes developing a constant
power of 20 kW travels with a constant velocity
against a constant resistance of 2500 N. Find
the:

(i) constant velocity.

(ii) acceleration of the car while travelling at
half of the velocity in (i) above.

A car of mass 2000 kg developing a constant
power of 12 kW attains a maximum speed of

108 kmh ™! while travelling along a level part
of a road that offers a constant non-gravitational
resistance.

(a) Find the non-gravitational resistance.

(b) While travelling at maximum speed the car
starts to descend a slope of 1in 20 along
the road, calculate the acceleration of the
car when its speed is 120 km h™!
Assuming power developed remains
constant at 12 kW)

A car of mass 500 kg tows another of mass 100
11

kg up a hill inclined at sin 1 0 to the

horizontal. The resistance to motion of each car

is 0 - 5 N per kg. Find the tension in the tow bar

at the instant when their speed is 10 m s~ ! and

the power output of the towing car is 150 kW,

Exercise: 13E
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1. (a) A particle of mass mKkg is projected with a

velocity of 10 m s~ ! up a rough plane
of inclination 30° to the horizontal. If the
coefficient of friction between the  particle

1
and the plane is ; calculate how far up the

plane the particle travels.

(b) A car is working at 5 kW and is travelling at a
constant speed of 75kmh” 1 Find the
resistance to motion.

A train is running at 12-5 ms_l, when it is a
distance of 500 m from a station. Power is then
shut off and the train runs against a uniform

1
resistance equal to 75, of the weight of the train. If

the uniform breaking force that can be exerted on
the train provides an additional resistance equal to

1
1o of the weight of the train, find how far from the

station the brakes must be applied so that the train
may stop there.

A rough surface is inclined at an angle 6 to the
horizontal. A body of mass m is pulled at a
uniform speed a distance x up the surface by a
force acting along a line of greatest slope. The
coefficient of friction between the body and the
plane is p. If the only resistances to motion are
those due to gravity and friction, show that the
total work done on the body is mgx(sinf + u
cos 6).

Point A is situated at the bottom of a rough plane
_1/3
which is inclined at an angle tan 1(1) to the

horizontal. A body is projected from A with a
speed of 14 ms™ ! along and up a line of greatest
slope. The coefficient of friction between the body
and the plane is 0 - 25. The body first comes to rest
at a point B. Find the distance AB.

A cyclist and his bike have a combined mass of
75 kg and the maximum rate at which the cyclist
can work is 392 W. If the greatest speed with
which the cyclist can ride along a level road is
8ms~ 1, find the magnitude of the constant
resistance to motion. With the resistance

unchanged, find the greatest speed at which the

. . T .o-1(1
cyclist can ascend a hill of inclination sin ! (E)

When a car is moving on any road with speed
vm s ! the resistance to its motion is (a + bvz) N
, where a and b are positive constants. When the
car moves on a level road with the engine working
at a steady rate of 53 kW, it moves a steady speed

of 40ms~!. When the engine is working at a

steady rate of 24 kW the car can travel on level
road at a steady speed of 30 ms~ ! Find a and b
and hence deduce that when the car is moving with
speed 34 ms” 1, the resistance to its motion is
992 N. Given that the car has a mass of 1200 kg,
find its acceleration on a level road at the instant
when the car engine is working at a rate of 51 kW
and the car is moving with speed 34 ms 150 that
the resistance to motion is 992 N. The car can
ascend a hill at a steady speed of 34 ms~ 1 with
engine working at a steady rate of 68 kW. Find the
angle of inclination of the hill to the horizontal.

A car of mass 4 tonnes develops a constant power
of 29-4kW while ascending a hill of 1in 20
against a constant non-gravitational resistance of
2000 N.
(a) Calculate the:
(1) maximum speed of the car up the hill.
(i1) speed of the car while accelerating at
0-5ms 2
(b) Determine the acceleration of the car down
the same hill if it develops the same power,
while travelling at the same speed as in a(i)
above.

With its engine working at a constant rate of 9 - 8
kW, a car of mass 800 kg can descend a slope of
11in 56 at twice the steady speed that it can ascend
the same slope, the resistances to motion
remaining the same throughout. Find the
magnitude of the resistance and the speed of
descent.

Answers to exercises

Exercise: 13A
52] (i) 25d (i) 40d ; d=0-8m 2.
(i) 72800] (ii) 263-2N

5
1584-16] 4. 62-5] 5. 300];%

6. 196] ; 44-1
264-6] ; 176-4] ; 5-94ms ' 8.
10-5ms~' 9. (a) 21-6mabove4d

(b) 40m below A 10. (a)
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3:5ms™" (b)) 2:6m Il 3 (a) 6-3kN;63kW (b) v, =11:ms !;

1
19-6] : - , _ -1 . ,
| V hax = 16ms " since v, < V.

m.
12. (@) (12i+4)Ns (b) (5i-2j)ms * distance decreases 4. (a) 12kW (b) 14-7kW

(c) 32] 13. 45kN (©) 3kwW

30
14, 3 15 105];15m 16. (a) 96] (b) 5 30ms ' 6 (a) 33;kW (b) 52kW (o)

max

0-272 17. 257-318N 14§kW
18. 0-3016 ; 6-0526] 19. 19600] 20.

5 1 _1 . _1
7. 6.kN ; 133 8. 96 km h
(a) 336N (b) 16800] g <IN 5 133Mms @ @ m

(©)  24500] (i) 36kmh™! (b) ¢ms~?
9. 1200N ;. ; 10-5kW  10. 3-48ms >
Exercise: 13B iy
1. 40] 2. 770N 3. (i) (9i+4j+20Kk) Il @ 50ms™" (b) zgms™’
m : (20i + 20 + 40k) kgms - 12. oms™? 13. pms 2 14 22-3kW 15,
(i) 240] 4. 971-5026m: 388-65 5. 8-17KkW : 0-11ms~>
40s 6. 72kN 7. 1065 16, 16-624] 17. -3-108]
8. 136-054ksg 18. () 8ms ! (i) 1-25ms 2 19. (a)
] 400N (b) 0-47ms™?
Exercise: 13C 0. 2500 N
1. 6-8kW 2. 335W 3. 113kg ; 22-3kw
4, 271-042W 5. 5-17kW Exercise: 13E
6. 6-4kW 7. (a) 80kg (b) 10-4kW 8 1 (3) 712m (b) 240N 2. 29:72m

oW 3. 4. 12:5m

5. 49N ; 4ms™' 6. a=125 ; b=, ;
Exercise: 13D

0-42ms™% ; 4-9°
7. (a) (i) 7-424ms”? (ii)
4-933ms~* (b) 0-98ms 2

1. (a) 1340] ; 0-342 (b) 3-8375ms 2 2.
(i) 1838-55N (ii) 30-46ms !

8. 420N ; 35ms ™ *
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14. ELASTICITY AND HOOKE’S LAW

We shall consider the behavior of springs and elastic
strings. The un-stretched length of an elastic string is
called its natural length.

14.1 Hooke’s law
Ax

Hooke’s law for an elastic string or spring is T =,

where T is the tension in the string or spring, 4 is the
modulus of elasticity, x is the extension and [ is its
natural (un-stretched) length. A negative extension of a

spring is a compression. Work done in stretching the
. . Ax
string or spring is given by 52.

14.2  Conservation of energy of an

elastic string
If there is no work done against friction and the only
external force which does work is gravity, then;

Total energy = P.E due to gravity + P.E in spring +
Kinetic energy = Constant

When solving problems it is useful to write the
principle of conservation of energy in the form:

Initial total energy = Final total energy

Potential energy stored in an elastic string:

The work done in stretching an elastic string is stored
as its elastic potential energy, when the stretching force
is removed the string uses this energy stored to regain
its natural length. This energy is also a form of
potential energy.

Consider an elastic string of modulus A and natural
length [, having one end attached to point A and the
other to a particle resting on a smooth horizontal
surface.

A B

| °

—  —> '
X

If x is the extension of the string and the particle is
initially at a point B, where x = 0 and is pulled to point
C, where x = a, the work done in stretching the string
from point P to point @ through a small displacement
6x is OW = Féx.

B P 0 c
A T : L !
————
X ey !
ox

Since dx is very small the force in the string is almost

constant

F=T=T.

A
SW = Zbx

The total work done in stretching the string from B to
Cis

Hence the elastic potential energy in a string stretched
2

Aa
by distance a from its natural length [ is ;.

Example 1

An elastic string fixed at one end has length x, when
supporting a mass m kg and its length increased to x'
when an additional mass M kg is supported. Prove that
the natural length of the string is x-a(x'-x), where

m
a=ry.
Solution

mg

Let [, be the natural length of the string and A its

modulus of elasticity.
Resolving vertically:

Ty=mg

From Hooke’s law:
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Ax-1) A@x-1)
= =

|
S
Q

(m+ M)g

Resolving vertically:
T,=(m+ M)g
From Hooke’s law:
Ax -1)
T,= [
Ax - 1,)
L= (m+ Mg ... (iD)

From equation (i) and equation (ii):
mgl,  (x-1)
x-1, L, = (m +M )g

m(x'-ly) = (m + M)(x-ly)
Sa(x'-ly) = (a + 1) (x-1y)

lo = x - a(x'-x) as required.
Example 2

An elastic string of natural length 1 -2 m and modulus
of elasticity 8 N is stretched until the extending force is
6 N. Find the extension and work done.

Solution:
lp=1-2m,A=8N

Ax
W= 21

0

8x0-92
=ox12=2"7]

Example 3

A smooth surface is inclined at 30° to the horizontal. A
body A of mass 2 kg is held at rest on the surface by a
light elastic string of modulus 2g N. If the other end of
the string is at a point on the surface which is 1-5m
away from A up a line of greatest slope, find the
natural length of the string.

Solution

2gcos 30

Resolving along the plane:

T =2gsin 30
Ax
From Hooke’s law, T = n
29(1'5‘10)
:T
29(1 "5- lo)
~2gsin30 =——m5"
ly
1
Elo == 1 " 5 - lO
[p=1m

Example 4

A particle of mass 2 kg is attached to one end of a
string of natural length 1 m. The other end is attached
to a fixed point A. Initially the particle is held at A and
is then released, it falls vertically downwards and
comes to rest at a point 1-5m below A. Using the
principle of conservation of energy or otherwise, find
the modulus of elasticity of the string.

Solution

o

mg
From A to a point B, 1 m below 4:
Loss in potential energy = Gain in kinetic energy
Gain in kinetic energy =2g X 1
=2X9-8
=19-6]
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From B to a point C, 1 - 5 m below A:
Loss in potential energy and kinetic energy = Elastic

potential energy stored

2

Ax
19-6+2gx=27O
A(1-5-1)°
19:6+2%x9-8x(1-5-1)=—"5,7"
A=235-2N
Example 5

Find the work done in stretching a spring of natural
length 1 -5 m and modulus 9 N from a length of 2 m
to a length of 2 - 5 m.

Solution
Ax?
szTo
9x(2-1-5)>
Wi="—"%x15
=0-75]
9% (2-5-1-5)>
Wy=—"x15 =3]
=3-0-75=2-25]
Example 6

AC,BC and CD are identical strings of different
lengths.

AC and CD have natural lengths [, and [ respectively

and modulus of elasticity of the strings is 3mg. A
particle of mass m rests at D.

7
(a) Show that the equilibrium length of AC is ¢l and

1
D rests at a distance 1;(7[y+ 161) below the

support.
(b) Find the natural length BC.

Solution

(a)

In equilibrium:

For D: T;=mg
Equilibrium of forces at point C:

Resolving horizontally:

T,cos 30 =T,cos 60
\3 1

T1X7=T2X§

Resolving vertically:
Tsin30 + T,sin 60 =T,
1 V3
T+ 5T, =mg
T, +B3T, =2mg covrverrrrrenen (i)

From equation (i) and equation (ii)

Ty +B3(\3T,) = 2mg

1

Ty=;mg
3
Ty=5mg

For string AC; let l; be the length of AC in
equilibrium;

From Hooke’s law:

Ax
1 3m9(l1 ‘lo) 1
sgmg=—— b=l
7
li=¢l
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For CD: Let I' be the length of CD in
equilibrium;

From Hooke’s Law:

Ax
T3=7
3mg(l - 1)
A mg = 1

1 T

sl="1-1
4
l'=3l

Distance below AB = glosin 30 + gl
7 4
=12l +3!
1
=55(71, + 160)
(b) For BC:

Let [, be the natural length of BC and lé the

length in equilibrium position

AC
tan 60 = BC
_ AC
BC= tan 60

lé = glo +tan 60

73
L=735l
From Hooke’s law

Ax
T,=7

3 Bmg(lé - lz) 3 ,
Tmg=—  2gh=L0
7\3

YNEIN 71,
L= 3(\3+ 6):>l2 T 3(1+23)

Example 7

The diagram shows a body of mass 10 kg freely
suspended from a light elastic spring of natural length
0 - 5 m and modulus 25g N.

Mass
10 kg

Find the extension in the spring when the:
(a) body is at rest.

(b) top of the spring is moved upwards with constant
velocity.

(c) top of the spring is moved upwards with a
constant acceleration of 4-9ms ™ 2.

(d) top of the spring is moved downwards with a

constant acceleration of 4- 9 m s~ 2.

Solution
T
Mass
10 kg
10g N
Ax
Tzﬂ
(a) T=10g=>T=10x9-8=T =98N
. _25><9-8><x
~98 = 0-5
x=0"2m

(b) T-10g=10x0=T=10%x9-8
ST =98N

25x9-8xx

98: 05

x=0-2m
(©) T-10g=10x%x4-9
T=10(9:-84+4-9)=147N

. 25%X9-8xx
2147 ="
x=0-3m
(d  10g-T=10x4-9

T=10(9-8-4-9) =49 N
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25x9-8xx

49: 05

x=0-1m

Exercises

Exercise: 14A

. An elastic string of natural length 2m is
stretched to 2-:5m. If its modulus of
elasticity is 20N, find the tension in the
string.

. A spring of natural length 60 cm is stretched
to 1 m. If the tension in the spring is 6 N, find
the modulus of elasticity.

. A spring of natural length 10cm is
compressed to a length of 8cm. If its
modulus of elasticity is 12 N, find the thrust
in the spring.

. When the tension in an elastic string is 8 N,
its length is 1-6m. If the modulus of
elasticity of the string is 24N, find its
natural length.

. An elastic string of natural length 3a is fixed
at one end and a particle of weight W is
attached to the other end. When the particle
hangs freely in equilibrium, the length of
the string is 5a. If the string is held at an
angle 6 to the vertical by a horizontal force

of magnitude %W, find the value of 8 and
prove that the new length of the string is a

(3 +4/5).

. A particle of mass 3 kg is suspended from an
elastic string of natural length 0-5m and
modulus 48N. If the particle is pulled
vertically downwards and then released
when the length of the string is 1 m, find its
acceleration at the instant that it is released.

. An elastic string AB of natural length 1-2m
and modulus 10N lies along a line of
greatest slope of a smooth plane inclined at
30° to the horizontal. The end 4 is fixed and
to the end B is attached a particle of weight
10 N. Find the length of the string when the

particle at B rests in equilibrium on the
plane.

. The ends of an elastic string of natural

length 4a are fixed to points A and B on the
same horizontal level, where AB=3a. A
particle P of weight W is attached to the
midpoint of the string and hangs in
equilibrium at a depth of 2a below the level
AB. Find the modulus of elasticity of the
string in terms of W.

. A spring PQ of natural length 1-5m and

modulus AN is fixed at P. The other end is
joined to a second spring QR of natural
length 1 m and modulus 2AN. A particle of
weight 15 N is then attached to the end R of
the second spring. When the system is
hanging freely in equilibrium the distance
PR is 4 m. Find the value of A.

10.A particle of mass 3m is tied to the end C

and a particle of mass m is tied at the
midpoint B of a light un-stretched elastic
string ABC. The end A of the string is fixed
and a horizontal force of magnitude 4mg is
applied to the particle at € so that the
system hangs in equilibrium as shown
below.

B
Cc
4mg
mg
3mg
Calculate the:

(i) tensions in AB and BC.

(ii)  inclinations of AB and BC to the
vertical.

(iii) Given that the modulus of
elasticity of the string is 6mg,
show that for this position of
equilibrium  AB:BC = (6 + 4/2)
:11.

11.Find the work done in stretching a spring of

natural length 1 m and modulus 10N to a
length of:
(a) 1-2m (b) 2m
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12.

13

45°

R

P

The diagram above shows a particle P of
mass 1-6kg which is attached to a light
inextensible string PQ and to a string PR of
natural length 12cm and modulus of
elasticity 40 N. The string PR is horizontal
and the string PQ makes an angle of 45° with
the horizontal. Find the:

(i) tension in the string PQ.

(ii)
.In the diagram below 4B is an elastic string
of natural length 1 m and modulus 147 N, P

is the horizontal force applied onto body B
of mass 53 kg. At equilibrium 6 = 30°.

extension of the string PR.

B
Find the:
(i) magnitude of P.
(ii)  extension in the string AB.

Exercise: 14B

1.

Find the energy stored in an elastic string of
natural length 4 m and modulus 2N when its
length is:
(a) 5m (b) 10 m

The work done in stretching an elastic string of
natural length 2 - 5 m from 3 m to 4 m in length is

6 ]. Find the modulus of the string.

When a mass of 5 kg is freely suspended from one
end of a light elastic string the other end of which

10.

11.

is fixed, the string extends to twice its natural
length. Find the modulus of the string.

The work done in extending a spring from its
natural length 6a to a length 7a is ka. Find the
modulus of the spring in terms of k and the work
done in extending the length of the spring from 7a
to 8a.

A particle of mass 8 kg is suspended from a fixed
point by a spring of natural length 0-5m and
modulus 140 N. If the particle is released from rest
with the spring vertical and un-stretched, find the
distance it falls before coming to rest
instantaneously.

A particle is suspended from a fixed point A by a
light elastic string of natural length 2 m. When the
particle hangs in equilibrium the length of the
string is 2-5m. Given that the particle is now
released from rest at A, find the distance it has
fallen when it first comes to rest.

An elastic string of natural length 0-6m is
stretched by 8 cm by a mass of 1 kg hanging on it.
Determine the work done in stretching it from
0-65mto0-7m.

A smooth surface inclined at 30° to the horizontal

has a body of mass 6 kg held at rest on the surface

by a light elastic string attached to a fixed point

2-5m from the particle on the line of greatest

slope, the particle being below the fixed point. If

the modulus of elasticity of the string is 3g N, find:
(i) its natural length.

(i) the extension in this position.

A body of mass m lies on a smooth horizontal
surface and is connected to a point O on the
surface by a light elastic string of natural length [
and modulus A. When the body moves with
constant speed v around a horizontal path, centre at

1
0, the extension in the string is I, show that 4 =

16mv*
50 -

An elastic string is of natural length 4 m and
modulus 24 N. Find the work that must be done to
stretch the string from a length of 5 m to a length
of 6 m.

A light elastic string is of natural length 50 cm and
modulus 147 N. One end of the string is attached
to a fixed point and a body of mass 3 kg is freely
suspended from the other end. Find the:

(a) extension of the string in the equilibrium

position.
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(b) energy stored in the string.

12. A spring is of natural length 50 cm and modulus
60 N. How much energy is released when the

length of the spring is reduced from 1-5mto 1 m
?

Answers to exercises
Exercise: 14A
1. 5N 2. 9N 3. 2:4N 4. 1-2m 5.
26-6° 6. 6-2ms *(upwards) 7. 1-8m

8. W 9. 20 10. (i) 4/2mg; 5mg (i)
45° ; 53-1° (iii)

11.(a) 0-2] (b) 5] 12. (i)
22-175N (i) 0-047m

13.(i)49 (i) :m

Exercise: 14B
1.(a) 0-25] (b) 9] 2.15N 3. 49N
4, 12k ; 3ka 5. 0:56m 6. 4m
7. 0-46] 8.(i) 1-25m (ii) 1-25m
9.10. 9] 11. (a) 0-1m (b)
1-47] 12. 45]
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15. USE OF CALCULUS

For uniformly accelerated motion the following
equations are used:

v=u-+at

1.2

s=ut +at

v? =u® + 2as
However when the acceleration is variable,
differentiation and integration are employed.
Velocity = Rate of change of displacement

ds

V=34=S

ds
Fromv =,
S = f vdt + constant

Acceleration = Rate of change of velocity

dv  d(ds d’s .
a="= dt(dt) T ar S

dv
Note: Froma = =v = f adt + constant

15.1 Motion in i-j plane
For motion with non-uniform acceleration in i-j plane
we employ calculus to each direction separately.

Ifs=xi+yjors= (x)’ where x and y are functions

y
of time.

Thenv=5ci+jzjorv=(;§)

x:

anda=xi+yj ora= (y)

15.2 Motion in i-j-k space
X

If s=xi+yj+zk or s= (J/)Where x,y and z are
z

x
functions of time then; v =xi + yj + zk or v = (y)
z

X
anda=5&i+j}j+2k0ra=(j?).
z

15.3 Velocity as a function of

displacement
dv dv ds dv ds
Froma= = X ;=v since v = T

The above two equations are employed when velocity
is a function of displacement.

15.3.1 Average velocity of a
particle moving along a

curved path

If a particle passes through a point with position vector
r(t,) at time t; and through r(t,) at time t,, then

Ar

average velocity v = 4.

Hence average velocity is %wen by:
- r(ty)
—_ tl

Example 1
The position vector of a particle of mass 2 kg is given

as r=ti+ (t2 + St)j m. Determine:
(i)  its average velocity in the time interval t =1 to
t=2s.
(i) itsspeedatt=2s.
(iii)) the power developed at t = 2 s.

Solution
. . Ar T~ T4
(i) Average velocity =, = r—

When t=1s ; r;=i+6j; whent=2s;r,
= 8i + 14j

. (8i + 14j) - (i + 6))
Average velocity = ?]

=(7i+8j)ms 1
dr
(i) v=y>v= 3t? i+ 2t+5)j;att=2s;,v=12
i+9j

[v] =122 + 9°=|v| =15m s~}

d
(i) a=5 =5(3t% + (2t + 5)j)
a=6ti+2j

When t =2s; a = (6 X 2)i + 2j

>a=(12i+2j)ms ?
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F =ma=F = 2(12i + 2j) = (24i + 4)) N
Whent=2s;v=(12i +9j)ms !
P = Fev=P = (24i + 4j)+(12i + 9))
P=24x124+4x9=324W

15.3.2 Average acceleration of a
particle along a curved path
If a particle has a velocity v(t;) at time t; and a
velocity v(t,) at time t, then its average acceleration
in the time interval t; to t, is given by: average

. Av
acceleration = .

. L. V(tz) -v(ty)
Hence average acceleration is given by: a = BT
Example 2

The position vector of a particle at any time ts, is r

3
=4t2i+;sin mtj m. Find the magnitude of the

average acceleration of the particle in the time interval
t=1tot=2s.
Solution
dr d 2. 3 . B
V== E(‘” L +sin nt])
=v = 8ti + 3cos tj
Whent=1s; v, =8i+ 3cosnj=>v, = 8i-3j

Whent=2s;v,=16i+ 3cos 2mj
=>v, = 16i + 3j

. Av V-V
Average acceleration, a@ = 4, = L=t

(16i + 3j) - (8i - 3j)
a=

2-1
a=(8i+6j ms 2
la| = /8% + 6°=]a| =10 m s 2

15.4 Variable force

A variable force acting on a body in a constant
direction produces a variable acceleration.

From F =ma
. . . dv dv ds dv
The acceleration a is given by; @ =, = ;= X ;. =V

Depending on the given information we can employ
calculus to find the solution to the given problem.

Example 3

A particle of mass 2 kg initially at rest at (0,0,0) is
2t

acted upon by the force (3t ) N. Find the:

t

(i)  acceleration at any time t.
(i)  velocity after 3 seconds.
(iii) distance travelled after 3 seconds.

Solution

2t 1
(i) 2a=|(t|=a= 2t ms™?
3t

Et
12
1t Et
_ 1
i) v=J|2t|dt=sv =3t +¢;
3
°t 35
2 Zt

12
Et
12
Hence v = at
3.2
Zt
1 2
X3
f 4.5
Att=3s;v= ;x32 :v=(2'25)
3 ) 6-75
ng
12 13
Et gt
1 1
iy r=J[|;t|dt=r=|5t+¢,
3.2 13
il it

Whent=0;r=0=>c,=0

13
gt

1
Hence r = |5t

1 3

1
Whent=3s;r(3)=|5x3°

1 3
ZXS
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4-5

ﬁrs = 2'25
o=

Ir(3)| =+/4-5%+2- 252 + 6- 752

=|[r(3)| =8-4187 m

15.5 Motion in a resistive medium

When motion takes place in a resistive medium, we
apply Newton’s second law to obtain the equation of
motion for the body.

Example 4
A body of mass 1Kkg is released from rest and falls

. . . 7 .
under gravity against a resistance of ;.7 N, where s is

the distance (in metres) that the body has fallen since
release. Find the speed of the body when it has fallen a

distance of 6 - 4 m. (Take g =10m s~ 2)

Solution
7
k= (s + 1)
a+

7
mg -7 =ma;m=1kg ;g=10ms_2

mg

7
a=10-:5
dv dv ds dv
BUta_E_EXE_UE
dv 7

vy =101 =fvdv=J(10-

s+1

)ds

%v2=105—71n(s+1)+c

Att=0v=0s=0
=20=10X0-7In(1) +c=c=0

%172= 10s-7In(s+ 1)

=1 =4/2[10s - 7In (s + 1)]

When s=6-4m ; v=
AN2[10X6:4-7In(6-4+1)] v =10

-1
ms

15.6 Work done by a variable
force

15.6.1 Variable force acting in a straight
line (constant direction)

Consider a variable force F which acts on a body and
moves it along a straight line from point A to point B
through a displacement s.

Y PO B

|
3IC=0 _>I6xl'<_ X=S

The work done 6W in moving the body from P to Q
through a small displacement 8x is W =~ F{x.

The total work done by F in moving the body from A
. X=S
to B 1sW=fx=0Fdx.

Example 5

A particle of mass 2 kg is acted upon by a force 24t
+ (36t-6)j-12tk. Initially the particle is at a point
(3,-4,4) and moving with velocity 16i + 15j-8k.
Find the:

(a) speed of the particle after 2 seconds.

(b) distance covered by the particle in the first 2
seconds.

(c) rate of doing work when t = 2 seconds.
Solution

(@)  2a=24t%i+ (36t - 6)j - 12tk
>a = 12t%i + (18t - 3)j - 6tk

At t=0;v = 16i + 15j-8k=c, = 16i + 15j

-8k
wv= (4t +16)i + (9t* - 3t + 15)j - (3t* + 8)
k
When t=2s ; wv=(4x2>+16)i+

(9x2%-3x2+415)j-(3x2°+8)k
v = 48i + 45j - 20k
[v] = /487 + 45% + (- 20)% =>|v|

=68-7677ms !
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b r=
J[(a8® + 16)i + (9¢* - 3t + 15)j - (3t* + 8)k]

dt

r=(¢"+ 16)i + (365 - 5t7 + 15¢)j -

(£ +8t)k +c,

Att=0;r=3i-4j+4k=>c,=3i-4j+4

k

r(t) = (t* + 16t + 3)i +

(3t3—;t2+15t—4)j+ (4-8t-t)k

When t = 2 s;

r2)=02*+16x2+3)i+
(3x2°-3x22+15x2-4)j+(4-8x2-2°)
k

r(2) = 51i + 14j - 20k

s =7(2) - (0) = (51i + 14j - 20k) -
(3i - 4f + 4k)

s = 48i + 18j - 24k

|s| = /487 + 18% + (- 24)% >|s| = 56 - 604
m

()  When t=2s ; F=24x2% + (36 X 2 -6)j
-12 x 2k
Hence F = 96i - 66j — 24k
v =48i + 45j - 20k
Rate of doing work = Power
P=Fev
=P = (96i - 66j — 24k)+(48i + 45j - 20k)
=96 X 48 - 66 X 45 - 24 x-20
=2118W

15.6.2 Variable force acting along a
curved path

Consider a variable F acting on a particle P and moves

it from A to B.

vt

B

If the velocity at P is v then ﬁ =~ vdt, work done by
F to move the particle from P to Q is SW = Fe PQ.

OW = Fe(v6t) = (Fov)Ot o O]

The rate at which the force is working when the
Fev)s

particle is at P is: lim ¢ 51? = Fev,

6t—0
Hence for a variable for F(t) acting on a particle and
causing it to move with velocity v(t), the power
developed by the force at time, t is P = Fev,
From equation (i), the total work done over AB is:
W = lim X'B(Fev)ét,

ot—0 tA

where t, and ty are times, when the particle is at A and

B respectively.

By using calculus we obtain W = J ZB (Fev)dt
A

Hence for a variable force F(t) acting on a particle and
causing it to move with velocity v(t) the total work
done by the force in the time interval from t, to tp is

given by: w=/[ ZB(F-v)dt.
A
Example 6

A car of mass 3000 kg developing a constant power of

10 kW increases its speed from 4 ms ™ Tt 14ms™?

covering a distance d, taking T seconds in the process.
Find T and show that d = 268 m.

1

Solution
a
u:4ms_1 —>r— v=14ms~
10*
3000kg [—P»F=— 3000 kg
v
e P >l

4

10 d
- =3000q,buta= g,

10* dv

—-=3000;
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Tlodt = f“vdv

Et _[L 2]14
[OT] [v]
_2(14 - 4%

T—27s

10* dv
Also —-=3000a,buta= _, =v,;
10*
—= 30001#

d10 _ fl

d_[L 3]14
[otz] [3]
(14 4)
d—268m

Example 7

A particle moving with an acceleration given by a = 4
e 3% + 12sin tj-7costk is located at the point
(5,-6,2) and has velocity v =11i-8j + 3k at time
t = 0. Find the:

)] magnitude of acceleration when t = 0.

(i) velocity at any time ¢t.

(iii)  displacement at any time t.

Solution
(i) Att=0;a=4e"

: 3%0; 4 12sin 0j - 7cos Ok
a=4i-7k=|al =4+ (- 7)?

>la|=+/65=8-062ms 2

(i) v= f[4e ~3ti 4+ 12sin tj — 7cos tk]dt

4 _
v =-5e i - 12cos tj - 7sin tk + c,

3
4
Att=0;11i-8j+3k=-3i-12j + ¢4
37
:ocl=?i+4j+3k
H _1 — 3¢\ .
ence v = 3(37 -4e )l + (4-12cost)j +
(3-7sint)k

(i) r=

r(t) =

1 ~3t). . .
[{(5 +37t +3e™*)i+ (4t -6 - 12sin0)j + (3t -5 -

Displacement at any time, t :s = r(t) - r(0)

s =

1741 4 _3p, N -
(5 +37c+5e )i+ (4t -6 - 12sin ) + (3¢ - 5 + Tcos t

- [5i - 6j + 2k]

s =

[%(3% +3(e73=1))i+ 4(t - 3sin ) + (3t - 7(1 -

Exercises

Exercise: 15A
1. A particle of mass m moves so that its position
vector at time ¢ is 7. Find its velocity v and force F
acting on it given that;
(@) r=4t%i+ (3t3-20))
b) r=5i-25+ (t-Dk
()  r=(2t-t)i+ (3sin 2t)j
(d) r=te ti-2tj
2. 2. A particle of mass 10 kg moves such that its
position vector after time t seconds is r = (cos 2t
)i + (4sin 2t + 3)j. Find the:

. m
(a) speed of the particle when ¢ =73.

N

(b) force acting on the particle when t =

3. 3. A particle of mass 4 kg starts from rest at a
point with position vector 2i-3j and moves under
the action of a constant force, F =8i+ 20j N
Find the velocity and position vector of the particle
after 5 seconds.

4. At time t the force acting on a particle of mass 3
kg is F = 6i — 3t%j + 54tk. At the time t = 0 the
particle is at a point with position vector i-5j-k
and its velocity is 3i + 3j. Find the position vector
of the particle at time t = 1.

1 —3t . - .
f[§(37 ~4e )i+ (4-12cos t)j + (3 - 7sin t)k]dg. 5. A particle of mass 2 kg is acted upon at time t

r=

[%(3% +3e )i+ (4t - 12sin 0)j + (3¢ + Tcos t)k]

+c,

Att=0;5i-6j+2k=2gi+7k+c,

41
:czz?i—6j—5k

by a force F = 8i-4cos tj + 2tk. When t = 0, the
velocity of the particle is 6i. Find an expression for
the velocity of the particle at time ¢.
6. A particle moves such that its position vector at
any time t is given by r = (3t2—1)i + (4153 +t-1)
j. Find the:
(a) speed,

(b) magnitude of acceleration, at t = 2.
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7. An object of mass 5 kg is initially at rest at a point
with position vector — 2i + j. If it is acted on by a
force F = 2i + 3j-4k, find its:

)] acceleration.
(i) velocity after 3 s.
(iii)  distance from the origin after 3 s.

8. The position vector  of a particle in motion is
given by r = 5i + t3j + tzk, where t is the
time in seconds. Determine the:

(i) wvelocity and acceleration of the particle at
any time.
(ii) speed at time t = 4 seconds.

9. A particle of mass 3 kg is acted upon at time ¢t by a
force F= 6i—36t2j + 54tk. At time t =0, the
particle is at a point with position vector i-5j-k
and its velocity is 3(i + j). Find the position
vector of the particle any time t.

10. A body of mass 3 kg moves so that its position

vector at time ¢t is given by 1 = t%i + sin tj +cost
k.
(i) Find the magnitude of the resultant force.

(i1)) Show that the initially
perpendicular to the direction of motion of
the body.

velocity s

Exercise: 15B

1. The position vector of a particle is given by r =
sin gti + cos gtj +t’k. Find the speed and
magnitude of acceleration of the particle after 3 s.

2. The velocity of a particle at any time ¢t is
v(t) =- asin wt + bwcos wt. Find an expression
for the displacement x at any time, given that
x = 0 when time t = 0.

3. A force F =t%i + 3tj + 4k acts on a body of mass
2 kg. Initially the body is at rest at a point 2i — j +
k. Find the:

(1) speed of the body after 5 s.

(i) distance of the body from the origin after 2 s.

(iii)) work done by F in the interval from ¢ = 0 to
t=4s.

4. The force acting on a 4 kg particle is F = (5 + 4t)
N where t is the time in seconds. If it is initially
moving at a speed of 5m s~ ! find its speed after
3 seconds.

5. A particle starting with an initial velocity 3i-6j-3
km s~ has an acceleration of 6ti + 6j-2k at any
time t. Find the velocity and speed of the particle
att=2s.

6. A resultant force F = [(4t-1)i + 4j)] N acts on a
particle of mass 0 - 5 kg initially at rest at an origin
0. Calculate the speed of the particle after 2
seconds.

7. A body starts from the origin with a velocity of 3
ms~' and an acceleration given by a = 6t-4.
Find the velocity and displacement at time ¢t.

8. Ifv=(3t-2)(t-4) and s=8 m when t =1 s, find
the:
(a) 1initial speed of the body.

(b) values of t when the body is at rest.
(c) acceleration of the body when t = 3 s.

(d) distance the body is from O when t=2s,
where O is the location of the body at t = 0.

Exercise: 15C
1. A particle of mass 4 kg moves such that r =

(t3—t2—4t+3)

2 -2t* +3t-7/

(a) Calculate the times when the particle crosses
the line y = x.

(b) Find the velocity of the particle at t =4 s.

(c) Find an expression for the acceleration a in
terms of t and hence calculate the force acting

2
on the particle at t =3s.
2. If r=4t3i+ 6tj-3t°k and, when t=1s1=
(14i + 6j-3k) m, find:
(a) rwhent=3s.
(b) rwhent=0s.
3. A particle starts from rest at (2,0,0) and moves

) 16cos 4t
such that r = 8sin 2t |, Find the:
sint — 2sin 2t
(a) acceleration when t = s.
. T
(b) velocity when t =3 s.
. T
(© displacement when ¢t =7 s.

4. If v=2r+3, find t when r=3m given that
r=0whent=0.

5. If7=4r+2 and initially r=0 and r=1ms™ 7,
find the:
(a) value of 7 when r = 3 m.

(b) value of t whenr =3 m.
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6. If ¥=7+2 and initially r =0 and r=2ms" ",

find an expression for:
(a) r as a function of 7.
(b) t as a function of 7.
7. A body moves along a straight line with its
acceleration at time t given by a = (5-2v) ms~ 2
where v is the velocity of the body at time ¢. When

1 5
t = 0, the body is at rest. Show that ¢ =3In (ﬂ)

s, and hence obtain an expression for v as a
function of t. Show that as the motion continues,
the velocity of the body approaches a maximum
value and find this maximum value.

8. A body of mass 8kg is projected vertically
upwards with an initial speed of 10 ms™*. The

. . . v .
body experiences a resisting force of ¢ N, v being

the speed of the body. Find the height above its
point of projection when it instantaneously comes
to rest.

9. A body of mass 10kg is projected vertically
upwards through a viscous liquid with an initial
speed of 12m s™1. The body experiences a

1
resisting force of 5172 N, where v is the speed of

the body. Find the distance above its point of
projection at which it instantaneously comes to
rest.

Answers to exercises

Exercise: 15A

1. (a) v=8ti+ (9t°-2)j ; 2m(4i+ 9tj)
(b) F=-6t}+2tk ; 2m(-6tj + k)
(c) v=(2-2t)i+6cos2tj; F=-2m
(i + 6sin 2tj)
(d) wv=e f1-1t)i-2j ; F=me '
(t-2)i 2. (a) V19 ms?

(b) 40iN
3. (10i +25))ms™' ; (27i+59-5)m
4. Si-2j+2k
5. (4t+6)i-2sintj +,t%k 6. (a)

50-448ms- ' (b) 48-3735ms °

7. <(20 + 3j - 4k) (ii) :
(i +3j-4k) (i) 5-1662m

8. (i)  (Bt%j+2tk) ; (6tj+ 2k) (ii)
48-662ms !

9. (P +3t+1)i+(Bt-t*-5)j+(35- 1k

10. (i) 35N (i)

Exercise: 15B

1.6:02ms™%; 2-0187ms 2 2. r(t)=-
(cos wt — 1) + bsin wt

3. (i) 29.76 ms ™! (ii) 5.754m (iii) 321.78]
4,13-25ms™ ! 5. (15i + 6j - 7k) ;
17-61lms™! 6. 20ms™?
7.v=3t"-4t+3 ; s=t>-2t*+3t

8.(a 8ms ' (b) :s; 4s ()
4ms? (d) 2m

Exercise: 15C

®  (3g)ms? ()

1. (@) 2s ; 5s
6t — 2 8
(6c=4) & ()N

2. (a) (108i + 6j — 18k) ms 2 (b)
(13i + 3j - 2k) m

16 0
3. (a) (O)ms-2 (b) (81)ms-1

0 -
4
-2
(0 |7 f|m
172
4, 0549s 5.(a) 7ms ' (b) 0973s
6. (a) r=r+2 (b) t=In(%)
7. v=§(1—e'2t) ; 2-5ms ! 8
5:02m 9. 5:51m
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16. CIRCULAR MOTION

There are different kinds of circular motion and in this
chapter motion in horizontal and vertical circles is to
be considered.

16.1 Motion in a horizontal circle
Consider a particle P of mass m, moving in a
horizontal circle, centre O, radius r, with constant
speed v.

v

The linear speed v of P is directed along the tangent to
the circle at P. The constant angular velocity w of P is

v -
w =, measured in radians per second (rads 1).
There is no acceleration along the tangent since the
particle moves with constant speed around the circle.
The acceleration of P is in the direction PO , that is,
2

X v
towards the centre of the circle and is given by a = .

By Newton’s 2nd law, this acceleration must be
produced by a force which is also directed towards the
centre of the circle.

N

mv
From F = ma=F = ——.

This force may be tension in a string, a frictional force,
etc..., and because it is always directed towards the
centre, it is called the centripetal force.

16.1.2 Derivation
Consider a body describing a circle of radius r at a
constant speed v as shown:

s 0
From ; - =5-=s= ro

s 0 0
The speed v==v=",= r(;)

G
The quantity w =7 is called the angular velocity of the
body.

Hence v = wr
Vp=Vy

. Sv
The acceleration a = — =
ov

ov

_S_,_ g v v
Butt=_>t=- andsm9—|VA|— .

=d0v =vsin 6
But for small angles in radians as 60,
sin 8—»0=6v = v0

vl 20 v
Hence a = m=a=",>a=".

(%) "
Since dv is towards the centre, that is, along line CO,
the acceleration is also directed towards the centre and
is called centripetal acceleration.
777.172
From Newton’s second law: F = ma=F = ——.

This force is towards the centre of the circular path and
is thus called centripetal(centre seeking) force. This
force enables a body to move in a circular path.

Problem solving:

When solving problems in which P describes a

horizontal circle, centre O, with constant speed or

constant angular velocity.

1. Draw a clear force diagram.

2. Resolve vertically. Since the particle does not
move up or down, forces must balance in this
direction.

3. Write down an equation for motion along the
radius.
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Some common situations:

1. Particle on a string:

A particle attached to one end of a string, the other end
being on a smooth horizontal surface. When the
particle describes circular motion, the force towards
the centre is provided by tension in the string.

Resolving vertically: R = mgl

<
N

Resolving horizontally: T = mT

2. A particle on a rotating disc:

If a particle rests on a rotating horizontal disc, the only
horizontal force acting on the particle is the frictional
force between the particle and the surface of the disc.
For any particular surface, there will be a maximum
value of F, that is F,, = uR and then the particle will

be at the point of slipping.

(M:R=mg
(=):F=""

3. Bead on a circular wire:

If a bead is threaded on a smooth horizontal circular
wire and moves at speed v, the necessary force towards
the centre of the circular wire is provided by the force
between the bead and the wire. In addition the wire
supports the weight of the bead, and the vertical
reaction R equals mg.

5.

6.

(M:R=mg
(=):F ="

The conical pendulum:

b

mg

(1):Tcos § =mg

(=):Tsinf =—

2
mv
T

A particle fixed along a string whose other ends
are fixed and is whirled in a horizontal circle:

A

B
(M):Tysina - T,sin f =mg

2

(m):Ticosa + Tycos B = =

r

A particle P moving inside a hollow cone, with
friction:
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N

(2) gla)?il;?:;l)to move up the cone (v- a (—>):Rsin9+FcosH=g

(b) Car cornering at minimum speed

F

O ---ccomee
(b) (M): Rsina - Fcos a =mg
. o (1): Rcos 6 + Fsin 8 =mg
(c) (m):Rcosa+ Fsina=— - _ "
(d) P about to move down the cone (v- a (=): Rsin 6 - Fcos 6 ==~

minimum) (c) Car cornering at the design speed

(M: Rsin f + Fcos B =mg

mv* T 'R 0=
(=): Rcos B-Fsinf = — (M: Rcos 6 =mg

2

i mv
7. A car rounding a rough horizontal track: (2): Rsin 6 =~

___________ R
Ty A 16.2 Motion in a vertical circle
I," : F )y If a particle describes a vertical circle when whirled at
: & < the end of a string or by sliding on a smooth spherical
‘\\ ! . S surface, we apply the principle of conservation of
N ' Ty energy to analyse its motion.
Tt ] mg Consider a particle of mass m attached to the end of a
(M:R=mg light inextensible string describing a vertical circle of
2 radius 7.

8. A car rounding a banked track:

(a) Car cornering at maximum speed

(1): Rcos 6 — Fsin = mg If the particle is given an initial horizontal speed u
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from the lowest point A, and at B it has rotated through

an angle 6 and has speed v.
Taking A as the reference point;

1
At A: Potential energy = 0 ; Kinetic energy = gmu2

1
Mechanical energy = Emu2
At B: Potential energy = mgh = mgr(1 - cos 6);
1
Kinetic energy = 5mv2

Mechanical energy = mgr(1 - cos 8) + %mv2
From v* = u* + 2as

Ve =uf - 2gr(1 -cos 9)
Mechanical energy = mgr(1 - cos 8) + %m
[uz -2gr(1-cos 9)] = %mu2
Hence mechanical energy is conserved.

Consider the motion of the particle.

At B:
Along the tangent;
0 - mgsin 8 = ma=a =- gsin 0
Along the radius;
mv® mv*

T -mgcos 6 = T=>T =mgcos 6 + —
From v* = u* - 2gr(1 - cos )

m s
T =mgcos 0 + ?[u - 2gr(1 - cos 6)]

(]

u

m
T=-—--mg(2-3cos0)
This gives the tension in the string at any angle 6,

motion is possible if the string does not become slack.

2
Hence T > Oﬁg— mg(2-3cos6) =0

=u =>+/rg(2 - 3cos )

At the instant when the string first slackens, T = 0.

16.2.1 Motion of a particle on a smooth
spherical surface
Consider a particle, P of mass, m free to move on the

inside of a smooth circular (spherical) surface of radius

T.
Along the tangent:
0 - mgsin 8 = ma=a =- gsin 6
Along the radius:
mv®
R -mgcos 8 = T ()

If the particle is projected from the lowest point A with
horizontal speed u;

By conservation of mechanical energy:

1 5, 1 45
St =omy + mgr(1 - cos 8)

=>v? =u? - 2gr(1 - cos 6)......(i0)
From (i) and (ii)
R =mgcos 0 + ?[u2 —-2gr(1 - cos 9)]
muz
R=—"-mg(2-3cos0)
Motion continues if R = 0=u >+/Tg(2 - 3cos 0)
Note that if the particle is on the outside of the sphere,
the reaction is along the radius but away from the
centre of the sphere.

16.2.2 Analysis of two main types of
motion in a vertical circle
1. The particle cannot leave the circular path, for

example a bead threaded on a vertical wire. The

particle can do one of the three behaviors below.

(i)  Complete the circle if v > 0 at the top and
u? > 4rg.

(i1)) Come to rest at the top if v =0 at the top
and u? = 4rg.
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(iii) Oscillate if v=0 for 0<8<m and u?
<A4rg.

v>0 v=20

(i) (i1)

(111)

The particle can leave the circular path and
become a projectile, for example a particle
attached to a string. The particle can do one of the

three behaviors below.
(T is the tension in the string or a normal reaction)

(i) Complete the circle if T = 0 for all values of 6
and u? > 5rg.

.. . . . T
(i) Become a projectile if T=0 and ; <6<mw
and 2rg < u’ < 5rg.

(iii) Oscillate if v =0 for § <5 and u® <rg.

(iii)
Example 1

3
A particle is released from rest at a height ;7 above the

lowest point of a sphere, it slides down the outside of
the smooth sphere of radius 7. Prove that it leaves the

1
sphere at a height 57 above the centre. Show that when

the particle is at a distance /2 from the vertical
diameter of the sphere, it is at a depth 4r below the
centre of the sphere.

Solution

Since the particle slides on the outside of the sphere,

the reaction R on the sphere is outwards.

In moving from A to B, the particle falls through a

vertical height
11 1
h=gr-3sr=gr

Since the particle starts from rest at A, its initial
velocity is zero.
At B:

1

Fromv2=u2+2a5,u=0,s=h=gr.

2 1 1
V=29 X grav=_[3rg

Inclination of OB to the vertical.
1

G) 1 1 (1
6)

From cos 0 =——= 5:0 = cos 3

Along the radius:

mvz

mgcos —R=——
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R 0 mv? 1 m 1
= - — = X ——— X —
mgcos . mg 377 3rg

=R =0.
Since the reaction is zero at B, the particle will leave
. 1 .
the sphere when at a distance 37 above its centre.
The particle moves as a projectile

cB2=r2 - (ir)P=cB = 20

: . 22 .
The particle leaves at a distance —-7 from the vertical

diameter.

_________ w2 )

The particle leaves at a tangent to the radius.

x = (vcos 0)t
1
y = (vsin 9)t + Egtz
When the particle is at a distance +/2 from the vertical

diameter

1 242 or 1 6r
y=_3rg X 3 X ;-l-EgXE
4 13
y=3r+3r=3r
This is the distance of the particle below B.
13
Vertical distance below 0 = 57 - g =4r

Example 2

A particle is placed on the lowest point of the inside of
a smooth spherical shell of internal radius 3a m and is

given a horizontal velocity of v/13agms™!. How
high above the point of projection does the particle
rise?

Solution

Along the radius:

N

mv

R-mgcos 0 =i )

-
If the particle is projected from the lowest point A with
horizontal speed u;
By conservation of mechanical energy:
1 1
24mu2 = grnvz + mgr(1 - cos 0)
=>vi =y’ - 2gr(1 - cos 0)......(i7)
From (i) and (if)
mro2
R =mgcos 0 + 7[u —-2gr(1 - cos 9)]
muz
R=—--mg(2-3cos0)
When the particle stops rising, R = 0.
2
mu
0=---mg(2-3cosb)

su? = rg(2 - 3cos 0)

13ag = 3ag(2 - 3cos 9)
-7 7
c05927:>9=7r—cos_1§

_17
Leta=cos "§
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cosa=%:y=3acosa=3axg
7 16

h=3a+za=—5am
Example 3
An inelastic string of length a meters is fixed at one
end P and carries a particle of mass 3 kg at its other
end Q. The particle is describing a horizontal circle of
radius 0-8 m with an angular speed of Srads” !
Determine the:
(a) (i) angle the string makes with the horizontal.

(ii) tension in the string.

(b) value of a.
(c) linear speed of the particle.
Solution

(a) G

- =~

3g N
(=): Tcos=3x5%x0-8
Tcos O =60 ...ccoocervirieeeerer e ()
(M: Tsin 6 = 3g
Tsinf=3x%x9-8

Tsin@ =294 ..o (i)
Dividing (ii) by (i):
, 294
(1) tan 0 = — ;-
60=26-1°
(i1) From (i): Tcos26-1=60
T=66-816N
0-8
(b) cosf=——
0-8
A= s26-1— 0-8908 m
(©) vV=owr

=5x%x0-8
=4ms !

Example 4

A light inextensible string of length 5a metres has one
end attached to a point A and the other to a point B
which is vertically below A and 3a metres from it. A
particle P of mass m kg is fastened to the midpoint of
the string and moves with speed u in a circle whose
centre is the midpoint of AB. Show that the tensions in
the upper and lower strings are

15mu’® + 40mga 15mu’ - 40mga .
480 and 480 respectively.

Hence deduce that the motion is possible if
3u’>8 ga.
Solution

N| W
Q

a

N| W
Q

mg

wi----

5 3
2_ (2 V22 2. _
T —(Za) (Za) =>r=2a
Resolving horizontally:

2
(T, +T,)cos = %

2a mu®

(Ty+Ty) x @ =24
5mu’ .
(R 0

Resolving vertically:
(T2 - Tl)sin 0 =mg
()

(TZ—Tl)Xﬁ:mg

24

Adding (i) and (ii):
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5mu? 5

2Ty ="g, +3mg

15mu’ + 40mga
T, ="

48a

5mu? (15mu2 + 40mga)

From (i) T{ =4, 180

15mu® - 40mga
Tl - 48a

Motion is possible if both strings are taut, that is, Ty

15mu2—4-0mga
20755, )20

Hence 3u® > 8ga.

Example 5

One end of a light inextensible string of length 0 - 5 m
is attached to a fixed point O on a smooth horizontal
surface and a particle of mass 2 kg is attached to its
other end. If the particle moves in a horizontal circle,
centre 0, with a speed of 5m s~ 1, find the tension in
the string and the reaction of the particle on the
surface.

Solution:

Horizontally: T = mT

2 x 52

T=7%75

=T =100N
Vertically: R =2g
R=2%X9-8=2R=19-6N

Example 6

A particle of mass 2kg is attached by a light
inextensible string of length 1 m to a fixed point O.
The particle is made to move in a horizontal circle
whose centre is 80 cm vertically below O. Find the
tension in the string and the speed of the particle.
Solution:

r=1?-0-8°>r=0-6m
Resolving vertically:

Tcos 8 =2g

0-8
Tx()=2x9-8
T=24-5N

Resolving horizontally:

2

i mv
Tsinf =——

24-5x (59 = 2%

v=2-1ms !

Exercises

Exercise: 16A

1. A particle is suspended from a point A by a string
of length 1m. The particle is then made to
describe a horizontal circle with angular velocity
wrads™ ! in a conical pendulum. Show that the
angle made by the string to the vertical is 6 =

cos ! (%)

2. Two light inextensible strings AB and BC each of
length [, are attached to a particle of mass m, at B,
the other ends A and C are fixed to two points in a
vertical line, such that A is a distance [ above C.
The particle describes a horizontal circle with

constant angular velocity w. Find the:
(a) tensions in AB and BC.

(b) least value of w so that both strings
shall be taut.

3. A pendulum of length [, is whirled in a horizontal

circle such that its string makes an angle of 30°
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with the vertical. Show that the angular velocity of
the bob is given by w’ = %.

A particle of mass 5 kg is whirled in a horizontal
circle of radius 2m with a constant speed of
3ms ™. Find the tension in the string.

One end of a light inextensible string of length
1-6 m is attached to a fixed point O on a smooth
horizontal surface and a particle of mass 4 kg is
attached to the other end. If the string will break
when the tension in it exceeds 90 N, find the
maximum speed at which the particle can move in
a horizontal circle with centre O.

A particle of mass 5kg is attached by a light
inextensible string of length 3-25m to a fixed
point. The particle moves in a horizontal circle
with a constant angular velocity of 2.8 rad s L
Find the tension in the string and the radius of the
circle.

A particle of mass m is projected from the top of a
smooth sphere of radius a. It slides down the
outside surface of the sphere and leaves the surface

4
of the sphere with speed [zag . Find the:

(a) wvertical distance travelled by the particle
while it is in contact with the sphere.
(b) speed of projection.
(c) speed of the particle when it is level with the
horizontal diameter of the sphere.
A small bead P, of mass m, is threaded on a
smooth thin wire of radius r and centre O which is
fixed in a vertical plane. The bead is projected
along the wire with speed u from the lowest point
A. The bead comes to instantaneous rest at a point
where (POA = 120°. Show that u =~/379. Find in
terms of 7, the height of P above A at the instant
when the reaction of the bead on the wire is zero.

Exercise: 16B

1.

A particle of mass 2 kg is suspended from a fixed
point by a light elastic string of natural length 1 m
and modulus 19 - 6 N. The particle is moving in a
horizontal circle with constant speed vms g
Given that the length of the string is 2 - 25 m, find
the value of v.

Two light strings AB and BC are each attached at B
to a particle of mass m. The string AB is elastic of
natural length 2a and modulus 3mg. The string
BC is inextensible of length 3a. The ends A and C
are fixed with C vertically below A and AC = 5a.
The particle moves with constant speed in a

horizontal circle with both strings taut and
AB = 4a as shown.

A

5a

C
(a) Find the tension in string AB.

(b) Find the tension in string BC.
(c) Show that the speed of the particle is

A particle C of mass m is attached by means of a
light inextensible string of length 2[ to a particle B
fixed at the edge of a horizontal rotating disc of
radius [ and centre O. The system rotates with
constant angular speed w about a vertical axis
through O. The plane OBC remains vertical and the

string makes an angle of 30° with the vertical as

shown in the diagram above. Show that wt= zziﬁ‘

4. A light inextensible string of length 0.72m is

attached to points A and B where A is vertically
above B and AB = 0 - 48 m. If a smooth ring P of
mass 50 grammes is threaded on the string and is
made to move in a horizontal circle about B, find
the:

(a) tension in the string.

(b) angular speed of the ring.

A particle is suspended at the end of a light
inextensible string of length r from a point

0. When the string is vertical, the particle is
projected horizontally with speed u. When the
particle has turned through an angle 8 in a vertical
plane, prove that the tension in the string is given

2
by m(3gcos 0+ u7 - Zg). Given that u = ;rg,
show further that when the string first slackens, the
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3
particle is at a height 5 above the lowest

point and that at that instant the string makes an
angle of 60° with the upward vertical.

6. A particle is suspended from a fixed point by a
string of length [. It is then projected horizontally
so as to describe part of a circle in a vertical plane.
Show that if the parabolic path of the particle
after the string becomes slack passes

through the original point of projection, the
79l
speed of projection is Tg.

7. A particle is released from rest on the surface of a
solid hemisphere at a point A such that OA

-17 . .
makes an angle cos 1§ with the upward vertical
as shown below.

r 0 r

The particle slides freely until it leaves the surface
of the hemisphere at point B with speed v. Given
that OB makes an angle 8 with the upward vertical,
prove that:

(a) cos 8 =1;
7
b v'=g5rg

8. (a) (i) Show that the centripetal acceleration of a
body moving in a circular path of radius 7 is given
2

v
by a= Pr
(ii)) Derive the expression for the angle
inclination to the horizontal necessary for a
rider moving a round a circular track of
radius r without skidding at a speed v, in
terms of g, r and v.

(b) A stone of mass 0 - 5 kg is tied to one end of a
string 1 m long. The point of suspension of the
string is 2 m above the ground. The stone is
whirled in a horizontal circle with increasing
angular velocity as shown in the diagram.

Y P FTT TR T T I TN

0

2 m ( Stone

Ground

\\‘\'\\\\\\\\\\ R T T T T R T R T
G
The string will break when the tension in it is
12 - 5 N and semi-vertical angle 8
(1) Calculate the value of 6.
(i1)) How far from point G will the stone hit the
ground?
(iii)) What will be the velocity of the stone when
it hits the ground?

max*

Answers to Exercises

Exercise: 16A

L2 (@ ;mleil+2g); ym(wil-2g) () |2

3. 4. 22-5N

1

5. 6ms ! 6 127-4N;3m 7. (a) :

2 3
b Jsag (© 2 [zag

4

8. 3r

Exercise: 16B

1.3-15ms™! 2. (@) 3mg (b) wmg (o)

3.4 (@ 0-5308N (b) 8-5732rads™ ' 5.
6. 7. (@ (b

8. (@ (i) (i) tan@="3 (N0 Opa
=669° (i) 2-8m (i) 7-26ms ! at

50 - 7° below the horizontal
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17. SIMPLE HARMONIC MOTION(S H.M)

Simple harmonic motion is a kind of periodic motion
in which the acceleration is directed towards a fixed
point called equilibrium position and it is directly
proportional to the displacement from this point.

17.1 Equations for simple harmonic

motion
Consider the particle shown below performing S.H.M
about equilibrium position O with extreme points P
and P'. The displacement of the particle from O at time
t, is x, and v = x is the velocity at this time.

1t><lx

p' 0 x P

—— T > < T ——
Where x is the acceleration and 7 is the amplitude.

Velocity reduces as the particle moves away from the
equilibrium position and the particle comes to
instantaneous rest at P and P' and accelerates towards
0. The amplitude OP or OP'=r is the maximum
displacement of the particle from the equilibrium
position.

During simple harmonic motion:

XX Xx

Where w is a positive constant called angular velocity.

. dv  dx dv
Butx—axa—va

dv 2
de =—w X

Jvdv= - w*[xdx
19 1 22
SV =—swx +c

When x =+ r, v =0, where v =x

0=- %wzrz +c=c= %erz
Hence v* = a)z(rz—xz)
SV =14 W\ = X (i)
Vmax = @7, when x = 0

Taking the positive root in (if)

dx
@ wrJr? - x°

f fwdt:>sm 1 (;) =wt+ 0@

x=7rsin (Wt + D) .cvvvrcrrrrerine (iid)

Alternatively taking the negative root in (ii)

X =1c0S (Wt + &) wrrvrrrrnn. (iv)

@ and € are constants which can be obtained using the
initial conditions.
Consider x = rsin (wt + @)

Ifx=0att=0
0=rsin@=0=0
s x =7sin wt

X

T

Ifx=ratt=0

T
r=rsin =0 = >
T

s~ x=rsin|wt + E =X =rcos wt

T\mh
IVAAVE

. 2 . .
Note that after time - the motion repeats itself.

2m | T .
= - is called the periodic time of the motion.

This is the time taken to complete one cycle.

Page 177



Summary of equations for a particle executing

S.H.M:

. x=—w"x

2. Xpax w’r

3. 1= a)z(r2 xz)

4. V= 0T

5. x=rsinwt,ifx=0att=0
6. x=rcoswt,ifx=ratt=0
7. 1="

Example 1

A particle executing simple harmonic motion starts

from rest and while at a point 3 m from the equilibrium

position it is travelling at 8 m s~ ! with an acceleration

of 12 m s~ 2. Find the:

(1) angular velocity and amplitude of the motion.

(i) shortest possible time the particle takes to come
back to the given point.

Solution
Whenx=3m,v=8ms_1,a=12ms'2
i) a=-w’x

12 =— w?(-3)

w=2rads !
v=wr’ - x°
8 = 2\r* - 3%

r=5m
(ii)
A R L
om T 3m g |
X =rcos wt
3 =5cos 2t

t=%cos'1(§)

ty = %cos_1 (g)
t;=0-464s

t, =%(21‘[—COS_1§)
t,=2-678s

Time taken = t,-t;

=2-678-0-464
=2-214s
Example 2

A particle moves in a straight line with simple
harmonic motion of amplitude 2 -5 m and period 2m
seconds. Find the maximum speed and maximum
acceleration of the particle.
Solution

r=25mT=2ms

2m 2
Vpax = 0", T = =2m ="

m w

sw=1rads !
Vpax = 1 X 25

=2-5ms !

_ 2 120,
Apax = O T20,,, =1°X 25

=2-5ms 2

Example 3

A particle moving with simple harmonic motion in

straight line has a maximum speed of 6 ms "~ land a

maximum acceleration of 18 m s ~ 2. Find the:

(a) amplitude of the motion.

(b) period of the motion.

(©) speed of the particle when it is 1 m from the
equilibrium position.

Solution:

1

Vpax = O6M'S

“ o _9
Xpax = 18 m's

Dividing (ii) and (i)
w=3rads ™!
(a) From (i):3r=6=>r=2m
(b) T=-

21
=3S

(©) When x =1m
v = wyr? - x
=3,22-12
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=3\Bms'1

Example 4

A particle of mass 3 kg moves with simple harmonic
motion in a straight line between points 4 and A15m
apart. Given that when the particle is 3 m from A4 its

speed is 2ms "~ 1, find the period of the motion. Find
also the greatest force exerted on the particle during
the motion.
Solution

From v* = wz(rz—xz)

2% = w?(7-5%-(7-5-3)%)
1 -1
w=jzrads
2m . 1
T=Z$T=2T[T§

T=6ms

)2
Flax = mw'r

=3x(%)2><7-5

=2-5N

Example 5
A particle performing simple harmonic motion starts
from rest and passes through points P; and P, which

are 2 m, 6 m respectively from the starting point with
equal speeds. Given that 1 second after passing P, the

particle next comes to rest, find the:
(1) period and amplitude of the motion.

(i1) time taken to move from P, directly to P,.

Solution
(l) 42—m> 6 m
«-———————p
Py 0 P,
.
rm

From v* = wz(rz - xz)
’[r® - (r-2)" = ’[r* - (6 -1)7]
1‘2—(1”—2)2=r2—(6—r)2

r=4m

2m
<« 6 m
D
Py 0 P,
<«
4m

Since the particle starts from rest, motion begins at the

amplitude
From x = rcos wt

X =4cos wt
At Py; x == 2

-2 =4cos wt,
1 _q(-1
t, = ,cos (T)

1 11 1 m
t, = 5[7‘[ — Cos (E)] = a(ﬂ - 5)
2m
When particle comes to rest, x =— 4, t = t3
-4 = 4cos wt;

t3=%(7r—cos_11)

T
t3=74
T Zn_

0w 31

b4 bid -1
f=1=>a)=§rads

3w
o
T=27TT§
T=6s
2m 2

(i) At Ppty=3 =5 +3=25

At Pi,x=2
T
2=4cos(§t1)
3 (1 3 m
t1=Ecos (E)=E><§
ty=1s

Time taken to move from P, directly to P, is

Example 6
A particle is released from rest at a point 4, 1 m from a
second point O. The particle accelerates towards O and
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moves with simple harmonic motion of time period 12

s and O as centre of oscillation. Find how far the
particle is from O one second after release. How many
seconds after release is the particle at the midpoint of
OA for the:

(a) first time.
(b) second time.
Solution:
IA 1m (.) ,

2
The amplitude, 7 = 1m, T = 125212 ="

n -1
=>a)=grads

Sincex=r,att=0

X =71Ccos wt

T
x = 1cos (gt)
Whent=1s
_ T B
X =C0S;=>X=-m

1
When x =;m

1 . T
5 = COs (gt)

6 _1(1
t= 7€Os (E)

(a) ty = gcos -1 (%)
ty=2s

(b) t, = 2[271 ~cos™ 1 (%)]

t, = 2[271 - g]

t,=10s

Example 7
A particle starts from rest and performs simple
harmonic motion on a straight line. T seconds later,
when its speed is half of its maximum speed, the
distance covered is a metres. Prove that the:

(a) amplitude of the motion is 2a(2 + \3) m.

(b) period of the motion is 12T seconds.

(c) distance covered in the next T seconds is a

(\B+ 1) m.

Solution

- B
Al O 7 e a4

0

r is the amplitude.
(a) Vax = OT
vp = %a)r whent=T and x =7-a
From v* = wz(rz - xz)
(5)? = ?r*- - )]
r’-8ar + 4a* =0

8a+./64a%- 4 x 1x 4a°
T:

2
r=2a(2 + \/§)
Hence r=2a(2 + \B) as required

(b) From x = rcos wt

2aT
(r-a) =rcosti , where tp is the periodic
p
time
2nT
2a(2 ++3)-a=2a(2 + \/§)costi
p

tp = 12T as required

(©) From x = rcos wt
X = Za(\ﬁ + 2)cos (?)
p
When t = 2T
2w X 2T
= 3 _
X Za(\f + 2)cos ( 1T )

= Za(\ﬁ + 2)cos (g)
= a(\ﬁ + 2)m

Distance covered in next T seconds:
=a(\3+ 2)-a
= a(\ﬁ + 1) m

17.2 Forces producing simple

harmonic motion
To show that a given set of forces acting on a particle
produce simple harmonic motion, we must prove that
the equation of motion of the particle can be expressed
in the form x =— wx.
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1. Vertical string:

Consider a light elastic string of natural length [ and
modulus of elasticity 4, having one end fixed at a point
0 and a particle of ;nass m, attached to the other end.

myg

If T is the tension in the string when the particle hangs
at E in equilibrium;

A
From Hooke’s law: T = Te

In equilibrium: T = mg
Hence ile =myg
If the particle is given a downward displacement x
from E and released.
mg-T'=ma
Alx +e) _
=

. -2 .
X = X which is of the form x =- 0’x
hence S.H.M in which

2
w=_
. 21 ml
The period T = = 27‘[\/;

The amplitude r of the motion is the maximum

displacement of the particle from E.

Note: For complete S.H.M, the string should remain
taut throughout the motion. This is possible with r < e.
For the case of a particle suspended from a spring,
S.H.M is theoretically possible even when r > e since
a spring undergoes both compression and extension.
The same derivation is used for the case of a spring.

2. Horizontal spring:

Consider a particle of mass m, at the end of a
horizontal spring of modulus of elasticity A and natural
length [, resting on a smooth horizontal surface.

X
—>

T | i
AVAVAVAVAVE AVAVAVAVAVAVAVAR P
(I) 1

When the particle is given a small horizontal

displacement x from O and released:

2
From Hooke’s law T = Tx

Equation of motion;

O-T = mx

- Ax

T=mx

© == (o)

7
Hence S.H.M in which w = \/%

2 ml
T=;=2T[ 5

3. Particle between two horizontal strings:

Consider a particle of mass m, between two horizontal
strings as shown below.

X
——>
T1 ! TZ
0
In equilibrium T{ =T woevvereiiieien ()

This condition is used in locating the equilibrium
position.

If the particle is given a displacement x towards B.

This equation is used to prove that the motion is simple
harmonic.

Note: If string AP has natural length /; and modulus of
elasticity A; and string PB has natural length [,

and modulus of elasticity A, then:

Aeq Ae

2
Ty=-- and T, =—- where e; and e, are

respective extensions in AP and PB when the
system is in equilibrium. Using equation (i)
when the system is in equilibrium:
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ey Axep
Iy
When P is given a small horizontal displacement x
towards B:
' /11(e1+x)

'12(92 —x)

b

Using equation (ii) above:
Aley-x)  A4(e; +x)

I - I =mx

On simplifying:

. Ay + 4,04 . A4l + A5l
mx =-— ( Il )X=>X =— ( miyl, )x

Hence simple harmonic motion in which:
Ml + 25l mi L,
mi, and T =2m |55

Example 8

An elastic string of natural length 2a and modulus A
has its ends attached to two points A and B on a
smooth horizontal table. The distance AB is 4a and C
is the midpoint of AB. A particle of mass m, is
attached to the midpoint of the string. The particle is
then released from rest at D, the midpoint of CB.
Denoting x the displacement of the particle from C,

show that the equation of motion of the particle is x
22
+ o x=0.

Find the maximum speed of the particle and show that

the time taken for the particle to move from D, directly
ma

to the midpoint of €D is g o7
Solution:

C D
T X
TZ

Tl
A <

1
N
—— 20 — ple— a —>
—— 2q—>

In equilibrium T; =T,

Aeq Ae

Ty=—and T, = 72 where e, and e, are respective
extensions in AC and CB when the system is in
equilibrium.

Aey e,

@ T a1 Te

Also e +e,=2a
Hencee; =e,=a
When the mass is given a displacement x from C
towards B.
T,-T, = mx

Aa-x) AMa+x)

a - a =mx

2 .
(a-x-a-x)=mx
-22

a

mx =

. 21
x+ax—0

X

The motion is simple harmonic with angular velocity
22

W= Jam

From v, =wr, r=a

21 21
Vmax = am)T = am )@
2al

. 21
Sincex=ratt=0; x=rcoswt, w=_[—

am
22
X = acos ( aim)t

1
When x = ;a (at the midpoint of CD):

=[]

ma _11

t= 52€0S 5

T |ma
T 3422

Example 9

A particle is attached to one end of a light elastic
string, the other end of which is fastened to a fixed

. . 1
point A on a smooth plane inclined at an angle arc sin ;

to the horizontal. The particle rests in equilibrium at a
point O on the plane with the string stretched along a
line of greatest slope and extended by an amount c. If
the particle is released from rest at a point P on A0
produced, show that as long as the string remains taut
the particle will oscillate with simple harmonic motion
about O as a centre and state the periodic time.
Solution

Along plane;

In equilibrium: T, = mgsin 6

1 1
lemgXZ:ng
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Ac
From Hooke’s law: T; = X

1 Ac mgly
Hence: ;mg = E:M =

When the particle is given a displacement OP = x and

released:

mgsin 6-T, = ma

1 Alc+x)
ma=_aymg - Iy

1 Ac Ax
ma=_aymg - [

2 mgly 1
a__mlo T 4c xmloxx

—_9

a=-3X

. . g 1 g
Hence S.H.M in which w = \/4:C = E\E

2
The period, T of the motion is given by: T = ;ﬂ

T—4\ﬁ
=A4m |5

Example 10

A body of mass 500 g is attached to end B of a light
elastic string AB of natural length 50 cm. The system
rests in equilibrium with the string vertical and end A
fixed. The body is then pulled vertically downwards
through a small displacement and released. If the

. . . . . . 7T
ensuing motion is simple harmonic of period ¢ s, find

the modulus of the string.

Solution

0-5gN

In equilibrium, T=0"-5g
Ae

2
From Hooke’s law; T = Te =5 = 24e
0

~0-5g= 2/1e=>e=:%1

When the body is given a downward displacement x
from equilibrium and released:

0-5g-T'=mx
2 .
0-5g- (xl:e)=0-5x
Ax g

0-59-5.5-AX 3305 =0"5x
-2Ax=0"-5x

x =—4]x, Hence SHM
w=~4=2+/2 rads™*

21 T T
TS
A=25N

Exercises

Exercise: 17A

1. Find the periodic time of the simple harmonic
motion governed by the following equations:
(@ x=-x (b) x=—4x (c) x=-9x

2. A mass of 10 kg moves with simple harmonic
motion in a straight line. When it is 2 m from the
centre of oscillation, the velocity and acceleration
of the body are 12 ms~! and 162ms”?
respectively. Calculate the:
(a) period.
(b) amplitude.
(c) greatest force exerted on the particle during

its motion.

3. 3. A particle moves in a straight line with simple

harmonic motion of period 5 seconds and has a
maximum speed of 4 m s~ ! Find the:
6)] amplitude.

.. ... 6
(i1) speed when it is —m from the centre.

4. A particle is performing simple harmonic motion

with centre O, amplitude 6 m and period 27
seconds. Points B and C lie between O and A with
OB =1m,0C =3 mand OA = 6 m. Find the least
time when travelling from:

(a) Ato B (b) Ato C

5. A particle describing simple harmonic motion in a

straight line directed to a fixed point O has a
velocity of 25ms~ ! and an acceleration of
75m s~ % when it is 3 m from 0. Determine the:

(i) period and amplitude of oscillation.

(i) time taken by the particle to reach O.
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(ii1) velocity of the particle as it passes through O.
6. (a) A particle performing simple harmonic motion
satisfies the equation x + wx = 0, where w is a
positive constant and x the distance from the centre
of motion. Show that x = rcos (wt + @) where @

is a constant and 7 is the amplitude.
(b) A particle moving with simple harmonic motion
of amplitude a metres  travels from a point P,
x4 metres from the centre of motion directly to

a point Q, x, metres from the centre of motion

in t seconds. Show that the period T of the

motion satisfies the equation;
2 2mt

a“cos 4 =xyx; + \/(az - x%)(az - x%)
7. A particle is moving with simple harmonic about a
fixed point O on a line. The particle has velocity v,

when its displacement from O is x and its velocity
is v, when its displacement is y. Show that the

period of oscillation satisfies the equation T = 2m

X% —y?
v%—v% :

8. A particle oscillates vertically in simple harmonic
of amplitude 3 cm and frequency 5 Hz. Find the
acceleration of the particle at:

(a) the centre of motion.

(b) maximum displacement.
(c) a position halfway between the centre and
maximum displacement.

9. A particle is moving with simple harmonic motion
along the x — axis with centre of oscillation at O, at
x =4 m the speed is 6ms ! and at x =3 m the
speedis 8 m s~ ! Find the:

(a) amplitude.
(b) maximum velocity.

10. A particle moves with simple harmonic motion
about a mean position 0. It is initially projected
from O with speed 6 ms ! and just reaches a
point A at 2 m from O. Find the:

(a) distance from O after 3 s.

(b) speed of the particle after 9 s.

(©) time taken for the particle to be at a
distance of 1 m from O for the third
time.

11. A particle P executes simple harmonic motion with
amplitude 3 m and period 2s. If P is initially
moving at maximum speed, determine the:

(1) distance moved by P until its speed is half
the maximum value.

(i) time taken by P to travel the distance in (i)
above.

Exercise: 17B

1.

A particle is performing simple harmonic motion
with period 12s. Its speed when 8 m from the

e .3 . .
centre of oscillation is ¢ of its maximum speed. If

the particle is initially moving with maximum
speed, find the:
(i) amplitude of motion.

(ii) time which elapses before the speed of the
particle reduces to half its maximum value.
A particle moves with simple harmonic motion
between two points A and B,4 m apart. The
greatest speed of the particle is 2rms” ' Find
the:
(i) least time taken by the particle to travel from
A to a point 1 m from B.
(i) acceleration of the particle when at 1 - 848 m
from B.
A particle executing simple harmonic motion starts
from rest at point O and passes through points A
and B in that order, given that 0A=0-1m,
OB =0-2m, and the particle passes through A
and B with velocities 6ms~! and 8ms™?
respectively. Calculate the:
(a) amplitude and angular velocity of motion.
(b) time the particle takes to move from A
directly to B.

A body of mass 100 g moves horizontally with
simple harmonic motion about a mean position O.
When the body is 0-5m from O the horizontal
force on the body is 5 N. Find the periodic time of
the motion.

A particle moves with simple harmonic motion
about a mean position O. The particle has zero
velocity at a point which is 50 cm from O and a
speedof 3ms ! at 0. Find the:

(a) maximum speed of the particle.
(b) amplitude of the motion.
(© periodic time of the motion.

A particle moves with simple harmonic motion
about a mean position 0. When the particle is 60
cm from O its speed is 1-6ms~ ! and when it is
80 cm from O its speed 1-2ms ' Find the
amplitude and period of the motion.

A particle is projected from a point 4 at time t = 0
and performs simple harmonic motion with A as
the centre of oscillation. The amplitude of the
motion is 50 cm and periodic time is 3 s. Find the:

(a) speed of projection.

(b) speed of the particle whent = 1's.

(c) speed of the particle whent = 2 s.

(d) distance of the particle from A when t = 2 s.
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8.

10.

11.

12.

A particle performs simple harmonic motion of
period 3 s and amplitude 6 cm about centre O.
Find the time it takes the particle to travel from O
to a point P a distance of 3 cm from O.

The points 4, 0, B, C lie in that order on a straight
line with AO=0C=4cm and OB=2cm. A
particle performs simple harmonic motion of
period 6 s and amplitude 4 cm between A and C.
Find the time taken for the particle to travel from A
to B.

The points 4, 0, B, C lie in that order on a straight
line with AO=0C=6cm and OB=5cm. A
particle performs simple harmonic motion of
period 3 s and amplitude 6 cm between A and C.
Find the time taken for the particle to travel from A
to B.

A particle executing simple harmonic motion
about a point O has speeds of 3\5 ms~ ! and
3ms ™! when at distances of 1 m and 0268 m
respectively from the end point. Find the amplitude
of the motion.

A particle moving with simple harmonic motion
passes through three points 4, B and C in that order
with velocities 0 ms_l, 2ms tand -1ms!
respectively. Find the period and amplitude of the
motion if AB = 2 metres and AC = 8 metres.

Exercise: 17C

1.

A light elastic string of natural length [ has one end
fixed to a point 0. The other end is attached to a
particle of mass m. When the particle hangs in

7
equilibrium the length of the string is ;I. The
particle is displaced from equilibrium so that it

moves vertically when the string is taut. Show that
the ensuing motion is simple harmonic with period

31
T \/;. At time t =0 the particle is released from

3
rest at a point A at a distance ;! vertically below 0.

Find the:
(1)  depth below O of the lowest point L of the
motion.
(i1)) time taken to move from A to L.

(iii) depth below O of the particle at time t = %n
3l
E.
A light elastic string of natural length [ has one end
fixed and to the free end is attached a particle of
mass m and the system hangs vertically. If the
mass is given a downward vertical displacement,
show that the resulting motion is simple harmonic.

If this particle is now replaced by another particle
of mass fm and it is found that the period of
oscillation is doubled. Find the value of 3.
A light elastic string PQ of modulus of elasticity A
and natural length a has one end P fixed. A mass
m hanging in equilibrium at the other end @
stretches the string through a distance [. Show that
when the mass is pulled down a further small
distance and released from rest, the resultin
1
‘

motion is simple harmonic of period T = 2m_|-.

The mass m is detached and replaced by a mass m'
which also similarly moves with simple harmonic

motion of period T'. Show that %= (g)zand find

the period in terms of T and T if both masses hang
are together at the end of the string.

When a particle of mass m kg is supported by an
elastic string of natural length [ m the extension in
the string is e. The particle is displaced through a

. 3 ey
distance ze, from equilibrium and allowed to make

vertical oscillations.
(a) Show that the motion is simple harmonic

e
with period T = 2@ \/E.
(b) Prove that the time the particle takes to move
1
from its lowest point to a point ;e above the
eqer . .. . -1 2 [
equilibrium position is [n - COoS (5)] 7
(c) Find an expression for the time the particle
takes to move between points at which the

speeds are half of the particle’s maximum
speed.

A mass of 5 kg is suspended from a string causing

an extension of 25 cm. If the mass in pulled down

a further distance of 25 cm and then released, it

performs simple harmonic motion. Find the:

(a) frequency of the motion.

(b) velocity when the mass is 1-25cm above
the lowest point.

A particle of mass 1 kg is attached to one end of a

light elastic string AB of modulus 25 N and natural

length 0-5m. The other end B of the string is

fixed and A is held at a distance of 0-75m

vertically below B and then released. Calculate the

initial acceleration of A.

A light elastic string is of natural length 60 cm and
modulus 3mg N. The string hangs vertically with
its top end fixed and a body of mass m kg fastened
to the other end. Find the extension in the string
when the body hangs in equilibrium. If the body is
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then pulled vertically downwards a distance of 10
cm and released, show that the ensuing motion will
be simple harmonic and find the time period of the
motion and the maximum speed of the body.

A particle of mass m is attached to one end of a
light elastic string of natural length [ and modulus
2mg N. The other end of the string is fixed at a
point A. The particle rests on a support B vertically
below A, with AB =Zl. Find the tension in the
string and the reaction exerted on the particle by
support B. The support B is suddenly removed.
Show that the particle will execute simple
harmonic motion and find the:

(i) depth below A of the centre of oscillation.

(i) period of the motion.

Exercise: 17D

1.

A particle P of mass m lies on a smooth
horizontal table and is attached to two fixed points
A, B on the table by two light strings of natural
lengths 2/, 31 and moduli 2mg, mg respectively.
If AB =71 show that when P is in equilibrium,

5
AP =3l. The particle P is held at rest at a point C

in the line AB, when AC = 31 and C lies between
A and B, and is then released. Show that the
ensuing motion of P is simple harmonic of period

31
8 \/; Find the maximum speed of the particle in

the ensuing motion.

(a) A mass oscillates with simple harmonic
motion of period one second. The amplitude of
oscillation is 5 cm. Given that the particle begins
from the centre of the motion, state the
relationship between the displacement x of the
mass and time ¢. Hence find the first times when
the mass is 3 cm from its end position.

(b) A particle of mass m is attached by means of

light strings AP and PB of the same natural length
am and moduli of elasticity mg N and 2mg N
respectively to the points A and B on a smooth
horizontal table. The particle is released
from the midpoint of AB, where AB = 3am.
Show that the motion of the particle is simple

4m’a\ s
harmonic with period T = ( 3 )2.
A particle P of mass m lies on a smooth
horizontal table and is attached to two light elastic
strings fixed to the table at points A and B. The
natural lengths of the strings are AP = 4!, PB = 51

5
and their moduli of elasticity are mg and ;mg

6.

respectively. Given AB = 121, Show that when P
is in equilibrium, AP = 6/, P is now held at C in
the line AB with AC = 5! and then released. Show
that the resulting motion is simple harmonic with

I
period 4m \/%. Find the maximum speed of the
particle.

A light elastic string of natural length 2 - 4 m and
modulus of elasticity 15N is stretched between
two points A and B,3m apart on a smooth
horizontal surface. A particle of mass 4 kg is
attached at the midpoint of the string and pulled
10 cm towards B and then released.
(a) Show that the resulting motion is simple
harmonic.
(b) Find the period.
(c) Find the maximum speed.
(a) A particle of mass 2 kg is attached to one end
of an elastic string of natural length 1 m and
modulus 8 N lying on a smooth horizontal plane.
The other end of the string is fixed to a point4
on the plane and when the string is just taut the
particle is at a point B. The particle is pulled away
from A until it reaches a point €, where
AC =1 -5 m and then released.
(i) Find the velocity of the particle when it
passes through B.
(il)) What is its velocity when it reaches A.
(b) A particle is performing simple harmonic
motion in a straight line. Its speed when at 3 m
from the centre of motion is 12 m s~ ' and its
acceleration is 27 m s~ %, Find the:
(i) periodic time and amplitude of motion.
(i1) least time taken to reach the centre of
motion.
(iii) velocity of the particle as it passes
through the centre of motion.

A particle of mass 1-5kg lies on a smooth
horizontal table and is attached to two light elastic
strings fixed at points P and @, 12 m apart. The
strings are of natural length 4 m and 5 m and their
moduli are 4 and 2 - 54 respectively.

(a) Show that the particle stays in equilibrium at
a point R midway between P and Q.

(b) If the particle is held at some point S in the
line PQ with PS =4 -8 m and then released,
show that the particle performs simple
harmonic motion and find the:

(i)  period of oscillation.

(ii)  velocity when the particle is 5-5m
from P.
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10.

11.

12.

A particle of mass 2 kg is attached to one end of
an elastic spring of natural length 1 m whose
other end A is fixed to a point on a smooth
horizontal plane. The particle is pulled across the
plane from B to C, where AC =15 m and is then
released. If the modulus of elasticity of the spring
1s 10 N, show that:

(a) from C to B the particle performs simple

harmonic motion with B as the centre.
. m
(b) the time taken to travel from B to C is —
seconds.

5
(c) thespeedat B is % ms” L.

A light spring is of natural length 1 m and
modulus 2 N. One end of the spring is attached to
a fixed point A on a smooth horizontal surface and
to the other end is attached a body of mass 0-5
kg. The body is held at rest on the surface at a
distance of 1 - 25 m from A. Show that on release
the body will move with simple harmonic motion
and find the amplitude and period of the motion.

Two points A and B are 1 m apart on a smooth
horizontal table. A light spring of natural length
75 cm and modulus 54 N has one end fastened to
the table at A and the other end to a body of mass
8 kg which is held at rest at B. Show that when
the body is released it moves with simple
harmonic motion and find the maximum speed of
the body during the motion.

A body of mass 2 kg is fixed to the midpoint of a
light elastic string of natural length 1 m and
modulus 18 N. The ends of the string are attached
to two points A and B,2 m apart on a smooth
horizontal surface. The body is pulled a distance r
towards A (r <0-5m) and released. Show that
the subsequent motion is simple harmonic and
find the period of the motion. If the maximum
speed of the body is 1.5 ms™, find the value of r.

A light elastic string of natural length 1 -5 m and
modulus 12 N is stretched between two points A
and B, 2 m apart on a smooth horizontal surface.
A body of mass 2 kg is attached to the midpoint of
the string, pulled 20 cm towards A and released.
Show that the subsequent motion is simple
harmonic and find the speed of the body when it is
88 cm from A.

Two fixed points A and B on a smooth horizontal
table are at a distance 10a apart. A particle P of
mass m lies between A and B. It is attached to A
by means of a light elastic string of modulus 4 and
natural length 2a and to B by means of another
light elastic string of modulus 24 and natural

length 5a. Let AP = x, if the particle is given a

slight displacement towards B:
_ R 91 31
(i) Show that X + (Tgam ¥ = o

10am,

(il)) Determine x when the particle is in

equilibrium.

(iii) If the particle is released from rest when
string AP is just taut, show that the particle

moves with simple harmonic motion of
. 4 . 2m [10am
amplitude r =za and period T =+ |——.

Answers to Exercises
Exercise: 17A

1.(a) 2rs (b) ms (¢) s 2.
(a) =s (b) 2-404m (c) 1947 N
3. () ~m (i) 3-2ms"!

4. (@) 0-45ms (b) 555 () =5 3%4m (i)
0-108s (iii) 5v/34ms ™ *

6. (a) (b) 7. 8.(a) Oms 2
(b) 29:61ms % (c) 14-804ms 2

9.(a 5m (b) 10ms !

10. (2)0-824m(b) 1.7528ms ™" (c) 15 s

1. )

343 1
\Tfm (i) 3s
Exercise: 17B
2
1. (i) 10m (ii) 2s 2.(i) 3 s (ii) 1.5ms?
-1 4

3. (@ 0-5m; 20rads (b) 0-0142s 4. <s

5. (a)

s 7. (a)gms_1 (b)

T[

3ms ™! (b)0-5m (c) 3

s 6. 1m;

T -1 T -1
sms " (¢)g;ms

3
(d)%m 8. 025s 9. 2s 10.
2:0m  12. 11:24s;4-2m

b

1-22s 11.

Exercise: 17C
. L omBl 15

1. G) 21 (i) 5\/; (i) gl 2. p=4 3.
Tll= T2+(Tl)2

4@ b (© = \/} 5. (2 0-9965Hz
(b) 0-4887ms *
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6. 2-7ms Xupwards) 7. 20em ; s ; 5@ () 1ms™h () 1ms™t (b)) ()

0-7ms"! ®s;5m (i) 0-2145s (iii)15ms™
1 1 ) 3 B 21 , 2 1 1192 _1
8.gmgigmg O Gl () my 6. @ () 2mf3s (i) 5 ms

7. (@) (b)) 8. 25cm;ms 9. 0-75ms 1

E"e“;liﬂ 10.  5s; 25cm 11 0.64ms ! 12, (i)
) =0-05sin2nt ; 0- -
1 \/; 2. (@ x=0-05sin2nt ; 0-0655s ; (ii) 1?0(1 (iif)

0-5655s (b)

3.0890 4 @ (b) =s () zms!
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18. RESULTANT AND RELATIVE MOTION

18.1 Resultant Velocity
The resultant of given velocities when they are given
in vectorial notation is simply the vector sum of the
velocities.
If v =ai+ bj and v, = ci + dj then their resultant v
is their vector sum:

v=v,+7v,

v=(ai+ bj)+ (ci+dj)=(a+c)i+ (b+d)j
However if velocities are given in terms of magnitude
and their directions by angles then:

» We can express the velocities in vector form
thereafter we find the magnitude and direction of
the resultant.

» If they are two velocities, we can use the
parallelogram of vectors.

Example 1

A boat travelling at 5ms "~ 1in the direction 030° in
still water is blown by wind moving at 8 ms ! from
the bearing of 150° Calculate the true speed and
course the boat will be steered.

Solution

Let vy be the true or resultant speed of the boat
vh =8%+5%-2 x 8 x 5 x cos 120
vp=+/129=11-3578 ms ™!

VR 8 /129 8

sin120  sin® sin 120  sin 6

0 — sin- 1 8sin 120
=sin 175
0=37-6°

Course set = 360-(37-6-30) =352 -4°

Hence the course set is on a bearing of
352 - 4°.
Example 2

Two airfields A and B are 500 km apart with B on a
bearing of 060° from A. An aircraft which can travel at
200 km h ™! in still air is to be flown from 4 to B. If
there is a wind of 40 kmh™? blowing from the west,
find the course that the pilot must set in order to reach
B and also find to the nearest minute, the time taken.
Solution

200 40

>0=5-7°

sin30 — sin@
Course set is on bearing of 60-5-7 = 054 - 3°
a=180-(30+5-7)=144-3°
g 200
sin 144 -3 ~ sin 30
vp=233-4165kmh™?

500
=333-4165 — 2142 hours

t = 2 hours 8 minutes

t

18.2 Crossing a river by boat
We consider crossing a river flowing between two
parallel banks. Taking v, as velocity of current

(velocity with which the river flows), vy as velocity of
boat in still water and wvp as the resultant
velocity(actual velocity with which the boat moves).
There are mainly four possible cases:

1. Crossing to a point upstream from starting point.
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0 P

2. Crossing to a point exactly opposing the starting
point.

a
Vp
a Ve
0 >p P
VR
«—— d—»

The course set:

_ Y . -1 (%c
cosa=_=a=cos |,
Resultant velocity:
2_ .2 2 _ [2_ 2
VR =Vp=Vc=>Vp =V~ V¢
Time taken for the crossing:
d

2_ 2
Vp— V¢

_d —
t—7R=>t—

Note: This is only possible if vy > v.

3. Crossing to a point downstream from starting
point.

B

The solution to the problem can be obtained using
the sine rule and the cosine rule.

4. Crossing the river in the shortest time.

» A -

» The course set is at an
angle «a to the bank.

» The resultant velocity is
along the line from starting p
point to the target point.

B
B
opP d
= vpsin a = vpsin a
d
tmin = (vgsin @) pay
But (sin a) ., = 1, when a = 90°
d
Hence t;, = v

Hence to cross the river in shortest possible
time, the course is set directly across the river
or normal to the bank.

Example 3

A man can row a boat in still water at 6 km h ™!, He
wishes to cross a river to a point directly opposite his
starting point. The river flows at 4kmh™ ! and has a
width of 250 m. Find the time the man would take to
cross the river.

Solution:

¢—— 250 m —»

vp=+/6%-4*=~20 = 2,/5kmh !

=0-0559 hours
=201 - 25 seconds.

Example 4

A river flows at a constant speed of 4 ms ™ ! petween
straight parallel banks which are 225 m apart. A boat
which has a maximum speed of 2 - 6ms~ ! in still
water leaves a point P on one bank and sails in a
straight line to the opposite bank. Find the time the
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boat can take to reach a point Q on the opposite bank
where PQ = 375 m and Q is downstream from P. Find
also the least time the boat can take to cross the river.
Find the time taken to sail from P and Q by the slowest
boat capable of sailing directly from P to Q.

Solution

-1

1]

g
O
N
I

R,

J 225 m Q

225
sinf =37:=p =36-9°

2:6 4 2.6 4 o
sinf ~ sin @ sin36-9 — sina "X = 67 -4

v

v 2:6 Vg 2:6
sin@ — sin36-9 ’sin75-7 — sin36-9

1

>vp=4-196ms
375

= 4-196 =89-4s

To cross in least time, the course is set normal to the

bank, that is,6 = 90°.

t

1

vg=2-6ms"

P

Note: To find the time taken by the slowest boat, 8
remains the same since it is calculated from the
triangle of distances but 6 and « depend on the
new speed of the boat.

. 225 .
sinff =3z=>sinf=0-6
Vp 4 VB 4
sinf sina:>0-6 T sina
2-4
VB = ina
2-4
Vg | =
Bmin (Sll’l a)max

(sina) ., =1, when a = 90°
2-4 _1

375
t=ﬁ= 117-2s

18.3 Relative and true velocity

18.3.1 Relative Velocity

For two bodies A and B moving with velocities v, and
vy respectively, the velocity of A relative to B is the

velocity of A as measured by an observer on B and is
denoted by 4vpand givenby ,vp=v,-vp.

18.3.2 True Velocity

If vy the true velocity of B is known and ,vj is also
known, the true velocity of A, v, can be calculated

Example 5

To an observer on a liner moving with velocity
(18i-17j) kmh ™~ 1, a yatch appears to have a velocity
(-8i+29j)kmh~ ! To someone on the yatch the
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wind appears to have a velocity (- 5i-5j) kmh™ !
Find the true velocity of the wind.
Solution

v, = (18i-17j) kmh ™!

v, =(-8i+29)kmh™!
yVL=Vy -7V,
Vy = yV,+ 7,
= (-8i+ 29j) + (18i-17j)
= (10i + 12j) kmh ™!
wVy = (- 5i-5)) kmh ™!
wVly = Vw ~Vy
Vy = wVy + vy
= (- 5i-5j) + (10i + 12j)
= (5i+7j)kmh™!
Example 6
When a man cycles due north at 10 kmh ™ ! the wind
appears to come from the east. When he cycles in a
direction N60°W at 8 kmh ™! it appears to come from
the south. Find the velocity of the wind.
Solution:

1% Case:

| woul
lvy| =10kmh ™" WM
I E—
Man Wind

wYM =V —Vy= (Z) - (100) = (b -alo)

Since v, is due west; b-10 = 0=b = 10

Let vy =) kmh !

2" Case: Note that the velocity of the man changes
but the velocity of the wind remains the
same.

Man Wind

| WvM| A

vyl =8kmh™? 60°

Uy = ( 8cos 60

~ 8sin 60) _ ( - 4@)

a -43) _ (a+ 43
== ()47
Since .j vy, is due north a + 4+/3 = 0=a =- 443
_4\5)

10

el

lvy |
104 wi N

»

43

3
tan9=%:>9=34-7°

lvy| = J(4V3)* + 10°= 12.166 km h-!

Velocity of wind 12.166 km h'! from $34 - 7°E

Example 7
(a)  Ship A is sailing with speed ukmh™ ! in a
direction N30°E. A second ship B is
speed vkmh ™ !in a direction N6°E. The velocity of
ship A relative to B is due North East. Show that
u = v(~/3 4+ 1)(cos H-sin ).

sailing with

(b) Ship A changes its course to N60°E, while it
continues with the same speed. Ship B continues with
the same velocity. The velocity of ship A relative to B
is now due

in surd form).

East, find tan 6. (Leave your answer

(a) Ship 4

1
_ (usin30) _ (2%
V4= \ucos30) = Eu

_ (vsin @
Vp= (vcos 0)
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1
U

vsin 8\
B (vcos )~
2

AVp =V - Vp=|3
—u

1
;U — vsin 7]
3
- U= VCoS 0

Since ,Vjp is due north east:

Eu - vsin 0
3
(—u - vcos 9)
2
tan 45 = 1
(Eu - vsin 9)
1 3
=>—u-vsinf = £u - vcos 0
2 2
2v(cos B-sin 8) = u(\ﬁ -1)
u= v(\ﬁ + 1)(cos 6-sin 0)
(b) Ship 4 .
N N Ship B
A A

-1
kmh ™! km h

3
_(usin60) _[ZU
V4= \ucos 60) = iu
2

__(vsin 6

Vg = \vcos @

3

3
—u-vsin @

_ _| 2 u vsin@) _| 2
AVB=Va=-Vp=|1 |~\vcosO) = |1
Eu Eu - vcos 6

Since ,Vp is due east:

1
ZU-VCoS 0 =0=>u=2vcos 0O

Butu = v(\ﬁ + 1)(cos 6-sin 0)
Hence 2vcos 8 = v(\ﬁ + 1)(cos 6-sin )
2(y3-1)

2

2
m =1-tanf=>tanf =1 -

tan9=(2—\ﬁ)

Example 8

To the driver of a car travelling due north at
40kmh™! the wind appears to be blowing at
50kmh~! from the direction N60°E. The wind
velocity remains constant but the speed of the car is
increasing. Find its speed when the wind appears to be
blowing from the

direction N30°E.
Solution
Car
40kmh~! 0

Vo= (40) kmh_l

wVc =50kmh ™! from N60°E

_ (-50c0os30) _(-253
w”c—(—5051n30)— - 25
-254/3 0
=("%7)
- 15
When wind appears to blow from N30°E:
N
A
307
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Letv,= (2)

-0

y

(32

WvC:( 15-y

(y-15) ¥

Note: For any real numbers
a, b and c:
» Ifa-b<0=>|a-b|=b-a
» Ifa-b>0=>|la-b|=a-b
» Ifc<0=>|c|=-c

tan 60 = BHEOY = 90

v = (900):|vc| =0 +90°=90kmh ™'

Example 9
A man cycling at a speed v observes that when he is
moving due north, the velocity of the wind appears to

1 1
be su, (i - \3 j). On changing his velocity to ;v( - \3i
+j), the wind velocity appears to be u, due East.

Prove that the true velocity of the wind is gv(i +/3j
).
Solution
When vy, = () = v 5 wow = 31 ~V3))

wVM = Yy~ Vy>Vy = Vj + %u1(i -\3j) = %
uql + (17 - ?ul)j ......... ()

1
When vy, = ;v( =~3i + ) ; vy = uyi
1

From WUy = Vy~Vy=>Vy = Uyl + 5V
(=Bi+))

NEIAVENE B g
vy = (uz - 717)1 +oUf (i)

From(i) and (ii)
1 B Y. By, o1
Fuql + (v - 7”1)] = (uz - 717)1 + 5V)

.1 3
iU = Uy = 5V i (iii)

A C. _¥
].‘U—Zul—zl]:)ul—3v
243

3 3
From (iii): g v =1u, - 5v=>U, =5V

X By 8);

From (i)ivw=(%><§3v)i+(v—?vx7]

w

3
vy = %v(i ++/3j)

18.4 Interception and Collision
Consider two bodies A and B moving with uniform
velocities v, and Vg initially at points P and Q

respectively.
_---R
Vg -7 J/
Pz /
Up
Q
For collision triangle PQR is closed.
|QR| |PE]| Va Vp

Thatis; G0 = & g M 518~ Sina
Alternatively, if B is assumed to be at rest, then A
moves with velocity ,vp given by
AVp=Vy~Vp.
For collision ,vp is along the line PQ. Hence if
velocities and locations are given in vector form, for a
collision ,vp is parallel to PQ hence aVp = hPQ,
where h is a constant.

[PQl

| 4v5l°

The time taken for the collision is t =

Example 10

A battle ship is steaming northwards at 16 km h ™ Land
is southwest of a submarine. Find two possible courses
which the submarine could take in order to intercept
the battleship if its maximum speed is 12 km h ~ L
Solution
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R Example 12

Two aircrafts P and Q are flying at the same height. P
is flying north at 500 km h™! while Q is flying due
16kmh-} a B west at 6OQ km h_l.. When the aircrafts are 100 km
apart, the pilots realise that they are about to collide.

2kmh™! §

45° The pilot of P then changes course to 345° and
Nhyco maintains the speed of 500 kmh™!. The pilot of Q
M5 750 maintains his course but increases the speed.
B Determine the:
(a) distance each aircraft would have travelled if
For a collision: the pilots had not realised that they were about
12 16 o o to collide.
sings = g @ = 707551095 (b) new speed beyond which the aircraft Q must
When a =70 - 5° fly to avoid collision.
0 =180-(70-5+45) =64-5° Solution
When a =109 - 5° (a) P 0
6 =180-(109 -5+ 45) =25-5°
Possible courses: N64 - 5°W and N25 - 5°W 500 kmh ™ ? 600 km h !
Example 11 <
Particles P and Q are moving with constant velocities 3
i-2j and -i + 4j respectively. Initially P has position - ( 0 )km !
vector i + 5j and Q has position vector 3i + 2j. Find P=1500
the velocity of Q relative to P and the displacement of ~ 600 1
Q relative to P at time t. Show that the particles collide Vo= ( 0 ) km h
and state the value of t when the collision occurs.
Solution V.= ( 0 ) _ (_ 600) = (600)
rp(0) =i+ 5j vp = 3i-2j P¥Q ~\500 0 500
ro(0)=3i+2j wvy=-i+4
1p(t) =7p(0) + vpt = (i + 5j) + (3i-2j)t = (1 + 3t)i + (5-2t)j | PvQ|
ro(t) =14(0) + vyt 500
=@Bi+2j)+ (-i+4)t=3-t)i+ (2 +4t)j
o"pe) = To(t) —1p(t) = R
[B-t)i+ (2 +4t)j] - [(1 + 3t)i + (5-20)j] 600
o p(t) = (2-4t)i + (6t-3)j
ovp = (= L+ 4j)-(31-2)) = (- 41 + 6)) | pvol = /600 + 500% = 781 - 025 kmh ~*
When P and Q collide; ,rp(t) =0
(2-46)i + (6t-3)] = 0i + 0 tan 6 = cog=0 = 39 - 8°
i:2—4t=0=>t—5 100
j:6t—3=0=>t=% t=m=0'128h0u1‘5

1 - . —
Hence a collision occurs when ¢t =3 Sp=1500x0-128 = 64 km

Alternatively, for a collision between P and Q: S = 600 X 0-128 =768 km
oVp = h ¢rp(0), where h is a constant.
oVp=(-4i+6))=2(-2i+3j) and ,rp
(0)=-2i+3j

Hence vp =2 ,rp(0) implying that P and Q collide.

. L. |QrP(0)| J(-2)2 + 32
Time for collision, t = B >t = N av:
1

>t =

2
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(b X

500 kmh”
100 km

For collision, triangle PQR should be closed.

v, 500
sin65-2 " sin39-8

vg=709-08kmh~'

Hence to avoid collision vé >709-08kmh !

18.5 Closest approach
Consider two bodies A and B moving with velocities
v, and vy respectively. If B is assumed to be at rest

then A moves with velocity ,vp where ,vp =v,-vp

B

The distance between A and B is closest when BC is
perpendicular to ,vp. The closest distance can be

obtained from:

gt
SIn ¢ = lﬁl
d=|AB[SIN 0 eoooooeoereeeeeereerer )

The time taken for such a situation to occur is t =
|AC|  |AB|cos @

[avpl | 4vsl

From (i):d = |ﬁ|sin 0

From AB X AVp = |A—B)||A‘UB|sin Ou, where u is a
unit vector perpendicular to both AB and AVp.

|AB x ,vg| = |AB|| ;vg|sin 6

) |AB X vyl

hence sin § = ———.
|4EB]| AVl

o |4B||AB x v

This implies that d = ——=———

|ﬁ||AVB|
|EX A”Bl
Hence d = iii
ence X (iii)
|E|c059
From (ii):t=——7
om (id): £ =" ]
From B~ vy = |AB|| ,v|cos 6cos 6 = i
. = = = .
rom 4Vp 4Vg|cos cos 511 v,
|4B]| AB+ vy
t= X =
| AVB| |AB]| AvBI
ABs v, ]
Hence t = 3 eeereerer e e (iv)
|A"B|

Equations (i) and (i) can be applied if the question is
geometrical while (iii) and (iv) can be used when the
question requires a vectorial approach.

Consider bodies A and B initially at points with
position vectors 74(0) and rg(0) and are moving

with constant velocities v, and v respectively.
A

Vy
A

r4(0

r5(0)

v

0]
After time t:

r,(6) =140)+v, Xt
rp(t) =1(0) +vp Xt
ATp(t) =71 4(t)-1p(0)

At closest distance:

d 2
%' AT =0 (v)

Equation (v) can be used to obtain the time taken for
the bodies to get closest and hence the closest distance
| ArB(t)|t can also be found.
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Also since when A and B are closest, the relative
displacement and relative velocity are perpendicular.
At closest distance:

AV aTE(1) = O (vi)

From (vi) the time taken for A and B to be closest can
be found and hence closest distances between A and B
calculated.

Compleleting of squares technique can also be used
to find the closest distance between two moving
bodies and the time taken to attain it. If the
displacement between two moving bodies A and B is
given by ,7rp(t) then the distance d between the
bodies is given by d = | ArB(t)|. Since this distance is
a function of time, it can be expressed in the form

d* = R[(t - ty)* + dy

sd = Jh[(t- )+ do)..c (wii)

where h, t; and d, are constants.

Since (1 — o> =0=d,;, =+/do when (+ — #)?
=0=t-t, =0t =t,.

Hence using equation (vii) the closest distance
between the bodies in the subsequent motion is d;,
=,/hdy and the time taken for this situation to occur
ist=t,.

Example 13
Particles A and B are moving with constant velocities 5
i+ 2j and 2i+ j respectively. Initially the position
vectors of A and B are 3i+4j and 5i+ 8j
respectively. Write down expressions for r4 and rp,
the posﬁgn vectors of the particles at time t. Find the
vector AB at time t. Hence find the minimum distance
between the particles.
r,(0) = (3i + 4j)
rp(0) = (51 + 8j)
Solution
r,=140)+v, Xt
r,= (3i+4j) + (5i + 2j)t
= (3 +5)i+ (4+2t)j
r=15(0) +vyxt
ry=(5i+8j)+ (2i +j)t
=(+20i+(8+0)j
AB=rp-1,=[(5+2t)i+ (8+1t)j
1-[(3 + 5t)i + (4 + 2t)j]
AB = (2-3t)i + (4-t)j

v, =50+ 2j
vp=2i+j

d,—
At closest distance; E|AB|2 =0
|AB|? = 2-30)% + (4 - t)*

d _—
E|AB|2 = 2(2-3t) X =3+ 2(4-t) x —1=20(t-1)

At closest distance, %|E|2 =0
20t-20=0=>t=1
Whent =1s
[4B| = J(2-3)* + (4-1)2 =10

Alternatively, using completing of squares technique:
From s a(t) = AB = (2-30)i + (4-t)j=d?
| sra@®]* = (2-30)* + (4-0)°

d? =4 - 12t + 9t* + 16 - 8t + t*=>d* = 10t°
-20t+ 20

On completing squares:

d? =10[t* - 2t + 2]=d* = 10[(t - 1)* - 1* + 2]
d=J10[(t- D)?+1]

dpin = W:dmm = \/E whent-1=0=t=1

Example 14
Two particles A and B move with constant velocities
ims~! and (5i-3k) ms"~ 1 respectively. At time
t=0, the position vectors of A and B are
(ai+bj+ck)m and (i+ 4j-7k) m respectively.
Show that if the particles are closest together at t > 0
then 4a-3c>25. Given the particles are closest
together when ¢ =2 and at this instant the position
vector of A is (32i + 7j + 15k) m, find the values of
a, b and c.
Solution

vy = ims™ ! v = (5i-3k) ms~!

At t=0

14(0)=(ai+bj+ck)m, r5(0) =(i+4j-7k) m
After time t:
ra(t)=(ai+bj+ck)+ixt=(a+t)i+bj+ck

rp(t) = (i + 4j-7k) + (5i-3k)t = (1 + 50)i + 4j-(7 + 30k

54 (0) = (4t + 1-a)i + (4-b)j-(Bt + 7 + Ok

At closest distance .14 () egv, =0
[(4t + 1-a)i + (4-b)j-(3t + 7 + c)k]*(4i-3k) =0

16t +4-4a+9t+21+3c=0

4a-3c-25
- 25
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. 4a-3c-25
Since t > 0=>T >0

4a-3c-25 > 0=>4a-3c > 25
If particles are closest at £ = 2 when
r,=(32i+7j+ 15k) m;

Butwhent=2,r,=(a+ 2)i + bj + ck
Hence (a + 2)i + bj + ck =32i + 7j + 15k

ira+2=32=a=30

j:b=7

k:c=15

Example 15

A car A is travelling with constant velocity of
20 kmh ™! due west and car B has a constant velocity
of 16 km h ™! in the direction of the vector (-4i+3j
). At noon, A is 1-2km due north of B. Take the
position of A at noon as the origin and obtain
expressions for the position vectors of A and B at time
t hours after noon, and hence show that the position
vector of A relative to B is r km, where 5r = 6{ - 6ti
+ (1-8t)j}. Deduce that the distance between A and B
is d km, where 25d* = 36(100t*-16t + 1). Hence
show that the minimum separation between A and B is
720 m and find the time at which this occurs.

Solution

Car A: Car B:
20 kmh! lvgl =16 kmh ™!

vy = h( - 4i + 3j)

vyl = hy( - 4)? + 32

16
16 = Shoh =

—_—

v,=-20ikmh™?

16 . .
sz?(—4l+3])

-64, 48 |

V4 «—— A(Origin)

1:-2km

‘UB\
B

r, () = (- 20i)t = - 20¢i

-6 (-64 48 -64  (48t-6
rB(t):?]+( l+—)t= tl+( )]

5 5/ 5 5

o=z £ (59
r=(%-20)d+ ()i
5= 6( - 6ti + (1-80))
Distance between A and B, d = |r|
5|7] = 6,/36t% + (1 - 8t)°
25d% = 36(100t>-16t + 1)

d
At minimum separation a|r|2 =0
36
r|? = 5:(100¢* - 16t + 1)
d, o 36
E|1‘| = E(ZOOt - 16)
At minimum separation
36 2
2:(200t-16) = 0=t = 3¢ hours
2
When t = 3¢ hours
2 2\2 2
250 = 36100 x (352~ 16 X 35 + 1
d=0-72km=>d =720 m
2 2
From t = 3¢ hours = (E X 60) minutes = 4 minutes

and 48 seconds

At 12.04 and 48 seconds

Example 16

A ship 4 is travelling on a course of 060° at a speed of
30y/3kmh ™! and ship B is travelling on a course of
030° at 20 km h ™ L. At noon B is 260 km due east of
A. Calculate the least distance between A and B, to the
nearest kilometre and the time taken for this to

happen.
Solution
Vector diagrams
Ship A Ship B

-1
30\/§kmh_1 30° 20kmh

SR ———

N
A

v

(BO\BSin 60)
UA =

3 (ZOSin 30)
30~/3cos 60 B~

20cos 30
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45 1 10
va=(1593)kmh ™ va=(1043)
kmh~!

45 10 35 o
A5 = (15@ ~(1043)= (Sﬁ) km h
| svsl =/35% + (5¢/3)* = 104/13kmh~*

| Av3|

53

260 km

d
sin13-9:@

d=62-45km
d = 62 km (to nearest km)

|[AC]  J260% - 622
L= Twsl = 10y3

t=7"-0hours

Example 17

Two particles P and @ initially at position vectors

(Bi+2j)m and (13i+ 2j)m respectively begin

moving. Particles P and @ move with constant

velocities (2i + 6j) ms ™ land 5 jms"~ 1 respectively.

(a) Find the:

(1) time taken for P and Q to be closest.
(i) bearing of P from Q when they are closest
together.

(b) Given that after half the time the two particles are
moving closest to each other, particle P reduces
its speed to half its original speed in the direction
to approach particle O and the velocity of Q
remains unchanged, find the direction of particle
P.

Solution

(a) p(0) = Bi+2j)m,vp=(2i+6j)ms ™’
ro(0) = (13i + 2j)m,v,=5jms "’
(i)  rp(t) = Bi+2j)+ 2i+6j)t=(3+20)i

+ (2 + 61)j

ro(t) = (13i+ 2j) + (5))t = 13i + (2 + 50)j
pTo(®) = [(3 + 20)i + (2 + 61)j]-
[13i + (2 + 5b)j]

pTo(t) = (2t-10)i + tj

pVo = (2i + 6))- 5 = (2i + J)

At closest distanze: .prpepv, =0
[(2t-10)i + tj]e(2i +j) =0
4t-20+t =0t =4s

(i) Whent=4s
pTo = (2 X 4-10)i + 4j = (- 2i + 4))

N

4
tan9=5:9=63-4°
Bearing of P from Q =270+ 63 -4 =333-4°

(b)When t = % X 4 =2s; from
pro(t) = (2¢-10)i + tj
pro(2) = (2% 2-10)i + 2j =- 6i + 2j
Let vp = ai + bj
pvo=ai+ (b-5)j

For P to get as close as possible to Q, the direction
of P should be perpendicular to the relative path,
that is vzv, is perpendicular to pv'y

(ai + bj)e[ai + (b-5)j] =0

a? +b*5b =0 coeerrrrr )
o1
|”P| =22 +6°=4/10
Implying that : a?+b*=10 oo, (ii)

From (i) and (ii)
10-5b=0=b =2
a®+4=10=a=+/6
Hence either Vp = (—/6i + 2j) or
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vy = (Vi + 2j)
Note that when t =2,  ,1p = (61 - 2j)
When vp=(-+/6i +2j),  pvo= -/6i-3j
From .QrP(Z)-Fv('2 = PrQ(2)|| Pvélcos a
(6= 2)+(~+/6i - 3)) =/(36 + 4 x

A6+ 9)cos a

6(1-+/6) .
cosa=W:a= 110-8

When v, = (V6i + 2j) ; pvy=+/6i - 3j
From o1rp(2)spvo = | pro(2)|| prg|cos
(6i - 2j)+(/6i - 3j) =~/(36 + 4) x /(6 +9)

cos f8

6
cos B = 6%&?:3 —32-3°

When v;) = (—\Ei + Zj) ms ™! P moves further from
Qhencev,;= (\@i+2j)ms_1
From: (\/6i + 2j)ei = ((\@)2 + 22) X 1 X cos @

cosﬂ=%=>ﬂ=39-2°

Hence P makes an angle of 39 - 2° with the horizontal.

Example 18

A car A is moving due north at ukmh™ ! While car B
is moving at vkmh™! N60°W. Initially B is d km
due East of A. If B passes to the south of A, show that
the:

6)] shortest distance between the cars in the
dCu-v)

subsequent motion is —F———.
2,/ +v° - uv)

. dnf3
(i1) cars are closest to each other after ————
2+ v -uv)
Solution
(i) Car A Car B
N N
-1
ukmh vkmh™!
60°
-3
0 -1 - vsin 60 3 U
o (st (2801
2

dmin 2 (uz+v2—uv)
|BC|
t=
| 5val
(i)
SA2 32 12 _BAl dvy3
[BC|* = d*~d,iy=[BC| = o~
= dvy3 . [2, 2
_2 (u2+v2—uv) AW v -w
_ dv\/§
- 2(u2+v2—uv)
Example 19

An aircraft carrier A4 is at a point O at 0700 hours and

steaming south at 30 km h ™~ 1 An enemy battleship B

at 8 km to the east of A appears to an observer on the

carrier to be moving northwest at 30n/2kmh "~ 1

(a) Determine the true velocity of B and bearing of B
when they are closest together.

(b) If A is liable to be hit by a shot fired from B, when
the two ships are not more than 5+2 km apart,
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prove that 4 is within range from 0702 hours x = 3+/2 km
until 0714 hours. |BM| = 42 - 3.2
Solution
=+/2km
(a) V2

Aircraft carrier A:

) Time to move from B to M
Enemy battle ship B: Z 1

t=ﬁ=%hours

= 304/2 ~1 N4se
5Va =302 kmh ™! N45W t =35 X 60 = 2 minutes

0 kmh 1 Na Time taken from M to N
2x 32 1h
0 ) =30yz — 5 hours
30ﬁkmh_ . t =¢ X 60 = 12 minutes
45 B is at M at 0702 hours and at N at 0714 hours

L Hence A is within range of not more than 5+2 km
from 0702 hours to 0714 hours

- 30+/2sin 45) _ ( —33(’)0) kb

BVA= ( 30+/2cos 45 Alternatively:

From pv,=vp-v,2v;= gv,+7vy () pra= pra(0) + pv, xt

vo=(530)+ (%0) = (73 k- =(0)+ (50)e=("500)
When |.51,| < 542
J(8-300)2 + (301)? < 54/2
(8 -30t)* + (30t)* < 50

Velocity of battleship is 30 km h ™! due west

, 4 7
t —Et-l-mSO

0 8 km B TSt-15S1
d 1 7
sin45 =g 30 < t < 3p hours
d =42 km 2 <t < 14 minutes
B is on a bearing of N45°E from A at closest distance Hence A is within range from 0702 hours to 0714

hours

(b)

18.6  Course for closest approach
Consider a body A moving with constant speed |v A|
in the direction Na°E. If the bearing of A from B is
NB°W and B moves with constant speed |vB|, we can
find the course B must set in order to get as close as
possible to A, the closest distance of approach and the
time taken for such a situation to occur.

0 8 km B

2 = (522 (4/2)
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Draw a diagram showing the initial positions of A and
B and consider the motion of B relative to A. To pass
as close as possible to 4, B must travel relative to A
along line BC which makes as small an angle as
possible with BA. In the vector triangle BLM, LM
must be perpendicular to BC.

The closest distance d is obtained from triangle ABC:

d _—
siny = ﬁ:’d = |AB|siny
The time for closest approach ¢ is obtained from:
|BC]

gl

The course set by B to get as close as possible to 4 is

obtained using triangle BLM. Note from this triangle

|VB|

that; cos 6 = —.
|VA|

Hence 6 and the other known angles on the sketch can

be used in finding the direction of vp, that is, the

course set by B.

Example 20

Ship P is steaming on a straight course south-east at a
uniform speed of 15 kmh™ ! Another ship Q is at a
distance of 12 km north of P and steams at a speed of
12 kmh ™! Find the course @ must steer in order to
get as close to P as possible and their minimum
distance apart.

Solution

12 km

45°
vp=15kmh"
) 12
sina={=a=53"-1°
6 =90-53-1=36-9°
Course setby Q=90+45+36-9=171-9°
Course set by Q is on a bearing of 171 - 9°

B =180-(45+53-1)=81-9°

d
sin81:9 = o
d=11-88km
Exercises

Exercise: 18A

1. The position vectors of particles P and Q are rp
=9t%i + (t3—3)j metres and
ry= 2630 + (4—t2)j metres at time t seconds.

Calculate the relative speed of the particles at
t = 2 seconds.

2. (a) To a motorist travelling due north at
40 km h ™! the wind appears to come from

the direction N60°E at 50 km h ™ 1'
(i) Find the true velocity of the wind.
(i) If the wind velocity remains constant but the

speed of the motorist is increasing, find his
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3.

speed when the wind appears to be blowing
from the direction N45°E.

(b) A cyclist observes that when his velocity is ui,
the wind appears to come from the direction i
+ 2j but when his velocity is uj, the wind
appears to come from the direction —i + 2j.
(1) P3rove1 that the true velocity of the wind is
(Z‘ T2 )u
(i) Find the speed and direction of the cyclist
when the wind velocity appears to be ui.

(a) An aircraft is flying with a velocity of
320 km h ™~ !in a direction S20°W. Itis being
blown by wind which has a velocity of
35kmh ! from the south. Find  the velocity of
the aircraft over the ground.

(b) Jinja is south-east of Kampala. To a passenger
in a Kampala-Jinja bound bus, traveling at
120kmh™! a steady wind appears to be
blowing from the East. On reducing its speed
to 90 km h ™! without changing direction, the
wind appears to blow from N30°E. Find the
true velocity of the wind.

An aircraft is flying with a velocity of
100 km h ™! due North. It is being blown by wind
which has a velocity of 40 km h ™~ ! from the North
west. Find the velocity of the aircraft over the
ground.

A ship Y appears to an observer in ship X at 10
O’clock to be travelling at a speed of 20 km h ™ 1
due north. After 30 minutes ship X which is
travelling at a speed of 60 km h ™~ 1 N60°E collides
with ship Y. Find the:

(i) Actual velocity of Y.

(i1) Distance and bearing of ship Y at 10 O’clock.

A man is walking due south at 5kmh™%. The
wind is blowing from the west at 8 km h ™ ! Find
the magnitude and direction of the velocity of the
wind relative to the man.

A ship is sailing south-east at 20 km h™! and a
second ship is sailing due west at 25 km h ™~ ! Find
the magnitude and direction of the velocity of the
first ship relative to the second.

If particles A and B have velocity vectors 7i-5j
and - 2i + 7j respectively, find the magnitude of
the velocity of B relative to A and the angle its
direction makes with the direction of i.

9. Particles A and B have velocity vectors 3i-11j and
5i +j respectively. The velocity of particle C
relative to A is — 2i + 7j. Find in vector form the
velocity of C and the velocity of B relative to C.

10. A boat A travels due west at a speed of 30 km h ™ 1
. The velocity of a boat B relative to A is
14kmh ™! due south. Find the speed of boat B
and the direction in which it is moving.

11. To an observer on a ship P steaming at 20 km h ™ 1
due west, a ship Q appears to be steaming at
20 km h ™! N30°W. Find the true velocity of Q.

12. To a cyclist riding due east at 15 kmh ™~ ! the wind
appears to be blowing from the north-east at
12kmh ™!, Find the magnitude and direction of
the true velocity of wind.

Exercise: 18B

1. A boat has to sail from A to B where B is on a
bearing of 110° from A. There is a current from a
bearing of 335° with a speed of 15kmh™ ! . In
still water the boat would travel at 30 kmh ™1,
Determine the direction the boat will have to steer
(course set) in order to sail from A to B.

2. A river 100 m wide flows at 4kmh ™1, A boat is

to be rowed at 10 km h ™! relative to the stream
from a point on one bank to a landing site on the
opposite bank 50 m further downstream. Find the
direction in which the boat must be steered and
time taken to cross.

3. A river flows at 5ms ' from west to east
between parallel banks which are at a distance of
300 m apart. A man rows a boat at a speed of
3m s~ ! in still water.

(1) State the direction in which the boat must be
steered in order to cross theriver from
the southern bank to the northern bank in the
shortest possible time. Find the time taken
and the actual distance covered by the boat
forthis crossing.

(i1) Find the direction in which the boat must be
steered to cross the river fromthe southern
bank to the northern bank by the shortest
possible route. Find the time taken and the
actual distance covered by the boat for this
crossing.

4. A river flows at a constant speed of 5ms !

between straight parallel banks which are 300 m
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apart. A boat which has a maximum speed of
3-25ms” ! in still water, leaves a point A on one
bank and sails in a straight line to the opposite
bank. Find the least time the boat can take to reach
a point B on the opposite bank where AB = 500 m
and B is downstream from A. Find also the least
time the boat can take to cross the river. Find the
time taken to sail from A to B by the slowest boat
capable of sailing directly from A to B.

A boy can swim in still water at vms~ ! He

swims across a river flowing at 1-2ms"~ ! Which
is 368 m wide. Find the time he takes if he travels
the shortest possible distance if:

1) v=1

(i) v=2

A man wishes to row across a river to reach a point
on the far bank, exactly opposite his starting point.
In still water he can row at 5m s~ *. The river is
100 m wide and flows at 3ms™*. Find at what
angle to the bank the man must steer the boat in
order to complete the crossing and the time it takes
him.

A man wishes to row across a river to reach a point
on the far bank exactly opposite his starting point.
The river is 125 m wide and flows at 1m s~ . If
the man can row at 3 ms~ * in still water, find the
direction the man must steer to complete the
crossing and the time it takes him.

A boy wishes to swim across a river 100 m wide
as quickly as possible. The river flows at
3kmh ™! and the boy can swim 4 kmh ™ Lin still
water. Find the time it takes the boy to cross the
river and how far downstream he travels.

A man wishes to row a boat across a river to reach
a point on the far bank that is 35 m downstream
from his starting point. The man can row that boat
at 2-5ms” " in still water. If the river is 50 m
wide and flows at 3ms"~ 1, find two possible
courses the man could set and find the respective
crossing times.

Exercise: 18C

1.

Two planes A and B are both flying at the same
altitude. Plane 4 is flying on a course of 010° at a
speed of 300 kmh™ ! Plane B is flying on a
course of 340° at 200 km h™ 1. At a certain time,
plane B is 40 km from plane A. Plane B is then on
a bearing of 060° from A. After what time will

they come closest together and what will be their
least distance apart.

At noon, a boat A is 30 km from boat B and its
direction from B is 286°. Boat A is moving in the
North East direction at 16 kmh ™! and boat B is
moving in northern direction at 10 kmh™ ! Find
the closest distance between the boats and the time
at which they are closest.

Two helicopters P and Q are flying at the same
altitude with velocities 200 ms™' N30°E and 300 m
s~ N50°W respectively. Initially P and Q are 2
km apart with Q on a bearing of S70°E from P.
Given that P and Q do not alter their

velocities, find the minimum distance of
separation between the two helicopters in  the
subsequent motion and the time taken for such a
situation to occur.

A road running north-south crosses a road running
east-west at a junction O. Initially Isaac is on the
east-west road 1 -7 km west of O and is running

towards O at 15 km h ™ 1. At the same instant,
Serena is at O running due northat 8 kmh "™ Lo
Isaac and Serena do not alter their velocities, find
their least distance apart in the subsequent motion
and the time taken for that situation to occur.

Relative to an observer on ship A travelling from
north, a second ship appears to travel at a speed of
S5kmh” 1, show that if B travels due west at
3kmh ™!, the speed of Ais 4 kmh ™.

A commander in a space fighter is tipped that there
is an helicopter carrying rebels at the same altitude
10 km away from him due north and is cruising in
a straight course southeast at a uniform speed of
25kmh L. The guns of the space fighter can fire
up to within a range of 2 -5 km. The maximum
speed of the fighter is 12kmh"™ 1 Show that
whatever course the space fighter sets, it cannot get
the helicopter within the range of its guns.

Two straight roads intersect at O one running
north-south and the other west-cast. A van, A
travelling at a constant speed of 32 kmh™! due
south on one road, passes through O at the instant
when a motor cyclist B moving towards O at a
constant speed of 40 km h™! due east along the
second road is 5 km from O.

(a) Find the distances A0 and BO when A and B

are closest together.
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10.

11.

12.

(b) If A changes course, find the time from the
instant of closest approach taken by A to
intercept B.

A motorist A and a cyclist B are travelling along
straight roads which cross at right angles at a point
0. A is travelling at a constant speed of 48 km h ™ 1
towards the east, and B at 14 kmh ™ ! towards the
north. At the moment that B is passing through
0,4 is 400 m from O and has not yet passed O.
Calculate the:

(i) velocity of B relative to A in magnitude and

direction.

(ii) least distance between the car and cycle.

(iii) distances of the car and cycle from O when
they are nearest to each other.

Two cars A and B are proceeding one on each road
towards the point of intersection of the two roads
which meet at an angle of 60°. If the velocities of
A and B are 20 kmh ™! due east and 32 kmh ~?
S30°E and are 70 m and 40 m respectively from
the cross-roads, find the relative speed of A to B
and distance of the cars from the crossroads when
they are nearest together.

A ship is travelling due east with speed 36 km h ™~ 1
and at noon, a patrol boat at 250 km south east of

the ship, is moving with velocity of 45 kmh™ 1
4
NG°W relative to the ship, where 8 = tan ~ 1 (5)

(a) Find the shortest distance between the vessels
and the time at which it occurs.

(b) If at noon, the boat sets off with the same
speed to intercept the ship, find the course it
should take.

To a ship P which starts to move at 40 km h™?
due N60°E, a ship Q which starts to move at
50 kmh ™! appears to travel southwards. Given
that the ships collide after 45 minutes while
maintaining the given velocities, find the initial
position of Q.

Initially two ships 4 and B are 65 km apart with B
due east of A. A is moving due east at 10 km h ™ !
and B due south at 24kmh ™', The two ships
continue moving with these velocities. Find the
least distance between the ships in the subsequent
motion and the time taken to the nearest minute for
such a situation to occur.

Exercise: 18D

1. A particle A moving with constant velocity 2i + 3j
+ 8k, passes through a point with position vector
6i-11j + 4k. At the same instant, particle B
passes through a point with position vector i-2j
+ 5k, moving with constant velocity 3i + 4j - 7k
, find the:

(a) position and velocity of B relative to A at that

instant.

(b) closest distance between A and B in the
subsequent motion.

(c) time that elapses before the particles are
closest together.

2. At noon ships 4 and B have position vectors 10i

+ 3j and 12i-15j respectively. Both ships move
with constant velocity, the velocity of A being 3i
+ 8j and the velocity of B relative to A being — 5i
+ 4j. The units of distance being kilometres and
those of time being hours, find an expression for
the vector /TE, t hours after noon. Hence the
shortest distance between the ships. Find also the
position vectors of the ships A and B when they are
closest together.

3. At noon two ships A and B have the following

position and velocity vectors:

Position vector Velocity vector
Ship A 10i + 5j -2i+4j
Ship B 2i-j 2i+7j

Where the speeds are measured in
kilometres per hour and the distances in
kilometres.

(i) Find the position vectors of A and B after

time t hours.

(i1)) Show that the two ships will collide, and give
the time of the collision.

(iii) Determine how far ship A will have travelled
between noon and the time of collision.

4. A particle P starts from a point with position

vector 2j + 2k with velocity j+ k. A second

particle Q starts at the same time from a point

whose position vector is —11i-2j-7k with

velocity 2i + j + 2k. Find;

(a) the time when the particles are closest
together.

(b) the shortest distance between the particles.
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(¢) how far each particle has travelled by this
time.

An object P passes through a point with position
vector 3i-2j with constant velocity i + j. At the
same instant an object  moving with constant
velocity 4i-2j passes through a point with position
vector [ + 4j. Find the:

(a) displacement of P relative to Q after t seconds

(b)time when P and Q are closest together and
their closest distance.

A point R(0,1,-2) is at a shore of the Indian
ocean. At 1.00 p.m two ships P and Q are sighted
at points (5,-3,4) and (7,5, -2) moving with
constant velocities (2i+ 5j 4+ 3k) kmh™ 1 and
(-3i-15j+ 18k) kmh ™ ! respectively.

(a)  Find the relative velocities of ship Q to P.

(b) If the velocities of the ships remain
constant, show that the ships will collide.

(c)  Find the distance from point R to the point
where the collision occurs.

Two particles A and B are initially at (1,1,2) and
(4,5,1) respectively. They start moving
simultaneously with constant velocities 2i + j + 2
k and - 4j + 3k respectively. Find the:

(i) position vector of B relative to 4 at any time.

(il) minimum distance between the particles and
the position vector of A relative to B at this
instant.

A destroyer sights a ship travelling with constant
velocity 5j, whose position vector at the time of
sighting is 2000(3i + j) relative to the destroyer,
distances being in m and speeds in ms~ ' The
destroyer immediately begins to move with
velocity k(4i + 3j), where k is a constant, in order
to intercept the ship. Find k and the time to
interception. Find also the distance between the
vessels when half the time of interception has
elapsed.

At 11.30 am, aircraft A has a position vector
(-100i +220j)km and a velocity of
(300i + 400j)km h ™ 1 At 11.45am, aircraft B
has a position vector (- 60i + 355j) km and a
velocity (400i + 300j) kmh™ 1 Show that if
these velocities are maintained, the aircrafts crash
into each other. Find the position vector of the
crash.

Two ships A and B have the following position
vectors r and velocity vectors v at times stated.

r,=(-2i+3j)km
v, = (12i-4j) kmh ™' at 11.45 am
rp = (8i + 7j) km

vp = (2i-14j) kmh~ !at 12 noon.

Assuming the ships do not alter their velocities,
find their least distance of separation. If ship B
has guns with a range of up to 2 km, find for what
length of time A is within range.

11. At time t =0, the position vectors and velocity
vectors of two particles A and B are as follows: 1,

1 -6
=2 m,v, = 0 ms_l,
3 1
4 -5
rB:(—114)m,vB=( % )ms_l.

Find the:
(a) position of B relative to A at time t.

(b) value of t when A and B are closest
together.
(c) least distance between A and B.

Exercise: 18E

1. A ship A whose full speed is 40 km h ™' is 20 km
due west of ship B which is travelling uniformly
with speed 30kmh ™' due north. The ship A
travels at full speed on a course chosen so as to
intercept B as soon as possible. Find the direction
of this course and calculate to the nearest minute
the time A would take to reach B. When half of
this time has elapsed the ship A has engine failure
and thereafter proceeds at half speed. Find the
course which A should set in order to approach as
close as possible to B and calculate the distance of
closest approach.

2. A, B and € move in a plane with constant velocities
and at time t = 0, the position vectors of 4, B and
C relative to origin O are i+ 3j,9i+ 9j and 6i
+ 13j respectively. The velocity of C relative to A
is 7i-10j and that of C relative to B is 9i-12j.
(a) Find the velocity of B relative to A.

(b) Show that A and B do not collide and find
their shortest distance apart and time when A
and B are this distance apart.

3. Motor boat B is travelling at a constant speed of
10m s~ ! due east and motor boat 4 is travelling
at a constant speed of 8 ms~ ! Initially A and B
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are 600 m apart with A due south of B. Find the
course that A should set in order to get as close as
possible to B. Find this closest distance and time
taken for the situation to occur.

At 8.00 a.m two boats A and B are 5+ 2 km apart
with 4 due west of B, and B travelling due north at

a steady speed of 13 kmh™1 If A travels with
constant speed of 12kmh"™ ! show that for 4 to
get as close as possible to B, A should set a course
NG°E where sin 6 = % Find this closest distance
and time at which it occurs.

A battleship commander is informed that there is a
lone cruiser positioned 40 km away from him on a
bearing N70°W. The guns on a battleship have a
range of up to 8 km and the top speed of the
battleship is 30 km h ™ ! The cruiser maintains a
constant velocity of 50 km h ™ 1 N60°E. Show that
whatever course the battleship sets, it cannot get
the cruiser within range of the guns.

Exercise: 18F

An aircraft is flying at 400 km h ™ Lin still air from
town A 750 km due east of town B. If the wind is

blowing from north-west at 50 km h ™~ !, determine
the course and time taken for the flight.

To a cyclist moving in the direction S50°W at
30 kmh_l, wind appears to come from the

direction S60°E at 60 km h ™!, Find the true speed
of the wind.

Given that ,vp= (140) ms~' and pVc = (;)

ms- 1, find:
1 4vc
(ii) | Avc|

(iii) @ if the direction of 4v,is NO°E.

If the resultant of (ai+bj)ms” 1 and

(bi-aj) ms™~!is (10i-4j) m s~ %, find the values
of a and b.

The resultant of two velocities is a velocity of 10
kmh™! N30°W. If one of the velocities is

10kmh™! due west, find the magnitude and
direction of the other.

A pilot has to fly his aircraft from airport A to
airport B, 100 km due east of A. In still air the

7.

9.

aircraft flies at 125 kmh 1. If there is wind of
35kmh~! blowing from the north, find the
course that the pilot must set in order to reach B
and the time the journey takes.

When swimming in a river a man finds that he has

a maximum speed v when swimming downstream

and u when swimming upstream.

(a) Find an expression for his maximum speed
when swimming in still water.

(b) If the river is of width s, show that the
shortest time in which the man can swim

. 2s .
across is ;7 and that such a crossing would
s(v-u)

take him a distance of downstream

u+v
from his starting point.

(c) If he wishes to swim as quickly as possible
from a point on one  bank to a point exactly
opposite on the other bank, show that he must
swim in a direction that makes an angle

cos_l(v_u) with the bank and that the

u+v

S
crossing will take a time N

(a) The velocities of two ships P and Q are
(i+6)kmh ! and (-i+3j)kmh!
respectively. At a certain instant the displacement
of P relative to Q is (71 + 4j) km. Find the:

(i) relative velocity of ship P to Q.

(il) magnitude of displacement between ships P
and Q after 2 hours.
(b) The position vectors of two particles are: 1

= (4t + 3t%)i + (t*-2t)j and r, = (10 + 5¢)
i + (4-2t)j respectively. Show that the two

particles will collide and find their velocities at
the time of collision.

(a) Kampala is south of Gulu town. To a
passenger in a Gulu-Kampala bound bus travelling
at 110 km h ™', the wind appears to be blowing in
the direction 240°. When the bus reduces speed to
90 kmh ™! without changing direction, the wind
appears to be blowing in the direction 210°. Find
the true speed and direction in which the wind is
blowing.

(b) Two particles A and B start at the same time
from the points with position vectors Ai + 3j
+2k and 7i-2j+4k with constant
velocities i — j + k and - 2i + j + 4k. If the
distance between A and B is least when ¢ = 2
, find the value of A.

10. A motor boat set out at 11.00 a.m from a position

— 6i-2j relative to a marker buoy and travels at a

Page 207




11.

12.

13.

steady speed of /53 on a direct course to intercept
a ship. The ship maintains a steady velocity of 3i
+ 4j and at 12 noon it is at a position 3i-j from
the buoy. Find the:
(1) velocity of the motor boat.
(ii)) time of interception and position vector of
point of interception from the = marker buoy.

(a) The position vector of one particle relative to
another after ¢ seconds is given by
[(2t-5)i + (10 - t)j] m. Determine the respective
relative velocity, hence or otherwise calculate the
shortest distance between the particles.

(b) A ship travelling at 40 kmh"™ 1 $80°F is
initially at a point 25 km northwest of a patrol
vessel. The patrol is capable of reaching a
maximum speed of 30 km h™ ! Show that the
patrol vessel can take two courses to intercept
the ship and determine the difference in times
of interception.

A battleship and a cruiser are initially 16 km apart

with the battleship on a bearing N35°E from the

cruiser. The battleship travels at 14 kmh™ Lona

bearing S29°E and the cruiser at 17 kmh ™ Lona

bearing of N50°E. The guns on the battleship have

a range of up to 6 km. Find the;

(a) least distance between the cruiser and
battleship in the subsequent motion.

(b) length of time for which the battleship has a
cruiser within range of its guns.

Two particles P and @ move with constant
velocites ~ of  (4i+ j-2k)ms™'  and
(6i +3k)ms"~ 1 respectively. Initially P is at a
point with a position vector given by

(-i+20j+21k)m and Q is at a point with
position vector (i + 3k) m. Find the:

(a) time for which the distance between P and Q

is least.
(b) distance of P from the origin at the time
when the distance between P and Q is least.
(c) least distance between P and Q.

Answers to exercises
Exercise: 18A

1.

20 ms™! 2.(a) (i) 45.82 kmhr' N70.9°W (i)
5
58-3013kmh ! (b) (i) (i) % from i + 2j

3.(a) 287.36 km™! S22.4°W (b) 99.2026 km h'! S31.2°E

4.

77-0918kmh ! N21-5°E 5.(i) 72.111 km in

direction N46 - 1°E (ii) 10 km ; Y is initially due south
ofX 6. 9-434kmh”!N58-0°E
7. 41-62kmh~! ; S70-1°E 8. 15; 126-9° .
i—4j ; 4i+5j
10. 33-106 kmh™1;S865.0°W 11. 20,/3kmh ™1
N60°W 12. 10-698kmh~';S37-5°E

Exercise: 18B

1. 089-3° 2. 95-6°tothe bank ; 36s 3. (i)
due north; 100s; 583 m (ii) N36-9°W; 125 s;
500m 4. 95-2s ;92-3s; 125s

5. (1) 665-7s (i) 230s 6. 53.1°; 25s 7.
70.5° to the bank; 44 - 2 s

8. 90s ; 75m 9. Upstream at 45 - 6° to the bank
or upstream at 24 - 4° to the bank; 28s ; 48-4s

Exercise: 18C

1. 0-2425hours; 8.14km 2.11-54km; 2.26 p.m
3. 571 m;5-8seconds

4. 800 m ;5min. 18 sec 5. 6. 2.8km;>2.5km 7.
(a)2-439km ; 1-952km (b) 0-0975 hours

8. (i) 50kmh™!towards N73-7°W (i) 112m
@iii) 31-36m ; 107-52m

9. 286kmh™%, 40-41m ; 7-35m 10. (a)
35-355km at 5.30 pm (b) N25 - 5°E
11.42 - 042 km north of P 12. 60 km ; 58 minutes

Exercise: 18D
1. (@ -5i+9j+k;i+j-15k (b) 10-318

© 35 2. (2-50)i+ (4t-18)j ; 2/41km
: (16i 4+ 19j) km ; (8i + 9j) km

3. () [(10 - 20)i + (5 + 4b)j];
[(2+20)i+ (7t-1)j] (i) ry=rzatt=2
hours (iii) 4/5km 4. (a) 6:2 (b)
50794 (c) |sp|=8-768;]s,|=18-6 5.
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(a) (2-3t)i+ (3t-6)j
Z\Qm
6. (@) (-5i-20j+15k)kmh™' (b)
rQattzéhours (c) 9-46km
7. ()  @B-20)i+@-5)j+(t-Dk (i)
1-3038 ; -1-2i+0-5j+0-1k
8. 3;500s; 1000y10m 9. r,=rpatt=1
hours ; (80i + 460j) km
3+t
10. V2km ; 12minutes 11. (a) (—16+t)
-2+ 6t

2

) t=2s () 15-892m

Exercise: 18E

1. N41-4°FE ; 45 minutes ; N48-2°E ; 7-45

km 2. (a) -2i+2j (b) T2 t=,

3. N53-1°E ; 360m ; 80s 4. 2km at
8.57 a.m and 36 seconds

5. d,;,=9066km>8km

Exercise: 18F

11.

12.
13.

N84 -9°W ; 2 hours 4 minutes 2.
75-7kmh-! 3. () (192)ms‘1 (i)
15ms !

(i) 36-9° 4. 7 ;3 5 10kmh !
N30°E 6. N73-7°E ; 50
minutes

u+v

(a) 2 (b) (c) 8. (@ (O

(2i+3j)kmh~! (i) 14-866 km

(b) ry=ryatt=2; v,=16i+2j; v,=5i
_2j

(a) 121-244kmh!in the direction 188 - 2°
19

(b) -3

(1230 pm ; (3i+j)m

10. () (7i+2j)ms™ !

@ Qi-Hms™';3/5Sm (b
N85-1°E ; 1-38hours

(a) 5.46km (b) 12 minutes and 27 seconds
(a)22s (b) 24-141m (c¢) 28-7965m

N4-9°E ;

19 MISCELLANEOQOUS EXERCISES

Exercise 1
1. Giventhata = (_43), b = (121. ) and ¢ = (—2121)’
find:

(i) aunit vector perpendicular to a and b.

(i1) the value of constants m and n for which m
a+nb=c.

(iii) the scalar product of a and b, hence find
the angle between the direction of @ and
the direction of b.

2. Two points A and B lie on a horizontal surface. A
particle is projected vertically upwards from A
with an initial speed of 20 ms-!'. One second later

another particle is projected vertically upwards

from B with an initial speed of 17.5ms"! Calculate

at the instant at which the two particles are at the

same vertical height above the surface the:

(a) time which has elapsed since the first particle
was projected from A.

(b) speeds of the two particles.

A train travels between two stations 3 - 9 km apart
in 6 minutes, starting and finishing at rest. During

3 . .. .
the first ; minutes the acceleration is uniform, for

3
the next 3; minutes the speed is constant and for

the remainder of the journey the train is retarded
uniformly. Sketch a speed-time graph of the
journey and hence or otherwise calculate the:

Page 209



(i) maximum speed in km h™?! attained by the
train.

3
(it)acceleration of the train during the first
minute stating the units.

A motorist starting from rest accelerates uniformly
toaspeedofvms 1in 9 s. He maintains this
speed for another 50 s and then applies the brakes
and decelerates uniformly to rest. His uniform
deceleration is numerically equal to three times his
previous acceleration.
(i) Sketch the velocity — time graph.
(i) Calculate the time during which deceleration
takes place.
(iii)) Given that the total distance is 840 m,
calculate the value of v.
(iv) Calculate the initial acceleration.

To a cyclist riding due north at 3ms ! the wind
appears to be blowing from the east. If the cyclist
doubles his speed but does not change his
direction, the wind appears to be blowing from
N60°E. Find the true wind speed and direction.
The cyclist now turns around and cycles due south
at3m s~ 1. Calculate the apparent wind direction.

A constant force of 35 N, always acting in the
same horizontal direction causes a particle of mass
2 kg to move along a rough horizontal plane. The
particle passes two points A and B, 4 m apart, with
speeds of 6m s~ land10ms™? respectively. The
frictional resistance to motion is constant.
Calculate the:

(1) acceleration of the particle.

(i) magnitude of the frictional resistance.

(iii) distance of the particle from A, 4 s after it has

passed A.

A breakdown truck of mass 2000 kg is towing a
car of mass 1000 kg by means of a rope up an
incline of 1 in 20. The resistances due to friction
on each vehicle are proportional to the masses of
the vehicles. The engine of the truck exerts a
tractive force of 3600 N when moving up the hill
at a steady speed of 18 km h ™ ! Show that the
tension in the rope is 1200 N. The rope breaks and
the two vehicles continue to move up the hill.
Calculate:

(1) how much time elapses before the car comes
momentarily to rest.
(i) how far the car travels in this time.

Masses of 1 kg and 2 kg are attached to the ends of
a long light string which passes over a light pulley

10.

supported by a frictionless horizontal axis. If the
tension in the string is T, write down the equation
of motion of each mass, and hence find the:

(1) tension in the string.

(i1) time taken for the heavier mass to fall
from rest a distance of 1 -5 m.

An elastic string of natural length [ and modulus of
elasticity 4, is stretched to length [ + x. As a result,
the tension in the string is mg and the energy
stored in it is E. Find x and A in terms of E,g,l and
m.

The engine of a car is working at a constant rate of
6 kW in driving the car along a straight horizontal
road at a constant speed of 54 km h ™~ ! Find the
resistance to motion of the car.

Exercise 2

A car of mass 800 kg is towing a trailer of mass
300 kg along a straight horizontal road, resistances
which are constant are 600 N for the car and 240
N for the trailer. Calculate the tractive force
exerted by the car and the tension in the coupling
between the car and the trailer in each of the
following cases:

(a) when both are travelling at constant

velocity.

(b) when both are accelerating at

2-5ms 2 calculate the power developed by
the car when travelling at a constant

velocity of 15 m s~ !

A car of mass 1000 kg moves with its engine shut
off down a slope of inclination 6, where sin 6 = 5;

at a steady speed of 15 m s~ ! Find the resistance
to the motion of the car. Calculate the power
delivered by the engine when the car ascends the
same inclination at the same steady speed,
assuming that resistance to motion is unchanged.
[Take g = 10 ms_z]
The frictional resistance to motion of a car of mass
1000 kg is kv newtons, where vm s~ is its
speed and k is a constant. The car ascends a hill of

T . (1
inclination arc sm(ﬁ) at a steady speed of

8ms” 1, the power exerted by the engine being
9 - 76 kW. Prove that the numerical value of k is
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30. Find the steady speed at which the car ascends
the hill if the power developed by the engine is

12 - 8 kW. When the car is travelling at this speed,
the power exerted by the engine is increased by 2
kW. Find the immediate acceleration of the car.

A body is projected upwards from a point on a
horizontal plane with a speed of 40 ms ~ Latan
angle of 60° to the horizontal. The point of
projection is at a horizontal distance of 40 m from
the foot of a vertical wall which is 10 m high and
motion takes place in a plane perpendicular to the
wall. Calculate the:
(a) wvertical height by which the body clears the
wall.
(b) greatest height above the horizontal plane
reached by the body.
(c) time of flight of the body.
(d) horizontal distance beyond the wall at which
the body strikes the plane.

Show that the acceleration of an object moving
dv
along a straight line may be written as v_.. A

vehicle of mass 2500 kg moving on a straight
course is subjected to a single resisting force in the
line of motion of magnitude kv newtons, where
vms~ Lis the velocity and k is a constant. At
100 km h ™! this force is 2000 N, the vehicle is
slowed down from 100 kmh ™' to 50 kmh ™",
Find the:

1) value of k.

(i1) distance travelled.

(ii1)  time taken.
(a) A particle of mass m, moves in a horizontal

straight line under the action of a  resisting force
of magnitude mkv?, where v is the velocity and k
is a positive constant. Whent =0, v=uand x = a
, where x is the displacement from the origin at
time £, find the expressions for:

(1) v in terms of x

(i1) vinterms of t

(iii))  xin terms of t.

(b) A body of mass 12 kg is propelled along a
horizontal surface by a constant horizontal

force of 480 N against a variable resistance of
3007 N, where v is the speed of the body. The
body starts from rest at an origin O. Find an
expression for v in terms of s, the
displacement of the body from O and sketch
the velocity — time graph.

A particle P of mass 8 kg describes simple
harmonic motion with O as the centre and has a
speedof 6 ms ! at a distance of 1 m from O and
aspeedof 2ms~ 1 at a distance of 3 m from O.
(a) Find the:
(1) amplitude of the motion.

(i1) period of the motion.
(iil)) maximum speed of P.

(iv) time taken to travel directly from O to
one extreme point B of the motion.

(b) Determine the magnitude of:

(1) acceleration of P when at a distance of
2 m from O.

(i) the force acting on P when at a
distance of 2 m from O.

(c) Write down an expression for the
displacement of P from O at any time ¢,
given that P is at O at t=0. Hence or
otherwise, find the time taken to travel
directly from O to a point C between O and B
and at a distance of 1 m from O. Find also
the time taken to go directly from C to the
point D between O and B and at a distance 2
m from 0. [Answers may be left in a form
involving inverse trigonometric functions].

A particle is initially at rest at the point (2,2) has
. t - .
acceleration (3) m s~ % after ¢ seconds. Find vector

expressions for its velocity and position vector
after t seconds. After how many seconds is it
moving in a direction inclined at 45° to the x-axis?

(a) An elastic string of natural length [, and

modulus 16g N has one end fastened to a fixed
point O. The other end of the string is attached to a
particle of mass 4kg. If the particle is released
from rest at O, find the distance it falls before
coming instantaneously to rest at point A. Find its

1
speed when it is remaining with distance ;1 to

reach A.

(b) A particle of mass 2 kg is released from rest at a
point A on the outer surface of a smooth fixed
sphere of centre O and radius 0.6m. Given that
0A makes an angle 8 with the upward vertical,
find an expression for the speed at which the
particle is travelling when it leaves the surface
of the sphere.

10. A force F; = (4i + 2j) N, state the magnitude of

F,. A second force F, has magnitude 8/5 N and
acts in a direction given by i + 2j, state the force
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vector F,. Hence calculate the resultant force Fp of

these two forces. Find the acceleration that this
resultant would produce on a mass of 3 kg. The
mass was initially at rest at the point with position
vector 2i — 4j. If the two forces continue to act on
the mass, show that the point with position vector
18i + 20j lies on the path traced out by the mass.

Exercise 3
1. (a) At time t, the position vector r of the point P

with respect to the origin O is given by r=a
(sinpti+j), where a and p are constants.
Show that the vector  + pzr is constant during
the motion.

(b) A particle moves along a straight line with its
acceleration at any instant given by a = a + ﬁvz
, where v is the velocity of the particle at that
instant and a and f are constants. Initially the
particle is at rest at a point O on the line. If the
displacement of the particle from O during the

a
motion is X, prove that v = E(ezﬁ *_1).

2. (a) The following horizontal forces pass through

point O; 5 N in the direction 000°, 1 N in
a direction 090°, 4 N in a direction 225° and 6
Nina direction 315°. Find the magnitude
and direction of their resultant. Two further
horizontal forces are introduced to act at O; P N
in a direction 135° and Q N in a direction 225°.
If the complete set of forces is now in
equilibrium, calculate the values of P and Q.

(b)A set of horizontal forces of magnitude 20 N
,12Nand 30 N actona particle in the
directions due south, due east and N40°E

respectively. Find the magnitude and
direction of a fourth force which holds the
particle in equilibrium.

The resultant of a force 2P N in a direction 060°
and a force of 10 N in a direction 180° is a force
of P\B N. Calculate the value of P and the
direction of the resultant. A third force of 25 N
concurrent with the other two and in the same
plane is added so that the resultant of the system is
in the direction 180°. Find the direction in which
the third force is applied and find the magnitude of
the resultant.

4. (a)Find the resultant of the system of coplanar

forces shown below and the angle it makes with
the 400 N force.

300N

------- > 400 N

200N

(b) Two forces P and Q, inclined at an angle of 120°
have a resultant of magnitude PA/7. Calculate
the magnitude of Q in terms of P.

5. Three forces act through the point with position

vector 3i + 2j. F, has magnitude 15 N and acts in
the direction 3i + 4j. F, has magnitude 3v/2 N and
acts in the direction i-j. F3 has magnitude 4+/5 N

and acts in the direction 2i + j. Express the three
forces in terms of the unit vectors i and j. Hence
find the resultant F of the three forces in terms of

the unit vectors. If i and j are unit vectors in the
directions of the x and y — axes, the unit of the
length being the metre, illustrate the resultant Fp

graphically. Using the graph, calculate the
magnitude of the moment of F about the origin.

Two forces F; and F, of magnitude 3+/5 N and +/5
N act through the point with position vector 2i + j
in directions i+ 2j and i-2j respectively.
Calculate F; and F, and hence find Fp the
resultant of these forces. Draw a diagram to
illustrate Fp in component form hence calculate

the magnitude of the moment of Fj about a point

with position vector i. What do you deduce from
this result?

A particle P of mass m is released from rest at a
point A on the surface of a fixed smooth sphere of
centre 0. The radius OA is inclined at an angle of
30° to the vertical. Show that while the particle
remains in contact with the surface, the reaction on
the particle is mg(BCOSB —\B), where 6 is the
angle between OP and the upward vertical. Show
that to the nearest degree, the value of 8 when the
particle leaves the surface of the sphere is 55°.

A uniform rod AB of mass 10 kg rests in a vertical
plane with end A4 in contact with a smooth vertical
wall. The end B is below A. The rod is inclined at
60° to the vertical and is held in equilibrium by a
light string attached to B and to a point C on the
wall vertically above A, show in a diagram the
forces acting on the rod and hence that the distance
CA is half the length of the rod. Find the:
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9.

10.

(1) inclination of the string to the vertical.
(i) tension in the string.

A particle P of mass 7m is placed on a rough
horizontal table, the coefficient of friction between
P and the table is u. A force of magnitude 2mg
acting upwards at an acute angle 6 to the
horizontal is applied to P and equilibrium is on the
point of being broken by tgle particle sliding on the

table. Given that tan 6 = 7; find the value of u.

A uniform rigid rod AB of length 2a and weight W
is smoothly jointed at A to a uniform rod AC of
length Za\/gJ and weight W'. The rods rest in a
vertical plane with B and C on a smooth horizontal
plane, equilibrium being maintained by a light
inextensible string of length 4a joiniblg B and C.
Prove that the tension in the string is ;(W +W".
Prove further that the reaction at A on the rod AC
makes an angle of
W -w

tan ! (m) with the horizontal.

Exercise 4

1.

2.

(a) Forces of 5 N and 3 N act along the sides AB,
AC respectively of an equilateral triangle
ABC of side 12m. Find the magnitude and
direction of their resultant. The line of action of the
resultant intersects BC at D. Find the distance BD.

(b) Two forces have magnitudes 5 N and P N. If the
resultant force has a magnitude 6 N and
acts at an angle of 40° to the 5N force, find
value of P.

A rectangle is defined by four points A(O, 0),

B(5,0), C(5,3) and D(0, 3), distances measured

in metres. Forces of magnitude 6 N, 8 N, 4 N and

2 N act along AB, BC, CD and DA respectively in

the directions indicated by the order of the letters.

Calculate the:

(a) magnitude of the resultant of the system of
forces.

(b) angle the line of action of the resultant makes
with the x — axis.

(c) line of action of the resultant cuts the x — axis
at (a, 0) find the value of a.

The square ABCD has each side of length 6 m.
Forces of magnitude 1,2,8,5, Sﬁ and ZﬁN
acting along AB,BC,CD,DA,AC and DB
respectively, in the directions indicated by the
order of the letters. Prove that these forces are

equivalent to a couple. Calculate the magnitude
and sense of the couple.

A rectangle ABCD has AB =3 cm and BC = 4 cm.
Forces, all measured in newtons and of
magnitudes 2,4,6,8 and Kk act along
AB,BC,CD,DA and AC respectively, their
directions being indicated by the order of letters.

The resultant of the forces is parallel to BD.
Find k and show that the resultant has magnitude Z

N. Find the distance from A to the line of action of
the resultant.

A uniform rectangular lamina ABCD is of mass
3M, AB=DC=4cm and BC=AD=6cm.
Particles each of mass M, are attached to the
lamina at B, C and D. Calculate the distance of the
centre of mass of the loaded lamina from:

(a) AB (b) AD

The diagram shows a square OABC of side a. The
midpoint of BC is D. Show that with respect to 0A
and OC as axes, the coordinates of the centroid F

5 2
of the triangular region ABD are (ga, ga). Find the

coordinates of the centre of mass of a uniform
lamina in the form of the figure OADC.

C D B

0 A

If the figure OADC is suspended from C, show
that the angle CD makes with the horizontal is

90° - tan " ! (?)

The figure below shows a lamina formed by
welding together a rectangular metal sheet of
length 20 cm and width 4 cm and a semi-circular
metal sheet of the same material which has a
diameter of 10 cm.
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8.

10.

4cm C
10 cm
20 cm
B
10cm
0 A

(a) Find the distance of the centre of gravity of
the lamina from OD and OA.

(b) The lamina is freely suspended from B, find
the angle BC makes with the vertical in
equilibrium.

A uniform lamina ABCD has the shape of a
trapezium with DC parallel to AB and BA
D =90° AB=3a, CD=2a and AD = 2b. Find
the distance of its centre of gravity from AB and
AD. The lamina is freely suspended from B and
hangs in equilibrium. If a=7cm,b=13cm,
find the inclination of AB to the vertical.

A particle moves along a straight line ABC. It
starts from rest at A and moves with constant
acceleration of 2 m s~ 2 until it reaches B. It then
moves from B to C with constant acceleration of
1 m s~ 2. The time taken to travel from A to B and
from B to C are each equal to T seconds. Show
that 54B = 2BC. Given that the distance AC is 56
m, calculate T.

A car starts from rest at time, t = 0 seconds and
moves with uniform acceleration of magnitude
23ms”? along a straight horizontal road. After T
seconds when its speed is vm s~ Uit immediately
stops accelerating and maintains this steady speed
until it hits a brick wall to come instantly to rest.
The car has travelled a distance of 776.25 m in 30
S.

(a) Sketch a speed-time graph for the motion.

(b) Write an expression for v in terms of T.

(¢) Show that T* - 60T + 675 = 0.

(d) Hence find the value of T and the value of v.

(b) A wind is blowing at 24kmh™!

Exercise 5

(a) An aircraft flies in a straight line from A to B,
where AB = 500 km and B is due north of A. The
speed of the aircraft in still air is 250 km h ™~ Land
the wind is blowing in the direction 290° at
30 km h ™", Find the:

(1) course set by the pilot of the aircraft.

(i1) time taken to the nearest minute for the
journey from A to B.

from the

direction 270°. Find the magnitude and direction

of the wind’s velocity relative to a cyclist

travelling at 16 kmh ™ 1 in the direction 030°.

2. A car of mass 900 kg travelling on a straight level

stretch of a motorway accelerates uniformly from
36kmh™! to 108kmh~! in 10 seconds. The
engine provides a constant driving force F
newtons and the total resistance to motion of the
car is constant and equal to R newtons. Given that
when the car is travelling at 50 km h ™ ! the power
being used to provide the driving force is 40 kW,
find the value of F. Hence calculate the value of R.

A golf ball is projected with a speed of 49 m s~ 1

at an angle of elevation a from a point A on the
first floor of a golf driving range. Point 4 is at a

9
height of % m above a horizontal ground. The ball

first strikes the ground at a point Q which is at a
horizontal distance of 98 m from point A as shown

in the diagram below.

9ms !

98 m— ™
Q

(a) Show that 6tan’a — 30tan & + 5 = 0.

(b) Hence find to the necarest degree the two
possible angles of projection.

(¢) Find to the nearest second the least time of
direct flight from A to Q.

A particle of mass 3 kg moves on a smooth
horizontal table under the action of a variable
horizontal force whose value at time t seconds is

6cos ti — 3e~‘j newtons. When t = 0 the particle
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has velocity jm s~ landisata point with position
vector (3i — j) m. Find the:
(a) velocity of the particle at time ¢t.
(b) position vector 1 of the particles at time t,
show that for large wvalues of t, r=
(5 - 2cos t)i.

The diagram shows a uniform plank AB of weight
W and length 4a whose lower end A rests on a
rough horizontal ground. The plank is inclined at
60° to the horizontal and rests in equilibrium
supported by a smooth peg at C, where AC = 3a.

B

Z

Find in terms of W:

(a) the force exerted on the plank by the peg at
C.

(b) the vertical and horizontal components of the
force exerted on the plank by the ground at A.

(c) Given that equilibrium is limiting, find the
coefficient of friction between the plank and
the ground.

6. (a) A particle of mass 10kg hangs from a fixed

point O by a light inextensible string. It is pulled
aside by a horizontal force P and rests in
equilibrium at an angle of 60° to the vertical. Find
the:

(1) horizontal force P.

(ii) tension in the string.

(b) Particles of mass 4kg, 6kg and 8kg are
located at position vectors (2i - j), (3i + 2j)
and (i - 2j) respectively. Find the location of
their centre of gravity.

7. A uniform beam AB has length 6 m and weight

200 N. The beam rests in a horizontal position on
two supports at points C and D, where
AC=DB=1m. Two children, Rose and
Tom, each of weight 500 N, stand on the beam
with Rose standing twice as far from the end B as
Tom. The beam remains horizontal and in

equilibrium and the magnitude of the reaction
at D is three times the magnitude of the reaction

at C. Find how far Tom is standing from the
end B.

8.

10.

A and B are two points on level ground 60 m apart.
A particle is projected from A towards B with an
initial speed of 30 ms 1 at 45° to the horizontal.
At the same time a particle is projected from B
towards A with an initial speed of 50 m s™LoIf
they collide, find the:

(1) angle of projection of the second particle.

(i) time of collision.

(ii1) height at which the collision occurs.

Two particles of mass 2 kg and 3 kg are connected
by a light inextensible string passing over a fixed
smooth pulley. Initially the system is at rest with
the strings taut and vertical with both particles at a
height of 2 m above the ground. When the system
is released, find the time which elapses before the
3 kg mass hits the ground and the maximum height
reached by the 2 kg mass above the ground.

A light elastic string of natural length 1 m is fixed
at one end and a particle of weight 4 N is attached
to the other end. When the particle hangs freely in
equilibrium the length of the string is 1 -4 m. The
string is now held at an angle « to the vertical by a
horizontal force of 3 N acting on the particle. Find
the value of a and the new length of the string.

Exercise 6

1.

(a) A particle is projected vertically upwards with
speed u, after time T a second particle 18
projected vertically upwards from the same point
with speed 3u. Given that the particles collide
when the first particle is at its maximum

height, T="(2-1).

(b) A particle of mass 4 kg moves under the action
of a force F. At time t the momentum of the
particle is 8cos ti — 12sin tj.

6] Find F in terms of ¢.

prove that

(i1) Write down the velocity of the
particle at time t and find the
smallest positive value of t for
which the particle is moving
in the direction of the vector j.

(ii1) Given that when t = 0 the position
vector of the particle is (i - j),
find its distance from the

. . T
origin when t = 5.
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2.

4.

5.

A car of mass 600 kg is travelling round a circular
bend of radius 30 m. Given that the coefficient of
friction between the car and the road is 0-3,
determine the maximum safe speed for the car if
the road is:

(1) unbanked.

(i1) banked at 20° to the horizontal.

(a) Plane ABC is made of two surfaces, a rough
horizontal surface BC (coefficient of friction
0-215) and a smooth inclined surface AB.
Boxes of masses 20 kg and 4 kg are placed on
the plane as shown above. If the system is
released from rest, determine the acceleration
of the boxes.

(b) A particle of mass 2 kg is projected with a
speed of 10 ms ™ 1 up a rough plane inclined at
30° to the horizontal from point 4, 3 m from
the bottom of the plane. If the particle comes to
rest at B and the angle of friction along the
plane is tan ™ 1 G);

(i) Find the potential energy of the particle at
B and kinetic energy at A. Hence calculate
the work done against friction.

(ii)) Show that the particle will not remain on

the plane.
(a) A uniform beam AB of weight 30N is
suspended by two strings at A and B. The

beam is in equilibrium at 30° to the horizontal

when the strings at A and B make angles of 30°

and 60° with the beam respectively and A is lower

than B. Find the tensions in the strings.

(b) A rectangular uniform lamina ABCD has sides
AB = 4a and AD = 3a. The corner at D is folded
so that AD is alongside AB. A square of side a is
removed from the corner B. Find the distance of
the centre of gravity of the resulting body from
B.

(a) A train comes to rest from a speed of
20 m s~ ! in a distance of 500 m. If the magnitude
of retardation is directly proportional to the speed,
find the magnitude of the retardation when the

train’s speed is 5m s~ !

(b) Vehicle A moves with constant
velocity of (400i + 1505 + 250k)
ms~' while vehicle B moves with
constant velocity of
(100i + 200j + 50k) ms ™', when 4
is at point (-3-3,1,0-5)km and B
at point (2 - 7,0,4 - 5) km, the driver of
A notices that they are going to collide
and immediately reduces speed and
changes direction. Find when and
where the collision would occur.

6. (a) The diagram below shows a uniform rod AB of

mass 8 kg freely hinged at A. It rests in
equilibrium with end B on a smooth fixed cylinder.
B
A 30°

If the rod is inclined at 30° to the horizontal,
calculate the magnitudes of the normal
reactions at 4 and B.

(b) A smooth hemisphere of radius 0 - 6 m is fixed

with its plane face on a rough horizontal floor. A
uniform rod AB of length 1 m and weight 10 N
rests in equilibrium in a vertical plane with end
A on the floor and a point € on the rod in contact
with the hemisphere, where AC = 0 - 8 m. Given
that the rod is on the point of slipping, find the
reaction at C and the coefficient of friction
between the rod and the floor.

A particle P of mass 2 kg is attached to one end of
a light elastic string of natural length 2 m and
modulus of elasticity 98 N and the other end of the
string is attached to a fixed point A. If P is raised
to the same level as A and allowed to fall vertically
under gravity, calculate the:

(i) maximum extension of the string.

(i) wvelocity of P when it is 2 m below A for the

first time.

The figure below shows a uniform lamina ABCD
with a square of side 3 cm and a quadrant of radius
4 -5 cm cut off.
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Find the distance of the centre of gravity from the
sides AD and AB.

9. The diagram below shows particles 4, B and C of
masses 10kg, 8kg and 2kg respectively,
connected by light inelastic strings. The string
connecting B and C passes over a smooth light
pulley fixed at the top of the plane.

B

30°
Given that the coefficients of friction between the
plane and A and B are 0-22 and 0-25
respectively, calculate the:
(1) acceleration of the system.

(ii) tensions in the strings.

10. (a) A boy who is on a hunting mission aims at a
monkey which is movingup and  down a tall
tree situated 100 m away. If the boy is capable of
throwing a stone at /(2009) m's ™!, show that
the maximum height at which the monkey can
be hit is 75 m from the bottom of the tree.

(b) Two particles are projected simultaneously from
two points P; and P, on a level ground and a
distance of 75m apart, the first particle is
projected vertically upwards from P; with an
initial speed of ums™ ! and a second particle is
projected from P, towards P; with an angle of
projection 8 to the horizontal. If the particles
collide when they are at their greatest ?eight

above the level P;P,, prove that tan 6 = 71;7.

Exercise 7

1. A particle P leaves the origin and moves with a
velocity of 2i + 6j while a particle Q starts from
the origin with initial velocity 4i — 8j and moves
with acceleration i + j.

(1) Find the position vectors of P and Q after 2
seconds.

(i1) Calculate the time at which the velocities of
P and Q are perpendicular.

2. One end of a light inextensible string is attached to
a ceiling. The string passes under a smooth light
pulley carrying a weight C and then over a smooth
fixed light pulley. To the free end of the string is
attached a light scale pan in which two weights A
and B are placed with A on top of B as shown

below.
i

A
C B

The portions of the string not in contact with the
pulley are vertical. Each of the weights A and B
has a mass M and weight C has a mass kM. If the
system is released from rest, find the acceleration
of the movable pulley and the scale pan and show
that the scale pan will ascend if k > 4. When the
system is moving freely, find the:
(1) tension in the string.

(ii) reaction between the weights A and B.

3. (a) A particle P of mass 3 kg moves such that the
displacement s, at time t ~ seconds is given by s
_ (3 + sin Zt)
—\ cos?2t
(i) Calculate the value of ¢ when P crosses
the x — axis for the first time.

(i) Show that the speed of P is constant.
(ii1) Calculate the force acting on P when t =
A

?.
(b) A body starts from rest at origin O when t =0
and moves along a straight line with acceleration

. 7 . . .
given by a = 5¢t, where t is the time in
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seconds. The acceleration continues until t = 6,
where upon it ceases and the body is retarded to
rest. During this retardation the acceleration is

given by a =- 2. Find the value of t when the

body comes to rest and the displacement of the
body from O at that time.

Two forces P and Q act on a particle. The force P
has magnitude 7N and acts due north. If the
resultant of P and Q is a force of magnitude 10 N
acting in a direction with a bearing of 120°, find
the:

(1) magnitude of Q.

(i1) direction of Q.

A particle of mass 1 - 5 kg is attached to one end of
a spring of natural length 1 m and modulus of
elasticity 6 N. The other end O, of the spring is
attached to a point on a smooth horizontal surface.
If the particle is held at rest on the surface with
distance between the particle and O being 125 cm
and then released from rest, show that the particle
performs simple harmonic motion and find the
maximum acceleration.

A pigeon is released from a point which is at a
distance of 80 m on a bearing of 300° from a
shooter. The pigeon travels with a constant speed
of 40ms 'ona bearing of 050°. Given that as
soon as the pigeon is released, the gun is fired and
the bullet has a speed of 200 m s~ ! Determine:
(a) the direction in which the gun must be fired
so as to hit the pigeon.
(b) how long it takes the bullet to hit the bird.

A smooth bead of mass 0 -2 Kkg is threaded on a

smooth circular wire of radius r metres which is

held in a vertical plane. If the bead is projected

from the lowest point on the circle with speed

A/3rg. Find the:

(a) speed of the bead when it has gone
one — sixth of the way round the circle.

(b) force exerted on the bead by the wire at this
point.

A car of mass 1000 kg accelerates uniformly from

0 to 20ms~ ! in 10s. Calculate the power
developed when it has been accelerating for 5 s.

A uniform rod XY of length 2 m and weight W is
hinged to a vertical post at X. It is supported in a
horizontal position by a string attached at ¥ and to
a point Z vertically above X. A weight w is hung
from Y.

(a) If the reaction at the hinge is normal to YZ,

show that the length of the string YZ is 2
2(W +w)
w

(b) Find the tension in the string.

10. A ship P travelling at 40+/2 km h ™! due north-east
is initially 50 km, N75°W of a boat travelling
northwards.

(a) If the vessels collide, find the speed of the
boat.

(b) Calculate the shortest distance between the
vessels if the boat travels north westwards at
the same speed as in (a) above.

Exercise 8

1. Four forces represented by i — 4j, 3i + 6j, — 9i +
j and 5i - 3j act at points with position vectors 3i
—J,2i + 2j, —i—jand — 3i+ 4j respectively.
(a) Show that the forces reduce to a
couple and find its magnitude.
(b) If the fourth force is removed and the
first force is moved to the point i — 8j.
Find the magnitude and direction of
the resultant force.

2. A particle initially at a point 0(0,0) moves along

the x — y plane such that its displacement from O
at time t is given by r = 3t%i + (4t - 6)j. Find
the:

(a) distance from the point 0(0,0),

(b) speed,

(c) magnitude of acceleration, at time ¢t = 4.

3. Two particles A and B move in a straight line B

being 18 m in front of A, B starts from rest with an
acceleration of 3ms ™2 and A starts in pursuit
with a velocity of 10 m's ! and an acceleration of
2ms” 2%
(a) Prove that A will overtake and pass B after an
interval of 2 s.
(b) Show that B will in turn overtake A after a
further interval of 16 s.

4. A particle is projected with a speed of 36 m s~ Lat

an angle of 40° to the horizontal from a point 0 - 5
m above level ground. It just clears a wall which
is 70 m on the horizontal plane from the point of
projection. Find the:
(a) (i)  time taken for the particle to reach the
wall.
(ii))  height of the wall.
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(b) maximum height reached by the particle
above the level of projection.

A mass of 12 kg rests on a smooth inclined plane

which is 6 m long and 1 m high. The mass is

connected by a light inextensible string, which

passes over a smooth pulley fixed at the top of the

plane, to a mass of 4 kg which is hanging freely 1

m above the ground. With the string taut, the

system is released from rest. Determine the:

(a) acceleration of the system.

(b) tension in the string.

(¢) velocity with which the 4 kg mass hits the
ground.

(d) time the 4 kg mass takes to hit the ground.

A bullet is fired from a point P, 50 m above the

ground with a speed of 140 m s~ ! and it hits the

ground at point @, 200 m horizontally from the

point of projection. Find the:

(a) two possible angles of projection.

(b) corresponding times of flight.

(c) angle at which the bullet hits the ground in
each case.

Ship 4 is travelling on a course 060° at a speed of
30n3kmh™! and ship B is travelling at 20

kmh™! At noon, B is 260 km due east of A.

Find the:

(a) course B must take to come as close as
possible to A.

(b) time when A and B are closest together and
the shortest ~ distance.

ABCD is a square of side Z2m. Forces of

magnitudes 3N,5N,7N and 2N act along the

sides DA,AB, BC and CD respectively. Calculate

the:

(a) magnitude of the resultant of the forces and
the angle it makes with AD.

(b) sum of moments of the forces about A.

(c) equation of the line of action of the resultant.

(d) distance from A to the point where the line of
action of the resultant of the forces cuts DA
produced.

(a) Forces of magnitude 4P,3P,2P and P act
along AB, BC, CD and DA, where ABCD
is a square of side 2a;
(1) find the resultant force.

(i) determine the equation of the line of
action of the resultant and the distance
from B of the point at which it cuts AB
produced.

(b) It is required to replace the given system in (a)
above with a single force at the centre of the
square together with a couple. Determine the
single force and the moment of the couple.

(c) Ifinstead a couple is added to the system in (a)
above and the line of action of the enlarged
system passes through B, find the moment and
sense of the couple.

10. Forces of 2P,4P,3P and 6P act along the sides

AB, BC,CD and DA respectively of a square of
side a.
(1) Find the magnitude and direction of the

resultant force.
(i) Show that the equation of the line of action of
the resultant in (i) above is 2x -y + 7a = 0.
(ii1)) Determine the moment of the couple that
would transfer the resultant to the line
2x-y+9a=0.

Exercise 9

1.

A circular track of radius 7 is banked at an angle 0
to the horizontal. Show that a vehicle will have no
tendency to slip when driven around the track with
speed v =+/(rgtan 8), If the coefficient between
the tyres and the road surface is y, prove that the
maximum speed possible on the track is v ., =

max
rg(sin 6 + pcos 6)
cos @ - pusin@

Two uniform rods AB and AC each of length 2 m
are smoothly jointed at A and stand in a vertical
plane. The ends B and C of the rods rest on a
smooth horizontal surface. A string 1 m long joins
the midpoints of AB and AC. If each rod weighs
30 N and the system rests in equilibrium, calculate
the:

(a) reactions at B and C.

(b) tension in the string.

(c) reaction at A.

Two uniform rods AB and BC of equal length and
weight W and 3W respectively are jointed at B.
Rod AB is smoothly hinged on a horizontal ground
at A while rod BC rests on the same ground,
coefficient of friction % between the rod and the
ground. If rod BC is in limiting equilibrium, prove
that it is inclined at tan "' 2 to the horizontal.

An engine of a car of mass 60 tonnes, working at
540 kW is pulling a train of mass 480 tonnes up

N . —1(1 .. .
an inclination of sin (W)' Frictional resistances
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1
amount to 7, of the total weight of the car and the

train. Find the:

(a) acceleration of the train when its speed is
18kmh ™1,

(b) maximum speed.

(a) A particle of mass 2 kg moves from rest at the
origin under the action of two forces. One force P
has magnitude 22 N and acts in the direction of the
vector 2i-6j +9k. The other force @ has
magnitude 30 N and acts in the direction of the
vector 4j-3k. Find the acceleration of the particle
and the distance it travels in the first 3
seconds of its motion.

(b) A particle of mass 2 kg is acted upon at time
t by aforce F =8i-(4cost)j+ 2tk.
When t = 0, the velocity of the particle is 6i.
Find the expression for the velocity of the
particle and the power at a time t.

A riffle fired two shells with the same speed from
a point O and they landed at a point A on the same
horizontal level as O. Given that the greatest
heights of the shells are in the ratio 4 : 1;

(i) find the angles of projection.

(i1) show that the ratio of OA to R, is4:5

(where R ., is the maximum range with the

max

same speed of projection).

(a) Particles of mass 4 kg, 7kg,5-5kgand 4-5
kg have position vectors (3i-j), (2i+ 4j),
(-i —j)and (-3i+ 4j) respectively. Find the
position vector of the centre of mass of the system.
(b) The figure below shows a uniform lamina ABCD
from which ABED is formed with C' lying along
AB after folding section DEC to DEC'.

R N

Sem 13 cm

| N

A 5m o ¢—24m——> B

Find the centre of gravity of the lamina ABED
from AD and AB.

8. A sports car starts from rest and accelerates at
3ms 2 for 10s and then travels at a constant
speed. Five seconds after it starts, a racing car
follows it starting from rest from the same point

and accelerating at 4ms~ % for 10s and then
travelling at a constant speed. Find the:
(1) time (measured from the moment the
sports car starts) which elapses before the
racing car catches up with the sports car.

(i1) distance they have both travelled at
this moment.

9. (a) A particle of mass 0 - 2 kg and velocity 5i + 7

j collides with a particle of mass 0-3kg and
velocity 2i-3j. If the particles couple together,
find the;

(1) common velocity.

(i1) loss in kinetic energy.
(b) An inelastic pile of weight W N is driven a
distance of a metres into the ground by a
hammer of weight wN falling h metres before

hitting the pile. Show that the average resistance
W +w)?a + w?h

of the ground is W twya

10. (a) A circular track of radius r is banked at an
angle of S to the horizontal. A motorcyclist travels
around the track at a speed v without slipping. If
the coefficient of friction between the tyres and

the track is p, show that the minimum value of v is
. 2 _ rg(sin B - pcos f)
given by v = (cos f T usin ) -

(b) A particle of mass m describes complete
vertical circles on the end of a light inextensible
string of length 7. Given that the speed of the
particle at the lowest point is twice the speed at
the highest point, find the:

(i) speed of the particle at the lowest point.
(i) tension in the string when the particle is
at its highest point.

Exercise 10

1. A uniform ladder of length Za and mass m kg rests
with one end against a smooth vertical wall and the
other end on a horizontal ground. The ladder is
inclined at 8° to the vertical. The bottom of the
ladder is attached to a horizontal string and the
other end of the string attached to the wall.
(a) A man of mass 4 kg stands on the ladder a

1
distance of ;a from the bottom of the ladder.

Find the:

(i) tension in the string.

(i) normal reaction on the ground and the
wall.
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(b) If the maximum tension which the string can
bear without breaking is 4mgtan 6, find how
far up the ladder the man can climb safely.

. An elastic string of natural length 2 m has its upper

end fixed and a body of mass 1 - 2 kg attached to its

other end Q. If the modulus of elasticity is 24 N and
the system rests vertically in equilibrium.

(1) Find the extension in the string.

(i1) Ifthe end Q is pulled vertically downwards to
R, where QR = 0 - 2 m, find the initial
acceleration of the body when it is released
from this position.

. A square ABCD of side 2 m is subjected to forces

of magnitude 1,2, 3,1, 3\ﬁ and p\ﬁ newtons

acting along AB, BC, CD, AD, AC and DB
respectively in the directions indicated by the order
of the letters with AB horizontal. Given that the
direction of the resultant is parallel to AC, find the:

(a) value of p.

(b) total moment about A4 of the forces acting on
the lamina.

(c) distance from A to a point E where the line of
action of the resultant cuts AB.

. A particle of mass 5 kg is placed on a smooth plane

- 1 . .
inclined at tan ! (ﬁ) to the horizontal. Find the:

(i) magnitude of the force acting horizontally
required to keep the particle in equilibrium

(ii) normal reaction
. A particle is executing simple harmonic motion

with amplitude 2 metres and period 12 seconds.

(a) Calculate the maximum speed of the particle.
(b) Ifinitially the particle was moving at a
maximum speed, find the:
(i) distance moved by the particle until its
speed is half the maximum value.

(i) time taken by the particle to travel this
distance.

. At9.00 a.m, a fishing boat is 10 km on a bearing of

110° from a Ferry, travelling with a speed of

8kmh 'ona bearing of 060°. If the fishing boat

has a top speed of 6 km h ™ ! find the:

(a) course set by the fishing boat if it is to get as
close to the Ferry as possible.

(b) closesest distance between the two vessels and
the time at which it occurs.

. The figure below shows a triangular lamina ABC.

Yy
A
4
kg
9 B
4

kg
The co-ordinates of 4, B and C are (0, 4), (9, 0) and
(0, —4) respectively. If the particles of mass 4 kg
, 6 kg and 2 kg are attached at A4, B and C
respectively.
(i) Calculate the co-ordinates of the centre of

mass of the three particles.

(ii)) The centre of mass of the combined system
consisting of the three particles and the
lamina has coordinates (4, 1). If lamina ABC
is uniform and of mass m kg, calculate the
value of m and A.

The combined system is now freely suspended
from O and hangs at rest, determine the angle
between AC and the vertical. A car decelerated
from a speed of 20 m s~ 1to restin 8 seconds,
falling short of its parking slot by 20 m. By how
much longer should the car have decelerated from

the same speed so as to just reach the parking
slot?

A particle A of mass 5 kg is kept at rest on a rough
inclined plane of angle, § = tan~ 1 G), by an
inelastic string parallel to the line of greatest slope
of the plane. Given that the coefficient of friction
between the particle and the plane is %, find the
minimum tension in the string.

10. Initially a particle travels with a speed of

20 m s~ ! in the direction — 4i + 3j and 5 sec
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later its speed is 26 ms !in the direction 12i-5 j
. Calculate the acceleration of the particle.

Exercise 11
1. (a) A particle of mass 0-8kg executes simple

harmonic motion of amplitude 0-4m about a
central point 0. Given that the particle is projected
from O and the period of motion is 6 seconds, find
the:

(1) speed after 2 seconds.

(i1) force actingatt =1-s.

(b) An elastic string of natural length 0 -5 m and
modulus of elasticity 9+ 8 N carries a particle
of mass 0 - 5 kg. Calculate the:

(1) energy stored in the string when the system
is in equilibrium

(i1) the maximum speed, when the particle is
stretched by 0 - 2 m below its equilibrium
position and then allowed to make vertical
oscillations. A car of mass 2000 kg
developing a constant power of 20 kW
ascends a slope 1in49 with a maximum

speed of 10 m s~ 1. The non—gravitational
resistance to the motion of the car is
directly proportional to the car’s speed.

(a) Calculate the;

(1) non-—gravitational resistance at
maximum speed.

(i) acceleration of the car at a speed

of 5ms 1

(b) If the car descends this slope while
developing the same power of 20 kW,
calculate the maximum speed the car

attains.

Ground

| v

The diagram shows a uniform solid hemisphere of
mass 2 - 4 kg balanced by two inelastic strings. A
horizontal string OA 1is attached to a vertical wall
and a second string BC making an angle 6 with
the horizontal is attached to a ceiling as shown in
the diagram. The strings and the line of action of
the weight of the hemisphere lie in a vertical
plane, show that:

48
(a) tanb =
(b) the tension in string BC is 35+ 77 N, hence
find the tension in the string OA.

3. (a) Two particles A and B are moving in the same

direction on parallel horizontal tracks. At a
certain point, the particle A, travelling with a
speed of 7ms™! and accelerating uniformly at 1.5

ms? overtakes B travelling at 3 ms!' and

accelerates uniformly at 2-5m s~ 2,

(i) Calculate the time which elapses before B
overtakes A.

(i1) If after this time, B then ceases to accelerate
and continues to move at constant speed,
calculate the time taken by A to overtake B
again.

(b) A particle of mass 5 kg moves so that its
position vector after t secondsis r=
[(cos 2t)i + (3 + 4sin 2t)j] m. Find the:

. . s
(1) speed of the particle when t = 3.
(i) acceleration and force acting on the

. T
particle when t = 5.

4. (a) Masses of 8kg,3 kg7 kg, 10 kg and 12 kg are

located at points with position vectors — i + 3j,2i

+ 4j, - 2i - 4j, - 2i - 3j and 5i + 3j respectively.

Find the position vector of their centre of gravity.

(b) A uniform rectangular lamina of length 6a and
width 2a has triangle OAF cut and fixed to
form a composite triangle O'AF and E is folded
to E' while D is folded to D' as shown in the
figure below.
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decelerates at 6 m s ~ 2 after collision, calculate
---------- the:

(i) wvelocity of the trailer after collision.

(i1) distance the car moves before coming to rest.
(iii) deceleration force.

H, G
% 2a 8. (a) A particle is projected horizontally from a
/ point 2 - 5 m above a horizontal surface. The
4 particle hits the surface at a point which is
D ]

F

7,

Q
Q
Q
ty
DN
Q
w)
S
a

SN

0 E' B horizontally 10 m from the point of projection.
Find the centre of gravity of the new lamina Find the speed of proj e.ctlon. . .
AE'D'BCDGHEO'F. Taking OF and OB as (b) A and B are two points such that B is vertically
reference axes. h metres above A. From A, a particle is

5. The points 0,4,B and C lie in a straight line such projected vertically upwards with velocity u, at
that AB = 28 m and BC = 72 m. A particle the same instant another particle is projected
moving with constant acceleration starts from rest with velocity v vertically upwards from B. If
at O and passes through A4,B and C, its velocities at the particles collide at a point C above B,

2
BandCbeing9ms_1and 15ms ! Prove that AC = uh gh

u_V_Z(u—v)z'

respectively. Find the velocity of the particle at A

and the time it takes to travel from A to C. 9. (a) Find the centre of gravity of the lamina shown

below.
6.
£ 3cm D B
9 cm
16 cm

An inextensible string connects particle P of mass 8 kg C
to a uniform rod AB of mass 5 kg. The rod is
smoothly hinged to a point 4 on the ground and the
string is attached at right angles to the rod at its 0 14 cm A
midpoint M. Given that P is in limiting equilibrium on

. . . . . . 3
a rough inclined plane, coefficient of friction is 13 (b) If the lamina is suspended from O, find the
while the rod makes an angle 6 with the ground. angle OB makes with the vertical.
Calculate the:

(a) minimum tension in the string,

b and the correspondin .

®) Q) P Valfe of 6 Exercise 12

.. i ' 1. (a) A train travelling uniformly on a level track at
(i1) reaction at A.

80 kmh™? begins to ascend a hill of slope 1

: 300 kg moving at 144 kmh ™" : S
7. A carof mass g moving at m in 75. The tractive force exerted by the engine is

collides with a stationary trailer of mass 900 kg 1 ' .
there by losing 15% of its momentum. If the car constant and equal to 7;; of the weight of the train,

.y . . 1
the frictional resistance is constant and equal to 150
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of the weight of the train. How far will the

train ascend the hill before coming to a halt.

(b) To one end of a light inextensible string
passing over a smooth fixed pulley is attached
a particle of mass 8 kg and to the other end a
light pulley. Over this pulley passes a light
inextensible string to the ends of which are
attached particles of masses 5 kg and 3 kg. If
the system is released from rest, find the
accelerations of the masses and the tensions in
the strings.

. The initial velocity of a body moving with constant

acceleration is (5i-2j)ms~ 1 After 5 seconds

the particle has a speed of 52 ms ™ Lin the direction
5i + 12j. Find the acceleration of the body.

. A boy of weight 7W climbs a uniform ladder AB of
weight 2W whose end 4 is in contact with a rough
horizontal surface and B is resting against a smooth

1
vertical wall. When he is ¢ of the way up, the ladder

is about to slide. If the coefficient of friction
4
between the ladder and the ground is ¢ find the

inclination of the ladder to the horizontal.
. A car of mass 750 kg moves along a horizontal
road against a total resistance of 240 N. If the car
engine is working at a constant rate of 12 kW, find
the:

(i) maximum speed of the car.

(i1) acceleration of the car when its speed is

30ms™ L.
. The speed of a motorcycle reduced from
90kmh ™! to 18kmh ™! in a distance of 120 m.
Find its speed when it had covered a distance of 80
m.
. Forces of 7N and 4 N act away from a common
point and make an angle 8° with each other. Given
that the magnitude of their resultant is 10- 75N,
find the:
(i)  value of 6.
(i1)  direction of the resultant.

. A particle of mass m kg is released at rest from the
highest point of a smooth solid spherical object of
radius a metres. Find the angle to the vertical at
which the particle leaves the sphere.
. (a) Particles of masses 5 kg,2 kg,3 kg and 2 kg act
at points with position vectors 3i — j,2i + 3j, — 2i

+ 5j and -i - 2j respectively. Find the position

vector of their centre of gravity.

(b) The figure ABCD below shows a metal sheet
of uniform material cut in shape of a

AB=x,CD=y,AF=aEB=b

and h is the vertical distance between AB and

trapezium.

CD.

D kY2 C

h

h

b

iy

A F E
[l

X

Show that the centre of gravity of the sheet is
h[3 b
[ yrax ] from side AB.

at a distance 3|— Ty

9. Two balls A and B of masses m; and m,

respectively lie on a smooth surface in a straight
line. If the balls are projected with velocities u; and

u, respectively in the same direction, show that on

colliding elastically, then A will move with velocity
(my - mp)uy +2myu,

vy given by v = (- my)

10. A particle of mass m is free to rotate at the end of

a light inextensible string fixed at its other end, if
the length of the string is 7 and the particle is
projected horizontally from its lowest position
with speed \J67g to traverse a vertical circle. Find
the:

(a) least tension.
(b) maximum tension in the string.
Answers
Exercise 1
i)k (@G)m=5;n=1 (i) -4;100-3°

2.(a) 3-0685s (b)|vy] =10-07ms~!
lvgl=2-77ms™' 3. (i) 48kmh™' (i)

3840 kmh~2 4. (i) (ii) 3s (iii) 15ms "
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. 5 -2 -1
(iv) zms 5. 6ms ~; N60°W;
N40-9°W 6. (i) 8ms * (i) 19N (iii) 88

m
7. (i) 4-1667s (ii) 10-4167m 8. 1Kkg mass:

T-g=a ; 2kgmass: 2g-T =2a

2E
(i) 13-0667N (i) 0-9583s 9. x=,
ngzl
A==z 10. 400N
Exercise 2
. (a) 840N; 240N (b) 3-59kN; 990N

;12:6kW 2. 500N;15kW 3. 10ms ' ;
02ms2 4. (a) 39.682m (b) 61-2245m (c)
7.0696s (d) 101-392m 5.(G) k=72 (i)

482.2531m (i) 24.068s 6.(a)(i) v =ue &~
(i) v=(rm) Gi) x=a+in(@+kut) ()

1

v=4(1-e" %) 7. (a)
(i) V10m (i) mwseconds (i) 24/10ms™ ! (iv)

%seconds d) () 8ms 2 (i) 64N (©
. 1., _q(J10 1
x=+/10sin2t ;  3sin (ﬁ) ; 3
1

C o1 (V10 g \/E] -t
sin — | —Ssin Ty 8. wv=|2 ;S
o (292 (2 @

1

gt3+2
=3, ; 6 seconds

5t + 2

N

591,
9. (@ 2l; g (b) +/0-4gcosb 10.
J5N; (8i+165)N; (12i +18j) N ;
(4i + 6j) ms 2

Exercise 3

1. (a) (b) 2. (a) 8-8318N;316-6%P =8-8284N
;0 =0-2426 N (b) 31 - 425 N;S84 - 6°W

3. P=10N ; 090° ; 223-9°;5J13N 4. (a)
302-384N;41-4° (b) Q=3P

5. Fy=(9i+ 12j)N;F, = (3i - 3j)N;F5 = (8i + 4j)
N;Fp = (20i + 13j)N;1 N m Clockwise

6. F1 = @i+ 6j)N; Fy=(i-2J)N; Fp=(4i + 4j)N

;0N m, No turning effect produced
about the point 7. 8. (1) 40-9°
(i) 129-64N 9. % 10.
Exercise 4
1. (a) 7N ; 81-8°below BC ; 4-5m
(b) 3-878
2. (@ 2J/ION®b)  71-6° (©)
8-6667 m
3. Since X=0,Y=0 and G # 0 the system is

equivalent to a couple ;
35
48 N m Anticlockwise. 4. k=-,;0-432
7 7 7 4
m 5. (a) ;cm (b) zcm 6. (Ea,ga)
7. (a)
14 19
21-3° 8. b a; 45° 9. 4s

3-3572cm;11- 6463 cm (b)

10. (@ () v=2-3T (¢) (d

T=15s ; v=34-5ms !
Exercise 5

1. (a) (i) 006:5° (i) 1160 minutes (b)
21-166 km h ™! in direction 130 - 9°

2. F=2880N ; R=1080N 3, (a)
(b) 10° ; 78  (c) 25

4. a) v=(2sinti+e” ) (b) (5-2cost)i-

e Y 5.

@ W W tw o 2

6. @ @) 983N (i) 196N (b) ,
25-1°

(17i-4j) 7. 1-2m 8. (i)
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(i) 0-9024s (i) 15-15m9.  —'s ;
4-4m  10. 36-9°; 1-5m
Exercise 6

L. (@) (b)

costi—3sintj;t—gs @iii)) |r|=5m

(i) F=-8sinti-12costj (ii) 2

2. () 9:3915ms~! (i) 14-8032ms "
3. (@ 3-732ms ! (b) () 99-17];  100]
; 30-224] (i) 4. (a) 15V3N;15N
® 2-1a 5. (a) gms™? (b) t=20s;
(4700i + 4000j + 5500k)m 6.  (a) 49N ;
33-948N (b) 5N;,

7. () 1-7266m (i) 6-261ms 1

8. 6.15cm;4-87cm 9. (i) 1-648ms~*

(ii) Tension in AB:13-848N; Tension in

BC:22-896 N 10. (a) (b)
Exercise 7
1. 1) rp=(4i+12j)m; ro= (10i-14j) m (i)
k-4

5s 2. g(ﬁ) downwards;
k-4 . 6kMg ..
Zg(m) upwards (1) (7,{ +8) (i1)
3kMg
(1)
LT .. -1 ... 0
3. (@ (i) zs (i) Zms (ii1) (12)N (b)
8s5;10-6667m 4. (i) 14-7986 N
(ii) On a bearing of 144-2° 5. x

=—4x;1ms % 6. (a) 310:8° (b)
0-38s

7. (@) 2rg (b) 4-9N 8 20kw 9.
@ ) 7=/
10. (@) 50-718kmh~! (b)
15-534 km

Exercise 8

I. (@ 26Nm (b) 5-831 at 149-0° to the
direction of i 2. (a) 49-0306 (b) 24-331
(c) 6 3. (a (b) 4. (a) (i) 2-5383s
(i) 27-67m (b) 27-32m

5. () 1-225ms % (b)34-3N (c) 1.565ms
(d 1-278s
6(a) 87 - 2° above horizontal ; 11 - 2° below horizontal
(b) 28-9s;1-456s (c) 87-3°below horizontal ;
16 - 8° below horizontal 7. (a) 352-:6° (b)
523pm; 33:32km 8 (a) 5N;36-9° (b)
18 Nm in sense ABCD (¢) 4x-3y=18 (d) 6m
9. (@ (i) 2+/2P at45°above AB (i) y=x-5a;
3a (b) 2+/2P through centre and parallel to resultant
; 10aP in sense ABCD (c) 6aP in sense DCBA
10.()) /5P at 63-4° below BA (i) (iii) 2aP in
sense ABCD

Exercise 9

1.2. (@ 30N;30N (b) 103N (c) 10

\3 N horizontally 3. 4. (a) 0.032 ms?

(b) 5-9524ms” ' 5 (a Qi+6/)ms ?;

9y/10 m

+ 32t + 4sin 2t + 48

(b) (6 + 46)i - (2sin £)] + 5t°k; £

6. (1) 63-4°; 26-6° (i) 7. (a) i+
(b) 10-566cm ; 2-566 cm

8 () 25s (i) 600m 9 (2 ()
(3-2i+j) (i) 6-54] (b

10. @ () () 4 g (i) smg

Exercise 10
I () () j(m+2)gtand (i) (m+4)g; 5(m+2)
gtan 6 (b) Zma from the bottom
2.G) 0-98m (i) 2ms 2 3 (@ , (b

10

5Nminsense ABCD (c) - m
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49\3 98y3

4. (1) 3 N (ii) 3 N 5. (a) 3
ms ' (b)) (G +Bm (i) 2s
6. (@) On abearing of 018 - 6° (b) 0-246
km ; 10.53 am

) 92 . 4 o
7.0 (35 G) 6kg ;3 (i) 6°3
8. 2s 9.9:8N 10. (8i-4-4j)ms 2

Exercise 11

1. (@ () 1gms ' (i) 0-304N (b) (i)
0-6125] (i) 1-252ms~ !

2. (@) (i) 1600N (i) 1-4ms™ % (b)
12:5ms™! 3. (@ (b) 26:95N

4. (@ (i) 8s (i) 13—65 (b) () V19ms™?
(i) 4ims % 20iN 5. (a) §i+2%j

109 8 _1

(b) 3ga ; 3a 6. Sms " ; 10s 7. (a)
29-4N (b) () 53-1° (i) 39.2Nalong
AB 8 (i) 2ms ' (i) 96-333m
(i) 1800 N

9. (@ 14ms~ ' (b) 10.(a) 7.095cm from OE ;
6582 cm from OA (b) 5-9°

Exercise 12
1. (@ 2-52km (b) 8kgmass:0-316ms 2
(downwards); 3 kg mass: 2-845ms"™ 2 (upwards)
; S5kgmass: 2-213 m s_z(downwards); 75-87N

: 37+-935N
2. 3i+10j))ms % 3. 45° 4.(i) 50ms *
(i) sems 2 5 15ms '
6. (i) 25-5° (i) 9-2°tothe 7N force 7.
41:8° 8 (@ (it ©
9. 10. (a) mg (b) 7mg
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